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Stability and the Equations of Dynamics.” 


By Grorce D. BIRKHOFF. 


Introduction. 


For a long time attention has been directed towards the equations of 
dynamics, and more and more there has been the tendency to take these as 
being derivable from a special type of variational principle and as consequently 
possessing ‘Hamiltonian’ or ‘canonical’ form. In consequence of the fact 
that the mathematical treatment of these equations involves difficulties due 
to the lack of flexibility of the underlying group of transformations, a very 
large formal literature has grown up. On the other hand, physicists, realizing 
the sufficiency of such equations for most applications and impressed with the 
purely mathematical developments, have yielded a position of the very first 
importance to them, just as have the mathematicians because of the physical 
applications. . 

For these reasons there has been a disposition to attribute an almost 
-mysterious significance to the Hamiltonian equations. 

Now there is one property of these equations, first explicitly and ade- 
quately recognized by Poincaré, which is of obvious significance. If there is 
given an equilibrium position or a periodic motion of a dynamical system of 
this type, which satisfies the simplest necessary conditions for stability, and 
if there are no relations of commensurability between the underlying periods, 
` then there will be complete. formal trigonometric stability. This fact is of 
course of great physical interest, and throws great light upon the inward 
- nature of the stability existing in the solar system for instance. 

It is the main contention of this paper that essentially the only signi- 
. ficance of the Hamiltonian (and thus the Lagrangian) equations is that they 
possess this characteristic property of complete formal stability. In other 
words, any set of n equations possessing complete formal stability at an equi- 
librium point, for example, may be given Hamiltonian form by appropriate 
formal change of variables. i 

In the present paper attention is primarily directed to the case of a 





* See a preliminary note in the Comptes rendus for September 20, 1926. The 
present paper was read at the Philadelphia meeting of the American Mathematical 
Society on December 29, 1926. i 
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system of equations of even order, although it is proved that the odd order 
case essentially reduces to that of even order. Furthermore, the treatment 
is restricted to the typical case of the equilibrium point, although I expect to 
treat. the analogous important case of a periodic motion elsewhere, in so far 
as the generalization is not an obvious one. 

The precise nature of the Hamiltonian equations is not adequately ex- 
pressed in the mere statement that the property of stability is their one 
characteristic feature. Indeed, except from a purely formal point of View, 
these equations form a particular kind of completely stable systems, because 
of their convergence properties. The interrelation between the various kinds 
of stability of systems of ordinary differential equations, the nature of the 
trigonometric series employed and their degree of accuracy, the formal reduc- 
tion to Hamiltonian or Pfaffian form in the case of complete stability, must 
be studied in detail before the very interesting situation which exists can be - 
tightly comprehended. It is my purpose in this paper to clarify this situation 
as far as possible. 

Many other problems are immediately suggested. I will only refer to one. 
In recent work on the theory of relativity there have been notable attempts 
made by Eddington, Hinstein, Hilbert and Weyl to derive the general partial 
differential equations of physics from a ‘Hamiltonian principle.’ There arises 
now the question: Is the significance of the principle the same here as in 
classical dynamics, namely to insure the complete trigonometric stability of 
equilibrium or periodic motion? 

In concluding these introductory remarks, I wish to express the hope 
that these important and interesting questions will receive the further atten- 
tion which they certainly deserve. In the present paper only a beginning 
is made. 


§1. Definition of Stability. 


We propose to consider a system of n ordinary differential equations of 
the first order 
(1) dx;,/dt = Xi (t1, © +, Un) (î=1,:--, n), 


where the right-hand members are real analytic functions of sı, ' °°, % in 
the open connected continuum under consideration. In particular we shall 
study the properties of the solutions of (1) in the neighborhood of an ‘ equi- 
librium point’ of this continuum, i. e., a point for which all of the functions 
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X, vanish. It is especially questions concerning the stability of nearby 
motions that will occeupy our attention. 

There are two quite distinct properties of stability of equilibrium: the 
first is that the nearby motions must continue near to equilibrium for a cer- 
tain time; the second is that these nearby motions have a quasi-periodic char- 
acter.- We propose to incorporate both of these conditions in our definition 
of stability. l 


Definition of Stability. An equilibrium point of the differential system 
(1), taken at the origin in 2, -© * -, £a space, will be said to be stable of the 
mth order if it possesses the two following properties: (A) all points lying 
at a distance e from the origin at time to remain at a distance not exceeding 
Ke for an interval | t— t, |S Le” (K, L, definite positive constants) ; (B) 
for any fixed interval | t— to | = T the coordinates tı, +--+, , of any such 
motion and polynomials with lowest terms of degree s > 0 in the coordinates 
can be represented by trigonometric sums 


Ao +X (4: cos pit +B sin pt) (| ps — pj | BP > 0) 


of not more than N -++-1 terms with an error not exceeding Qe"** (P, N, Q, 
definite positive constants) during the fixed interval. 

If the equilibrium point is stable of all orders it will be said to be com- 
pletely stable. 

It is obvious that stability of any order necessitates stability of all lower 
orders. 

The equations (1) are invariant in form under any point transformation 


Vi = $i (Zs, °° +, Tn) (t=1,-+-°, n) 


where the functions ¢; are analytic with | 06:/02; | ~0 at the transformed 
equilibrium point. The order of stability is clearly invariant under~such a 
change of variables. In employing these transformations we shall always 
take the transformed point to be at the origin also, so that ¢i are given by 
power series in 7, ' * +, En without constant terms. 

It will be one of our principal purposes to show the relation between these 
properties (A) and (B), and we shall find that ‘ perturbative stability’ (A) 
does not necessitate ‘trigonometric stability’? (B), though it turns out that 
the requirement of trigonometric stability suffices to insure the stability of 
perturbations. We find it convenient-first to go as far as possible on the basis 
of property (A) alone, and then employ the more fundamental require- 
ment (B). 
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It is extremely instructive to consider a few characteristic examples in 
this connection. , 
The simplest possible eae of a spout of equilibrium is furnished by 


the equation 
da/dt = ax, 


in which the point lies at z—0. Here the exponential form of solution ` 
shows that there can not be first order stability even in the sense (A). 
A more instructive example is furnished by the equations 


da/dt =y + łe(2? +y), dy/dt =— s + dy(e? +4") 


with equilibrium point at (0, 0). The general solution is easily determined 
to be i 

Vi— r i—h)? IT Vi-—re(t—h) ` 
where 1o, 4 are the polar coordinates of (x,y) at to Thus ro is the distance 
e which enters into the above definition of stability. 

-In this case the expressions for 2 and y remain of the order of e for 
| t — to |S Le? (0 < L< 1), so that the equilibrium point is stable of the 
second order in the sense (A). But since the denominator in the expressions 
for « and y vanishes for t — to = e°, it is obvious that the point is not stable 
of the third order. The approximate trigonometric form of the solutions with 
an error of order 3 in e for any fixed interval | t— to | S T shows that the 
situation is the same for stability in the sense (B). l 

On the other hand, for the equations 


To cos (> + £ —~ to) 9 sin (bo + t— ty) 


de/dt =y +y +y),  dy/tt =—ae— e(a +y’), 
the general solution is readily found to be 


T= Ta COs a(t — to) — yo sin a(t — to) © (@=1 + tè? + yo’), 
y = £o sin a(t — to) +-yo cosa(t— to) . 


Hence the origin is completely stable in this case in the full sensé (A), (B). 

All of the preceding examples seem to indicate that trigonometric sta- 
bility i invariably associated with perturbative stability. The following 
example is of the simplest type which illustrates that this is not the case. 


PERERA IS: MOM OMENS, MORES SEM a ME ESR ETS ` = 
We shall take n = 4 with two pairs of variables a, Y1, #2, Yz, and the equations 


dar, /dt = — piys+ atı (2 + y), dys/dt = prt + ays (2 + ys"), 
date] Ut = — pya + Bae (ar® + yx"), dyz/dt = pot, + Bye (2? + 91”), 


with a, 8 of opposite signs. For convenience in dealing with the equations we 
shall introduce conjugate variables ; 


wmi = ti HV], %=a—yV—1 (i= 1, 2), 
and write the equations in the form 


du,/dt == (mV—=I+ autz) ur, dv/dt = (— pvi + alU) Vi 
dtte/dt = (pV — 1 + Birr) U2, dw:/dt = (— Pe V — I + Buw) v2, 


where a, 8 are real constants with a8 < 0. Itis to be noted that the equations 
themselves are of conjugate type: that is, when, for instance t and v, are 
interchanged throughout and V— T changed to —V—1 in the first pair of 
equations, the equations are unaltered as a set. 

Now multiply the first and second equations of the set just written by 
Vi, U, respectively and add; operate similarly with the second set. ‘There is 
obtained the pair of equations 


; dw,/di = 2aW We, dw/dt == 2BWiWe, 


` where w= U0; and Wz = Uz are positive or zero for all real solutions 2, Yı 
T2, Ya of course. : 
If w, for instance, vanishés for any t, these equations show that it will 
vanish identically, with wə a constant.* This gives tn = v, = 0, and the 
- differential equations in ue, ve enable us to write the corresponding solution 


Uy = 0, Vy = 0, Up = Ug EVE tto, yy = VO e VT Pilt-to), 


Consequently -for this type of solution the squared distance from ‘the origin, 
measured by w, -+ wz is constant, and the representation is trigonometric. 

But let us consider the general solution at distance e from the origin at 
t == $ so that 
w, + W = e, w > 0, W ® > 0, 


* This follows from the fact that the initial values of w, w: at time t, determine 
the solution uniquely, in virtue of the elementary existence theorems, for w, = 0; w: = 
const, is such a solution in the case at hand. : 
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thus laying aside the possibility just considered. Introduce a parameter r 
for which dr = 2w w.dt. The equations for w, wz show that we have 


w= a(r—r) HoD, w= (rro) + w, 


so that w, and w: vary monotonically and in opposite senses. 
Because of the integral relation 


Bw, — at, = Bw, — aw, = const., 


in which 8 and a are of opposite sign by hypothesis, the positive quantities 
Wis We, and consequently + also, vary in a finite interval as ¢ passes from 
— æ to +o. 

Let us observe the relation between t and r further. Taking to = ro = 0 
for simplicity of notation, we find 


a= f EE ee 
o rF) er Fu) 

Here the lower limit of integration lies between the two zeros of the denomi- 
nator of the integrand. Thus r ranges between these values 7’ and 7” only. 

The integral relation above demonstrates that w, and w, remain less than 
a fixed multiple of e for all time. Hence we have stability of every order m, 
in the sense (A). 

' On the other hand we have from the original equations ° 


dus/dt = (pV I + aw), dv,/dt = (— pyV—1 + awn), 
dite /dt = (pV—1 + Bw.)U2, dv2/dt = (— poV—1 + Buy) v2, 


whence we obtain by integration 


| Uy = U, V EMVAL tra frosdt yy, == pO gV- ta fwit, 


Uy = Ug ePVTT HB fwd g = Vg O g PVT tB forit, 


Consequently the coordinates wu, v1, Uz, V2, have amplitudes which vary mono- 
tonically, but they are essentially trigonometric in the angle variables. 

It is obvious (see § 3) that a1, y1, L2 Y2 and Urs V1, Wz, Va cannot be repre- 
` sentable by trigonometric sums as demanded with an error of the second 
order in e Consequently property (B) fails to hold for m = 1. 

Inasmuch as we are not following out very systematically the conditions 
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for stability of type (A), it may be remąrked at this juncture that in general 
the property (A) will follow if there is an integral in which the initial terms 
give a definite quadratic form, just. as they did in the above example. One is 
naturally led to conjecture that, in general, condition (A) can only obtain for 
some order m if there exists a polynomial P in the variables z1, * * *, &n with 
initial terms yielding a homogeneous form of degree & of definite sign, such 
that the series on the right in the equation 


dP/dt —= > aP/on; X; 
j=1 


will begin with terms of degree m + k at lowest. At any rate the type of 
argument employed in the following paragraph shows readily that this con- 
dition is sufficient for (A).* 

Another example illustrating the possibility that (A) may be true for 
m = 1 without (B) holding for m = 1 is furnished by the equations 


da/dt = ty, ay/at =— gy. 


Here 2? -+ y? = const. is an integral, so that (A) holds for any order m. 
The general solution is 


E ceh 0H +c 
a (1 cet)? y= (1 F Peram)” 


which is not trigonometric in type. However, here the origin is not an iso- 
lated point of equilibrium, since all of the points of v = 0 or y = 0 are of 
this type. On account of its degenerate character the example is not as illu- 
minating as the preceding one. 


§2. First Order Stability. 


The condition (A) for stability has reference to solutions of the given 
differential equations (1) lying for t= t at a distance e (less than some 
definite quantity) from the equilibrium point, which will always be taken to 
be at the origin. Now suppose that we write v: = ey;, thus making a linear 


* In this connection the reader may. be referred to Picard, Traité d Analyse, Vol. 3, 
chaps. 8, 9, where the fundamental papers of Poincaré, Liapounoff and: Levi-Civita are 
also cited. 
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transformation of the dependent variables. The equations (1) then take the 
form 


dyi/dt = 1/e Xil . +, Yn) = Yi (Yz + "ts Yny €) (i==1,° n). 


Since the X,’s vanish at the origin in £u ' * *, €n space, Y; will be given as’ 
power series in ¥:,° °°, Yn, € without constant term. Moreover the domain 
of uniform convergence of these new series will certainly extend beyond a 
distance unity from the origin in y1,-: * -, Yu space if « is sufficiently small. 

Corresponding to any solution of (1) at distance e from the origin to the 
ty * + *, Zn space, we have a unique solution y; of the transformed equations 
at distance unity from the origin in yı, * * *, Yn space. Let us write ys = t ` 
at t= +, and regard these initial values a as fixed, while e is a parameter 
which approaches 0. There will be defined a set of solutions y; varying ana- 
lytically with e, according to the fundamental existence theorem for ordinary. 
differential equations containing a parameter. For e= 0 the set of functions 
will satisfy the corresponding equations of variation 


Mh Sy OK 
(2) “at E 2 0x; oi 


obtained by setting e= 0 in the differential equations for y; These are n 
ordinary linear differential equations with constant coefficients. 

Suppose now that we make the hypothesis that the equilibrium point of 
(1) under consideration is stable in the sense of (A) for m==1. It follows 
that y; = a:/e is uniformly bounded for | é — to | of order «1. Consequently, 

‘by allowing e to approach 0, we infer that the limiting functions y, are 

bounded for all ż& Thus for stability of type (A); m = 1, it is proved that 
the equations of variation (2) have all such solutions y; bounded for all #. 
But the most general solution of (2) is derived from solutions of this type 
by multiplication by a constant factor, since the only restriction made was 
that the sum of the squares a, © *', @ is 1. Hence it is a necessary condi- 
tion for stability of type (A), m = 1, that every solution of the equations of 
variations (2) be bounded for all ż. 

The known nature of the solutions of (2) enables us immediately to 
determine the precise significance of this condition. ` l 

Suppose first that the roots a.of the characteristic equation 


0X; 
Oa j 








| aay |=0  (@u=0 ij; 8y =1) 
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are distinct from one another. Then there are n particular piion of the 
equations ‘of variation which may be written in the form 


Yr = je? Y= Cujo? pea dy oF, n). 


The most general'solution is obtained by linear combination of these particular 
solutions. Here an: °°, ‘ap may be real or complex of course, but correspond- ` 
ing real solutions may be obtained by combination from the pair of soltitions 
corresponding to a complex root and its conjugate. It is apparent that such 
solutions are bounded only in case the expressions e%* are bounded. Hence 
all of the aps must be pure imaginary quantities or zero. In this way we 
see that in the general case of distinct roots of the characteristic equation, 
it is necessary that the roots occur in pure imaginary pairs except for possible 
zero roots. 

On the other hand in the more complicated case sabi the roots ‘of the 
i characteristic equation are not distinct, there may arise degenerate solutions 
not of the above type, but of the foim ` 


t, = Cyjtheust, tae, En = Cajt hett (> 0), 


corresponding to the case in which the elementary divisors corresponding io a 
multiple root a; are not simple. Evidently these are not bounded. In this 
way we are led to the following first conclusion: * 


For first order stability of type (A) at an equilibrium point it is. necessary 
that all the roots of the characteristic equation belonging to the point be 
grouped in pure imaginary ‘pairs except for possible zero roots, and that the 
elementary divisors of the corresponding a matrig be distinct. 


We are led at once to ask whether or not this necessary condition for (A) 
is sufficient. “It is easily proved to be sufficient as follows. 

Let us effect the linear transformation of (1) (in general complex) which 
reduces the linear terms in X; to the canonical form aia;. - This may always 
be done in the case of distinct.elementary divisors. 

In accordance with the well-known theory of real. Tinea transformations 
this may be accomplishéd in .such-a way that pairs of variables z; and a; are 
conjugate which correspond to conjugate roots a; and a; of the characteristic 
equation. We shall take pains to preserve this conjugacy at every subse- - 
` quent transformation. It should be observed that for such conjugate vari- 


* The main facts here are of course well known. 
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ables the squared ‘ distance’ from the equilibrium point is properly measured 
by the sum of the squares of the quantities | æ; |. 
The transformed equations take the form in the new variables 


(31) - des /dt = uti + Xi (G=1,.0 ++, 0), 


where the .power series X; in the variables vı, ° ++; %, begin with terms 
of the second degree, while the a;’s are either pure imaginaries or zero. The 
series X;, X; corresponding to conjugate variables 2;, z; will be conjugate of 
course, while the series X; corresponding to zero roots of the characteristic 
equation will be real. If we make the further change of dependent variables 


= etz (i=1,°--+,n), 
we find the equations for z; to be 
da;/dt = Xi (emg, + +, e%tg,). 


Since the exponential factors occurring here have absolute value 1, we have 
clearly for some constant X 


[Xe [SX (ato + [en |P) = Xo, 


so long a8 ¥1,°° *, Yn OF Zy * * *, % are sufficiently small in absolute value. 
Hence we have 
d n d ; — 
po sd |a H| sdalt tial) ets Vax; 
dt ji dt | 
the elementary inequality for real quantities bi, © ++, bn 


(biet ba SS bb) S E eH) =n & fF 
45-1 4521 #51 


is employed in deducing this result, as well as the obvious relation 


d| z] a 
dt 


< 


| < Xy? 





Since u 40 we infer 

— Vn Xdt S S du? S + Vn Xdt, 
whence by integration 

— Vn X(t— b) S l/u —1/u S Vn X(t— to) (t> to) 
with a like inequality for t < to. 
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But at t= t, we have u == e of course. It appears then that u will not 
increase to 2e or diminish to de within an interval - 
et l 
pe = 
j¢@—a1 S 2Vn X 


This is what we desired to prove. 


The stated necessary condition is sufficient for first order stability of 
type (A). . 

A slight extension of the preceding proof leads us to the fact that if this 
condition (A) is satisfied, so that the general solution of the equations of 
` variation is composed of trigonometric sums, then (B) will hold for m ==1, 
i. e., the coordinates can be suitably approximated to by such sums. 

Within the same ¢ interval we have | X; | = 4Xu,” so that from the ‘differ- 
ential system in Z1, * * *, Zn, the inequalities 


| 24 — zs | S 4Xu? | t— to | 
result by integration, or, in the variables a, 
| Ti — g; gu (t-to) | = 4X Up” | fp bo |. 


In other words the n trigonometric sums which constitute the solution of the 
equations of variation with the same initial values as z; at f, represent a; 
. with an error not exceeding 4Xe | t— to| during an interval |t—t|< 
e1/2V/nX. A like property must then hold for the solutions of (1) which 
are related to the solutions of the prepared equations (31) by a linear trans- 
formation with constant coefficients. Hence we may state the following result: 


The stated necessary condition for first order stability is sufficient. If 
then we let 
Cajetit, + + +, Cnje™t (j=1,-°-+,n) 


be n linearly independent solutions of the equations of variation (2) so that 
aj are pure imaginaries or zero and the determinant | cı; | 0, and if we 
form the unique linear combination of these solutions taking on the same 
values as the solution of (1) at t = to, the real trigonometric sums so obtained 
are of the form 
8 
Ao + = (A; cos pit + B; sin pit) 
3 J 
where’ Az, B; are of the first order in e, and represent x, with an error not 
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IR P Ke |t— to | during an interval | t— t | SL (K, L, definite 
positive constants). Here Pı, *`' `, ps are the s absolute values of the 2s 
pure imaginary quantities ai, so that 2s Sn. 


§3. Supplementary Results for First Order Stability. 


. It was ‘stated in § 1 that the condition (B) for stability necessitated the 

condition (A). We propose at first to establish the fact in the case of first 
order stability. In order to do so we prove a lemma concerning trigonometric 
sums of the type referred to in the statement of (B). 


Lemma Concerning Trigonometric Sums. If a sequence of trigono- 
metric sums . 


ss . . 
Ao +È (A; cos pit + B; sin p;t) (| 2: — p; | ZP > 0) 


where P, N are fixed positive constants, approaches a limiting function (t) 
uniformly in the fixed interval | ¿— to | & T then ¢ is itself a trigonometric . 
sum of the same kind. 


Proof. The lemma may be proved by induction. Let us first establish 
it in the case N = 1, and let us take t = 0. Here it is given that 


(t) = lim [4P + (Ar cos p Pt + B® sin ppt) ] 
l=0 


where the limit is approached uniformly by the sequence ¢7(t). 
Now the double integration of the term of trigonometric type here occur- 
ring simply divides it by — p,‘»*. Hence the sequence of functions . ` 


Sok fot p(t) dl? + gilt) /pr* 


consists of polynomials of the second degree in t. 

Suppose now that p,‘ has some limit p, (| pı | =P since po == 0) 
other than oo as J becomes infinite. Since the uniform limit of a polynomial 
of any degree can only be a polynomial of that degree, it is necessary that ` 


Sot fot b(t) dt? + 6(8)/p. 
is a polynomial of the second degree in t. Consequently, by double differen- 
tiation, we derive . i 
de/d + p?p = const., 
so that œ has the form 

. $ = åo + (4: cos pıt + B, sin pit) ({ a. | ZP) 
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in agreement with the lemma. 

If, however, pı‘? has only the limit œ we conclude immediately by a 
similar method 

p ¢= Ao 
in agreement with the lemma. . 
` We remark also that if additional polynomials of the second degree are 

added to the trigonometric sums, N = 1, a similar proof shows that the limit 
$(t) necessarily consists of such a sum augmented by a polynomial of the 
second degree. 

To prove the lemma for N = 2 we need only isolate one of the two trigo- 
nometrie. terms with period 27/p,‘” in the approximating trigonometric 
` sums. Proceeding as above we are led to consider l 


Sot Sot i(t) H + pilt) /p P. 


This expression lacks the trigonometric terms of the type isolated so that if - 
po has a finite limit po, 


SES p(t) de? + p(t) p? 


can ‘be approached uniformly by trigonometric sums of the above type of order 
N =1 augmented by polynomials of the second degree, and so is itself simi- 
larly constituted by the previous remark. By double differentiation, we con- 
‘clude that ¢ is a trigonometric sum of the second order and of the stated type 
in this case. When p, has only the limit œ the method can be carried to 
a conclusion as before. 
Evidently we have here the basis of a method of proof by means of induc-. 
tion for N = 1, 2,- +. Hence the lemma must hold for all values of N. 

We may prove that the condition (B) implies (A) for m = 1 by making 

use of this lemma. By hypothesis 2;/e can be approximated to by a trigo- 
nometric sum of the prescribed type in any fixed interval | t — to | S T with 
an error of the first order at most in e But by choosing a; properly, v/e 
can be made to approach any solution y; of the equations of variation having 
ay? +++ ++ dy?—=1. By the lemma then since the functions y; can be 
approached uniformly by such trigonometric sums they must be such sums 
themselves. This means of course that the general solution of the equation of 
variation is trigonometric, which was seen to be a DECEE PET. and sufficient 

condition for stability of the first order. 


It follows that the bodes (B) alone in the case m=1 implies con- 
dition (A), and thus stability of the first order. 
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The second result to which I wish to call attention is implicitly contained 
in the results for trigonometric sums specified in § 2 and has to do with certain 
amplitudes. Let us formulate the simple notions involved. 

The amplitudes are defined to be the absolute values of the variables s: 


- under consideration, taken as a solution of the prepared equations (3,). If 


there are s pairs of conjugate imaginary roots a; and k zero roots (n = 
2s -+ i) then there are only the amplitudes 


Os, Ae Sey Cs, Csaty ee C sat 


since conjugate imaginary «,’s have the same absolute value. 
It is a fundamental property of the s+ k amplitudes that the sum 


OP +++ Ona! 


serves to measure essentially the squared distance of a point in the original 
Tis * * *, % space from the position of equilibrium. In fact the linear trans- 
formation relating (1) and (31) evidently takes the above sum into a positive 


`- definite quadratic form in the values of zı, `` +, Zn. Any such quadratic 


form serves to measure the squared distance from the origin as well ds Ee 
sum of the squares used earlier. 

The fact which we desire to establish directly may now be formulated in 
the following way: 


In the case of first order stability the s +- k amplitude variables C,,+ +, 


Osx change only slightly in comparison with the initial total amplitude, 


e= (02 ++ > ++ Os) (t= to) 


during a time interval |t— to |S L*e+ where L* is to be suitably chosen. 
For conjugate x; and a; the prepared form (31) gives 


d(xi2;) /dt = @4X; + TiXi, 
while for real z; we have 
dz? /dt == RTX. 


Hence if we write u? for the squared amplitude and recall that X; commence 


` with terms of at least the second degree, we find, as in § 2, 


du/dt = Xu’, 


where X is an appropriately chosen positive constant. Now in §2 it was 
shown how from such an inequality we may infer that u will vary between 
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du, and 2u, in a suitably- taken interval | ¢—t)| Le". The same argu- 
ment permits one to infer that u will vary between (1—7)u, and (1 -+ 7) uo, 
y arbitrarily small, if L is chosen small enough. In other words the sum of 
the squares of the individual amplitudes only varies slightly as compared with 
the total initial amplitude under these conditions. 
But the variables zı, © * +, t, of the prepared equations (3,) are not 
uniquely determined, for we may replace 2, '** *, En respectively by cit, 
‘+, Cn&n respectively, where C1, * * *, Cn are arbitrary positive constants ex- 
cept that c; and c; associated with a conjugate pair æ; and 2; are to be equal. 
` In so doing the definition of the amplitudes is changed in that these ‘are 
replaced by arbitrary constant multiples of themselves. Thus we conclude 
that, for any arbitrary set of s + k positive constants às, © - +, Aew, the sum 


MO e+ +b Ness Cras” 


` changes only varies slightly as compared with its initial value-for an interval 
of time of order e*. 

. Now choose s + k linearly independent sets A3,° * +, Asi and an arbitrary 
small value of n > 0. It will then be possible to choose for each correspond- 
ing sum and therefore for all, a constant L* so small that the ratio of the 
corresponding sum of squares to the initial sum u? at t = ae will vary as little 
as may be desired for | t— to | S L*e?. 

The theory of linear algebraic equations shows then at once that all of the 
amplitudes can vary only slightly as compared with the initial total ampli- 
tude, as first measured, This yields the result stated. ` 

It will be proved in the following section that when the amplitudes are 
more carefully defined in the case of first order stability, n even, the variation 
in these amplitudes remains slight for an interval of time, | t — to | S L*e?. 


§4. Second Order Stability. 


In dealing with second and higher orders of stability, it is convenient to 
_ treat separately the cases when the order of the differential system (1) is even l 
(n = 2s) and odd (n =2s + 1). Furthermore we have now to take. account of 
commensurability relations between thé characteristic frequencies p;/27. 

For the case of even order we confine attention to the case where the 
inequality 
f tipi +++ ips z0 
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holds for sets of integers i,+°-, is not all zero. This inequality excludes © 
in particular any zero-or equal roots of the characteristic equation. For the 
purpose of the discussion of second order stability here made, only these 
special restrictions are necessary. : 

In the case of odd order there is always one zero root which we take 
to belong to the coordinate æn; we. designate the 2s other pure imaginary or 
zero roots as in the even order case, and again make the assumption stated 
above, although only the case of further zero roots or of equal roots needs to be 
excluded as far as the argument of this section is concerned. 

” It is with the intention of avoiding undue complexity that restriction to 
the ‘ general case’ is thus made. 

We take up first the case n== `>, and suppose that pairs of conjugate 
variables are called 29; 


Ti = É a= My °° *, Cnr = Ës, Cn == Ns. 


The prepared form of equations (3,) may then be written 


(e di/dt—peV—1h +o, dn/d——p E 
7 (G=1,: +, s) 


where &;, Y; contain no terms of lower than the second degree. 
Let us attempt to proceed with the preparation of these second degree 
terms by means of a further transformation of the form 


&=&4+R, m=—j+ Gi (im 1,+-*, 8), 


where both of the functions Fi, G; are conjugate homogeneous polynomials 
of the second degree in é, > -, %, so that if č, 7, are conjugate imaginaries, 
i, m (v= 1, `+, s) will be, and conversely. The inverse transformation . 
has the form 


=F, M= p — ai Ht (=1,: +, 8), 


. where Fi, G; are the same polynomials in £i, ñi as Fi, Gy in Éis Ji, and where 
higher order terms are only indicated. Such a transformation has already 
been observed not to affect the order of stability ($1). | 

` On making this change of variables in the prepared equations (3), we 
obtain the specific modified equations 
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a =pV—> Ié + Do ppv TIP a 
(4) BR evai(a gan e+ 
on =— pV—1 4 $4 — Via, 
8 vat (ott wy ) 4 


“where dashes over the és and ys have been dropped, and where &;@, ¥,@ 
are the second degree components of ®;, Y; respectively. The displayed parts 
contain the complete second degree term in the new equations. Hence this 
change of variables does not affect thi-’ “character of the prepared form. 

If we let c; stand for the complete coefficient of a definite term of the 


second degree ; . 
Cii! ™ Eys És teya”! (L + mı + Hak + Ms = 2) 


in &;, while q; is the analogous coefficient in F;, then the corresponding coeffi- 
cient in the second degree term of the first equation above is 


ci — [p (h — m) +: "+ (l — mi — 1) pi + 
j + (ls — ms) ps] a aes qt» 


It is at this point that the hypothesis concerning the general case enters. 
The coefficient of q; cannot vanish unless 


1, = M, MET u= m +1, T E Cnty ls = Ms, 


Now the argument just stated has not made use of the fact that we are 
dealing with the simple case l, -+ mı -H' +++ Ms = 2 when there is evi- 
dently no possibility for the coefficient of q; to vanish. Hence we conclude . 
that without any assumption of second order stability, we may further pre- 
pare the equations (3) so that no terms &;, Y: remain. 

We may now prove the following result: 

In the general case of first order stability, n 2s, there will also be 
second order stability. Let the combined linear and quadratic transformation 
from £i, q to Éi, qa be made which takes (1) into the prepared form (8) lack- 
ing second degree terms in ®i, Yı. If we substitute 


E,OEMV-L Eto) gO g-PiV-1(t-to) (i=1,--+-,8) 


for én q in. the formulas, the trigonometric sums obtained will represent 
; 
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21, + +540 with an error not exceeding Ké|t—to| during an interval of 
time | t—t, |S Le* 

The details of the proof are very much like those for the analogous result 
concerning first order stability (§2). To begin with, we note that in the 
prepared form the non-linear terms on the right are of at least the third 
degree. 

` Now, using exactly the argument of §2 except that we can assume 
| X; | S Xu’, we are able to establish the relation stated. 

Suppose now that we define the amplitudes C,,- - +, Ors more precisély 
by the aid of this especially prepared equation (3). Following a natural 
modification of the argument made in the preceding section we are at once 
led to infer the following additional result: l 


In the case of first, and thus second, order stability (n = 2s) the s indi- 
vidual amplitudes C,,- ` -, Ce may be defined by means of prepared equations 
(3) in which ®;, X; contain no second degree terms. With this definition, these 
amplitudes change only slightly in comparison with the total amplitude during 
a time interval | t— to |S L¥e*. 


We turn next to the general case of odd order n = 2s + 1 for the system 
of equations (1), and propose to briefly indicate some analogous results. 
In this case, besides the 2s equations like (3), we have a last equation 


dx,/dt =x x 


where X begins with second degree terms or higher. We attempt to prepare 
further these equations by a transformation 


=b H Ë, m=ħ t Qo n= Er +H (t=1,°--, 8), 


where Fi, Gi, H are homogeneous polynomials of the second degree. We find 
precisely as before that we can make ®,° — ;) —0 by a proper choice of 
Fi, Gi, while the second degree terms in X have the form . 


8 
x» — 
2 pi V i (ag 06; IZ ie 


` If we take typical corresponding terms of the second degree in X® and H, 
both with exponents l, © * +, ms, rin &, +++, ys, €n respectively, and with 
coefficients c and q, the new analogous coefficient is 


e—[pi(l,—m,) +++ ++ pe(le—ms)] V—1g. 


i 
P 4 Ze = 
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In the case at hand the only possibility that the coefficient of q vanishes is 
that some J; = m; = 1 while the other l;, m; must then vanish. Thus the 
terms ém; and Ta? in X® cannot be removed by this method. 

In consequence of this failure in removing certain second degree terms 


it seems probable in advance that for the case n = 2s + 1, first order stability. 


does not imply that of the second order. 
A simple example can be devised to show the truth of such a surmise. 
Take n = 3 and write the equations 


dé,/dt = (pV—1 + ct )é, — dys/dt = (— pi. V—1 + c@,”)m, 
dx,/dt = eé (ce > 0), 
containing one such non-removable term in the last equation. 
On writing u = ém, v = 23 so that uo + vo? = è, we obtain immediately 


, du/dt = 2cv°u, dv/dt = eu, 
whence i 

d?u/dt? = 2cv? dv/dt. 
This is immediately integrable, and yields 

v dv 
t — to = 3/2 f eo GE ey Py GP eee 
a820 wo V®— v? + (36/2c) Uo 
Suppose now that we take vo = 0 and substitute 


a ( Beto Jw 
, © N2 ` 
dw 


w 
h= Buy Be% s 
t — to = (8/20) Žu *e-* f Par 
Taking the upper limit w = -+ œ we conclude that the corresponding 
interval of time is of order <*/%, since the integral converges. Thus v does 
not remain finite in an interval of order e*/*, and property (A) does not hold 





We find 





for m=2. Hence in this special example the presence of non-removable 
terms is associated with instability of the second order. 

We proceed now to prove that (B) can only hold if there are no such 
nor-removable terms in the completely prepared form. Here we use once 
more the lemma on trigonometric sums, of the preceding section. 

Let 

i= é + CERF o, qi = eË tent e, 


En = ELn¥ + ety * + ERS 4 


ea 


\ 
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be that solution of the prepared equations for which 
& = ac, i == bi Oe, ay = oe (t = to). 
Here a; and 0; are conjugate imaginary quantities, and c real, with 
aOb O ee be aig D4) Fo? =e 1, 
Also £:*, 41%, £n” are solutions of the equations of variation 


Et Gy eV Tto, qp” == bi OVE, pË =e 6, 


We consider now the second terms in these series. , 
By differentiating the prepared equations twice as to e and setting e= 0, 
we find i 


dé;** —... dm** saben 
Se = pV — 1 &**, = — pi V — 1 m”ë, 
AEn i 


seek 
= mém" +e + Csés**s* + bx,*?, 





where the terms on the right in the last equation arise from the non-removable 
terms of X. Furthermore for t= tọ &** = ni** == @,** = 0, since, for ex- 
ample, é;** is the second partial derivative of é; as to e, and & is constantly 
equal to ae at t= to. ai . 
Thus we infer that é;**, »;** are identically zero, while from the last 
equation : ` 
Ln ”* k [ea b, O + see + Css Vh + be®?] (t T to). 


But x, can be approximated by a trigonometric sum of the stated type to the 
third order in e, by hypothesis. Thus (a,— ec) /e? can be similarly approxi- 
mated to the first order in e. Consequently the limit of this quotient, z,**, 
is such a sum by the lemma. This can only be a trigonometric sum for all 
choices of a;, 64, ce if c = d = 0 (i= 1;: +, s), which we wished to 
_ prove. 


In the general case n==2s-+1 a necessary and sufficient condition for 
second order stability is that a prepared form (8) exists with a supplementary 
equation 

dt, / dt = X, 


where ©, 4, X begin with terms of at least the third degree. Thence 
follow results concerning the representation by trigonometric sums, and con- 
cerning the variation of the s-+-1 suitably defined amplitudes, which are 
entirely analogous to the results in the case n = 2s. 
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In fact, we have reached a prepared form in the case n = 2s-+-1 with the - 
same characteristics as that obtained in the case n== 2s earlier, and can - 
apply the same arguments with obvious modifications. — 


§5. Third and Higher Order Stability. 


We propose now to assume stability of the third order, taking n = 2s 
first, and then, by making use of condition (B) only, to obtain a necessary 
prepared form of equations, which can readily be proved sufficient for stabil- 
ity of the third order. An entirely analogous treatment can be made for 
n= 2s +1. 

By passing thus from the case of second to third order ‘stability as well 
as from the first to the second, the general results can be formulated. 

Starting with the prepared form (3) we now attempt to remove as many 
of the third order terms as possible by writing i 


i &=E+Kh, w=nt+G (t=1,---,8) 


where now Fi, G; are homogeneous polynomials of the third degree in £, 

‘+, Js- By exactly the same formal work as in our treatment of second 
order stability, it turns out that all such terms may be removed except for 
terms of the form Uzé Vin in the ith pair of equations, where Us, Vi are 
linear combinations of the s products ém, © © * sys- Thus we have 


déi/dt = (pV ZI + Vi)&+ °°, 
dm/dt = E A aa Vila +: (is=1,-°-, 8), 


where the terms not explicitly written are-at least of the fourth degree. From 
these equations we derive 


ae = (Ui + Valens +o (i= 1, +, s), 


where the omitted terms are at least of the fifth degree. -~ ; 

- Now we expand é; 4; in power series in e as before. To determine the 
coefficients in this series we proceed precisely as in the case of second order 
stability and find series in e which'we write fori—1,---,s, 


é et OVI-t 4. ook e E, 
qi = br O PV- G-to, 4 * Ss i 


. ae 
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In virtue of the hypothesis of third order stability and the use of our lemma 
on trigonometric sums, we conclude that ¢:*, where 


bi = Eig 24,5, + ept +e, 


are trigonometric sums. 
If now we substitute these different series in the equations above in qi, 
and compare terms in «t we find simply 


dei” /đt = [Ui (a,b, © + +5) + Vi (a1, +++ J] ad. 


Consequently unless U; + Vi vanishes identically for i = 1, ', 8, the 
functions ¢;* will not be trigonometric sums but will be linear functions of t, 
which is not possible. 

This gives us the necessary form of prepared equations in the case of 
third order stability, n = 2s, 5 


(5) | dé:/dt = Mié: + Gi, 
dni/dt = — Mini + Vi, (i=1,°°-, 8), 


where M; has a constant term piV—1 ahd linear terms in the s products 
éim, °°‘, ys, and where &;, Y; begin with of at least fourth degree. 

Our first general conclusion, based on a step-by-step process to higher 
and higher orders, is thus the following. 


For n= 2s a necessary condition that (B) may hold for any odd order 
m of stability is that the equations may be transformed to the form (5) in 
which the functions Mi are polynomials in the s products éym,+ ++, €sns of 
degree 4(m—1) at most, with initial terms V—I p, and having pure 
imaginary coefficients throughout,* and where ®:, Yı commence with terms of 
degree at least m+- 1. In this case &, Yı may be made to commence with 
terms of degree m-+ 2 at lowest without further assumption. 


To show that this form (5) induces (m + 1)st order stability (m odd) 
we obtain first of course 


| oem) | S xu, 
where u? = 9, +: + < -+ és and thence 


| du < tsXym2 , 
dt Ei 


* These are pure imaginary quantities since the variables £,,7, are self-conjugate, 
and M,é, must be conjugate to — Mm; 
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Here X is a fixed constant. From this inequality we infer that u remains of — : 
the first order in e for the interval | t — to | S Le“) by the same method 
already employed for m = 1. 
This gives us the property (A) as a consequence of the prepared form. 
Now we deduce also from the same inequality 


| bigs — EO (0) ls < EX | i= h | 


in this same interval. On going back to the prepared form this yields at 


once ; 
| dé, /dt ME, | S Kes | t—to | + Nem? 


in which M; designates what M: becomes when £i, 7 are replaced by é, 
mi. Hence we infer 


: | d( gge O (eto) )/dt | S Kes | t—t, + Nee, 
and finally 


| éi — é gM, to) | < Kem C + Nem | t— to | 


“in an interval of the order of cD, 
Hence we infer in passing that property (B) holds as well, and obtain 
additional properties of the approximate trigonometric representation. 


The necessary condition of the prepared form (5) insures stability in the 
complete sense that (A) and (B) hold, and so is sufficient. The explicit 
solution of the prepared form with terms ;, Yı omitted, and with initial 
values &;, 4: chosen to correspond to the initial values 2, > >, a of 
Lı, © ++, Gn yields trigonometric sums by means of the composite transforma- 
tion which represent x; with an error not exceeding 


on 2 i 
gan CB) 4 emt tt | 


during a time interval , 
l t— t | S Leom 


where « denotes the initial distance from the origin and where K, L, N are- 
positive constants. 


If we define the amplitudes C,,- +--+, Cs of a solution by means of the 
prepared form it is clear that we can establish the following result: 


The amplitudes Ou, | ++, Cs vary slightly in comparison with the total ` 
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initial amplitude « during an interval | t— to | SL*¥e™, L* being a suit- 
ably chosen positive constant. 


There remains now to refer briefly to the case n odd. It is only the 
handling of the last equation in «, that needs to be referred to. In passing 
from the sécond order case to the third it is seen at once that the third order 
terms in this equation may be entirely removed without any assumption con- 
cerning third order stability. The third order terms in the other equations 
can be treated as in the case n even. __ f l 


In the, case of mth order stability, n = 2s + 1, the prepared form is 


(6) dé,/dt = Mié + ®;, dyi/dt = — Mim t+ Ui, (t=1,°°°',8) 
dtn/di =X 


where Mi are functions of the products éi and of &n of degree m at most in 
Ér © tsy n, and Bi, Yi, X have no terms of degree lower than m +1. 
From this form, the properties (A) and (B), suitable trigonometric sums, and 
the slow variation of the amplitudes follow just as in the case n = 2s. 


§6. Formal Theory of Complete Stability. 


In this section we shall consider equations (1) of even order n = 2s, 
and for convenience we shall write the equations in the form 


(7) dé, /dt = i (én A S ns)» dyi/dt = Fi ($r, tty ns) 
f (i = : s) 


where the conjugate power series ®;, Y; are without constant terms and where 
the first degree terms in ®; and Y; are p; V— 1 and — piV— 1 respectively. 
We suppose furthermore that we are confronted by the general case as de- 
fined in § 3. 

In other words, of all possible equations (1) we are dealing with those 
typical of first order stability. 

It is obvious that any formal power series transformation 


(8) é& = + F, pmnta (t=1,°--,s), 


with F; and G; conjugate series in É, 7, carries the system into another 


` formal system of the same type, in which b, Yi may not be convergent series, 
if Fi, G; are not. It is apparent that we have here a formal group leaving 
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(7) invariant, which will be perfectly consistent with itself in the sense that 
thc result of carrying out two successive transformations is the same as that 
derived by the composite transformation.* : 
Now as already proved we can remove the sond degree taas in @;, Y; 
by using Fi, G; which are homogeneous quadratic polynomials. Following 
this with a transformation in which F,, Gy; are cubic, we can remove all terms 
of the third degree save those in ©; and %;-of the respective types Uié; and 
Vié where U;, V; are linear in the s variables &:,° °°, éns All of this 
goes just as in our discussion of stability in the earlier sections, and we 
arrive at the following first conclusion by an infinite succession of steps. 


Under the formal group the equations (Y) may be given the form . 
(9) ` -dé,/dt = U4&, dy /dt = Vis (t=1,°°°, 8), 
where Ui, Vi are power series in the s products Éim, © © `, sns. 


This result is extremely interesting from the formal point of view for the 
following reason: 


' 


If we write u; = ini then we have the formal equations in us, * ' *, Us 
(10) , du/dt = [Ui (tn +++) + Vilas Ju (G=, + 48), 


thus yielding an associated formal differential system of one half the order of ` 
the original system (Y). . 


We propose next to ask what is the most general transformation of the 
group (8) carrying the normal form (9) into the normal form. Let us 
consider terms of the second order in Fi, G, which alone can modify those of 
the second order in Ui, Vi. According to the discussion carried out in the 
treatment of second order stability, these are uniquely determined by the 
initial and final forms of (9). But in neither are there terms of the second 
degree. Hence Fi, Gi lack second degree terms. l 

Pass next to third degree terms in Ui, Vi which are only affected by the 
terms of equal or less degree in Fi, Gi. Here we find as in dealing with 
third order stability that since Uié; and Viņi have only terms of the third 
degree which involve a factor & and y: together with ‘a product éi; linearly, 
F,, Gs; contain only terms of the third degree of the same character. Thus 
we may continue indefinitely, and we infer 


* It is to be observed this group admits of a slight extension in that the initial 
terms £,,7, in the series for £,,7, might be replaced by ¢,¢,, dv, respectively (c,d, being 
self-conjugate of course). : 
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The most general transformation (8) which carries the normal form into 
itself has the form 
(11) i= GF ,*, yi = HGa* (¢=1,---, 8) 


. where Be, G;* are series in the products Erm,’ * `, Esns with constant terms 1. 
The form of this transformation indicates that the family of formal ‘ surfaces’ 
Q(t, °° +, Us) = const. is invariant under the group. 


' The general invariant theory of equations (7) is less simple than that 
of the special- class of equations possessing complete formal stability. 


A necessary and sufficient condition for complete stability of a system of 
equations (Y) is that U: + Vi==0 (i= 1, > -, 8) so that the equations take 


` a normal form 
(12) déi/dt = Miéi, dni /dt = — Mins (i=1,°--, 8) 


where Mı, ` ++, Ms are pure imaginary formal power series in the s products 


Emmi, °°, Esme with initial terms p.V—1,+-+ +, psV—1 respectively. 


For it is precisely a result of the earlier sections ‘that stability of the 
mth order yields this normal form to the terms of order m. Also the new 
transformations employed at successive stages (m = 1, 2, 8,°--) do not 
affect terms of lesser degree. Hence we obtain a limiting formal transforma- 
tion which takes the equations into the given form. Conversely, if there is 
such a form, the actual transformation obtained from the formal transforma- 
tion by breaking off at the term of (m + 1)st degree will yield the same form 
of equations out to terms of the same degree so that the prepared form is 
actually obtained, and thus stability of any arbitrary order m is ensured. 

. These series M; must be pure imaginary since the products ém; involved 
are self-conjugate. ; 

For this system (12) we have the integrals £7; const. Hence in the 
most general transformation (11) which keeps the normal form (12) unal- 
` tered we have Ém = const. also. On this account it is possible to determine 
the transformed equations at once. We find 


dé; 1 dé .- Migi = 


with like equations in 7. 


The most general transformation (11) leaves the normal equations (12) 
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unaffected except that in each M; the products émi are replaced by gmn Fi" G". 
Thus the subgroup for which Gi* = 1/F:* leaves the equations unaffected in 
every respect. 


The question naturally presents itself as to what are the invariants of the 
equations of completely stable type. The reply is obviously the following: ` 


Reduce the given equations with the property of complete stability to the 
normal form (12), thus obtaining s associated series 


M(t °°, Us), t © +, Malta, © © >, Ue). 


The invariants of the completely. stable type of equations will be the invariants 
of these forms under arbitrary transformations 


u = tafe (¢—1, aaa 8) 
where the fı are arbitrary real power series except that they must have a 
constant term 1. ‘ 


In this normal form the equations can be at once integrated precisely 
because éi = & 9, give s integrals for i= 1,'* +, 8. 


The integrated form of (12) is 


(13) gim & OO, qy eg OMO, (i1, 8). 
When these expressions are substituted in the formal series gwing zı, * * `, En 
in terms of £, ` +, ys the general formal trigonometric solution ts obtained, 
involving &, ++ +, ns as the n arbitrary constants of integration. 

The products & give real power series in the s variables 4%, * * -, En 


evidently beginning with a quadratic form which isthe product of two con- 
jugate linear factors. This result may be stated as follows: 


If the equations (1) have the property of complete stability there exist s 
first integrals pı =c; (i= 1, > +, s), given by formal series beginning with 
a second degree term which is the product of two conjugate linear factors, 
forming in all n = 2s linearly independent linear expressions. 


Of course an arbitrary Q(w,° * +, us) = const. also yields a first integral, 
for any real power series Q. 

It remains to say a word about the case of odd order n = 2s + 1. It is 
the normal form that is particularly to be noted. This may be written 
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(12) dé:/dt = Mik, dni/ dt = — Min, dat, /dt = 0 
. l G=1,> *, 8). 
Here M; is a power series-in the s products ém, * ` *, €sys and in ty ouly. 


Thus the equations separate into a system of the type obtained in the case of 
even order together with an equation yielding x, — const. for the remaining 
variable. l 


‘The normal form of equation for the completely stable case, n = 2s +1, 
consists of the equations (12’). These equations display the slight difference 
between the odd and even order case. In the odd order case there exists a 
real formal series integral ¢== const. (corresponding to €n = const.) con-_ 
taining a first degree term, as well as s integrals pi = const. _ 


§%. Variational Principles and the Equations of Dynamics. 


‘Let Py, +++, Pa, Q be n-+1 real analytic functions (n == 2s) of £, 
‘+, a, in a certain open connected continuum under consideration, and let 
C* be an are of a curve with continuously turning tangent lying within this 
continuum given by PERE l 
fa i . g = t” (t) : . (bo StSit,) 
` for t==1,-+-, n, where 2;* are continuous functions of ¢ with continuous 
derivatives. In this case the integral 


(14) ` Im f f“ (Pide, +: -+ Paden H QUY ` 
has'a certain numerical value T along the curve C*. ‘Now suppose that 

. a4 = mi” (t, A) | (t% StSt) 
for i= 1, ; + +, represents any arbitrary one-parameter family of such curves 


which gives O* for à= 0, and has the same end points as C* for all values 
of A. Suppose furthermore that the functions 2;*(¢,) are restricted to have 
continuous partial derivatives as to ¢ and A. A family 


vı = Ti" (t) +A seilt) (i= Lese n) 


‘will fulfill these conditions if the 82; are continuous together with their 
derivatives and vanish at ¢ = t, and t = t,, while A is taken sufficiently small. 
Under these circumstances I becomes a function I (A) when z:* (t, A) are sub- 
stituted for a; under the sign of integration, and this function Z(A) will have 
a continuous derivative as to A whose value for à = 0 we denote by 82. This 
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variation ôI may vanish identically along a curve O*, i. e., 82* = 0, and it 
turns out by direct inspection of the expression for 82 that the condition is 
precisely that the coordinates z,*, :'', @»* satisfy the set of n Pfaffin 
_ differential equations, 


(OP, ôP; dz; Q ; i 
eee en E ————— E = Í Pue E r 
i > Ox; ðr: dt 0x4 (i a g i) 


All this amounts merely to the statement of some elementary principles 
in the calculus of variations as applied to a particular and very important 
type of integral. 

On account of the fact that the vanishing of 82 along a curve in this 
sense is obviously invariant of the particular coordinate system, it follows that 
if we make a change of variables 


(16) i i Ti = pi (Ta, * Tn) (i=1, een) 


where the correspondence between tı, * °°, €n and Ta * °°, En space is one- ` 
to-one and analytic along the curve, the new equations can be obtained by 
determining Pa, +--+, Px, Q by substitution under the integral sign, and 
then writing down the new corresponding Pfaffian equations. But the formal 
relation so established can of course be stated and proved directly, without 
intervention of the principle of variation. 

Suppose now that we consider formal (i. e. convergent or divergent) 
series for P;, Q in the neighborhood of the origin in £1, ** +, &n space, and 
also the corresponding formal equations (15), and suppose that we effect the 
formal transformation (16) in which ¢; are given by similar series without 
constant terms for which the formal Jacobian has a constant term not zero. 
The new equations can be obtained by the same rule of transformation as 
before, and in general the result of more than one such transformation is of 
course the same as that for the composite formal transformation. These 
statements can be proved by first taking the actual equations obtained by 
breaking off the series for P4, Q at terms of high degree m, while actual trans- 
formations are obtained by breaking off the series for ¢; in the same way. 
By considering the relations involved as m becomes infinite, the stated formal 
results follow at once. 

I state these facts at some length since it is important to realize that in _ 

‘this way the condition 820 yields a perfectly definite system of formal l 
differential equations (15) subject to the same formal rules. as in the case 
of actual convergencə. ' 
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This point of view admits of a slight extension which will come into play . 
in our first theorem. Suppose that P:, Q are generalized to the respective 
forms P:i/D, Q/D, where Pi, Q, D are formal power series, but where D need 
not contain a constant term. However, nevertheless we obtain an extended 
Pfaffian system 


(15) 3 [pr 


j= 62; Pe 








ples pé? 2 dez 
at 





ag aD 
zs Jin ne ce (), 
Oti +e GEA 


The equations obtained will be independent of any formal factor a intro- 
duced in all of the numerators and denominators of P:/D, Q/D. Thus the 
formal significance of the condition 8 = 0 is maintained even in this case. 


If the equations (1) are of completely stable type at the origin, and if 
én qi. Mi (i= 1, +, s) are the series in t, °° +, &n which appear in the 
normal form (12), then the equations (1) may be expressed in the extended 


Pfaffian form 
ay a f’ | & ze (des — btn) È upat } asi, 


According to what has been said above, it is only necessary to verify that 
(17) leads to the equations (12) when é,' * -, 45 are taken as the dependent 
variables. This may be immediately verified if the conditions dM; == 0 
(t= 1,+° +, s) are equivalent to dém: = 0, as we shall take them to be. 
A still more formal attack is to change variables in (12), writing ui == Mj, 
vi=log &/ni (t= 1,- °°, s). The condition (17) becomes 


tı 
(17”) 8 f { Sufgdt — Supa } = 
to j: j=1 


j= 


giving the desired equations 
du/dt=0,  dvi/dt = 2ui, (fmt, #4, 8) 


if we grant the legitimacy of the formal processes involved. 
The equations given by (1%) are of Hamiltonian form with w, vs as 


- conjugate variables and with principal function H = 5 u;?. Or, better still,- 
j=l 

we can remain within the non-extended type of Hamiltonian equations in case 

Mı, aside from its constant term which does not effectively enter in (17), 
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“is divisible by ém:. In this case (M; — p; V—1) /ésn; is an admissible power 
series, and (17) may be modified to the equivalent form 


ty F Z ; X s 
s S? { 3 V5 Gat Bay) — Z Mra | =o, 


j= 


giving equations of the Hamiltonian form, if we take 


$ Mi—pvV—1\i _ Mi —piV—1 
18 é = Ż ( * — } i = ( >) 
( ) f éii V — 1 f n iqi V =I 


E 


s i 
as conjugate variables and 4 X M;2/V— 1 as principal function. Also, this 
j=l 
choice of variables will lie in the original formal group in case M; contains a 
term ci&ii, Ci 4-0, of the first degree.. Of course it can contain no other 


such terms in this case. These results may be summarized as follows. 


The equations (1) of completely stable type can be made to assume the 
Hamiltonian form, at least if we admit the legitimacy of certain extended for- 
mal transformations. In any case if M;—piV—1 is divisible by im for 
t=1,- + +, s, with linear term ciini (ci 40) then the equations (1) can be 
made to take Hamiltonian form by means of (18), without any use of such 
extended transformations. 


The last part of this result is obvious from the normal form (12) whicli 
becomes of the very special type 


déi/dt = (pi + ém) V—1 én di /dt = (— pi — ém) V— I 
l (î=1,::-,8) 
if use be made of the special variables (18). 
Consider now a Hamiltonian system (1) of general type with equilibrium 
point at the origin, which can be written 


du: _ OH du __ °H i=], 
dt ðv; ? dt = GIA (i= 5) > s) 


in which the lowest degree terms in H are 


V—1 (Puw + oe + PssVs) 


where the numbers p; arise in the same way as for any equilibrium point with 
first order stability. The variables ui, v: are conjugate imaginary variables 
of course so that a preliminary linear transformation of the real variables is 
presupposed. 
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It is well-known that the transformation for arbitrary K, 


u = m, i= ps (i=l; =, sy 
preserves the Hamiltonian form, i. e. that the transformed equations are 
obtained by replacing ui, vı by their series in a, V; in tal to obtain H. We 
shall assume that 
l K = ty, F’ + + + tists He 
where the terms not explicitly written are of higher than the second degree. 
If K has only the first term, the transformation becomes the identity 


W = Üi Ti =V (t=1,°--, 8). 


These transformations form a group. 

We propose first to take K of the third degree and thus get rid of the 
third degree terms in H; next to take K as the sum of the first quadratic 
term and a homogeneous fourth degree term and thus eliminate all the fourth 





degree terms of H except those quadratic in the s products wt, * * +, Usds} 
and so on. Thus by an indefinite sequence of such transformations we pro- 
pose to make H a function of the s products U01, * * *, Usts. - 
Now the first of these transformations is 
X oK* = ak* : 
ui = Üi + >- Tm =v + (t=1,---,s), 





Ov; Oil; 


in which the variables,on the right of each equation are a, vi, and K* is a 
homogeneous cubic in these variables. If we express u:, v; in terms of üi, T: 
they take the form 


ak* _ ak* 
ui = t; F- A +: nag Vi = Vi —. Pils 





> 


where K* is K* with the variables @;, v; replaced by, ñi, Vi, and the complete 
first: and second degree terms are explicitly written. 

Consequently H® as obtained by the usual expansion in Taylor’s for- 
mula is f f 





ôK* aK* ) 


8 
H® E- piV—1 (u du! Buy 
I 


where H® designates the third degree: terms in H, and the dashes over the 
letters are omitted. 
Heidenily then the homogeneous cubic polynomial K* can be so deter- 
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mined, and uniquely, that all of the third degree terms disappear in H. In 
fact a term in K* - 
quo SaS Uig tUs” 


leads to a similar new term in H with coefficient 


8 
mg [> piV—1(;—m)], 
bd Je 
where the term in brackets is not zero for. 


hemi te +h H m 3. 


This is in accordance with our statement since there can be no third degree 
term in the products WU, * * +, Uss- 

Another transformation will lead to a modina fourth degree term in H 
of the same type, 

: ` — ôK” aK* 
PINS (w dus in) 

where K* is now the arbitrary homogeneous polynomial of the fourth degree 
at our disposal. By the aid of it we can eliminate all the fourth degree 
terms in H™ except those for which l; = mi, i. e. the very terms we do not 
attempt to remove. 

By continuing in this way, we are led to the conclusion: 


For the general Hamiltonian equations (1) with furst order stability, H 


‘can be taken in the form H (u0, ` ` +, Usds). Inasmuch as the Hamiltonian 
equations then take the form for t==1,°- +8, 
a e a a d 
dt Ory” dt = Oni ut Sh ai 


of the completely prepared type (12), it is clear that first order stability 
necessitates complete stability in the case of the Hamiltonian equations. 


Of course it'is well known that the Hamiltonian equations admit a com- 
‘plete formal trigonometric solution in the case of first order stability. 

We can now readily attack the question as to the possibility of reducing 
a completely stable system (1) to Hamiltonian form by means of a trans- 
formation belonging to the restricted formal group. 

It-was proved in the preceding section that the most general transforma- 
tion of the formal group which kept preserved the completely prepared form 
(12) was given by (11). It was furthermore seen that Ma, + +, M, are not 

3 


| 
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altered, i.e. that M, is obtained directly from M; by substitution. But such 
a substitution changes the variables in My, --+-, Ma from my t ', ms to 
Fu °° °, 7s in accordance with the formulas 

mi = mP. 


` 


Imagine now the particular transformation performed. which reduces the 
completely stable prepared equations (1) to Hamiltonian form, if that be 
possible. Since Mı, © < :, M, are not altered, there must obtain 


M; = 0H / ii, 
or, more briefly, 


i=l 


dH = § Midra. 


A necessary condition that such a transformation to Hamiltonian form 
be possible is therefore that 


8 

5 Mlm + +, 3) dT; 

gal 
becomes an exact differential for suitable real power series 

Ta = mi fi (m1, t +, Ts) (=i, +, 8) 
where the constant terms c: in fi are not zero. 


In particular this requires that the first degree terms in 
3 
D 6; Mdr; 
fl 
yield an exact differential. More precisely if this term in M; is 


tam ee + ists 


we must have 


GT (i, j= 41,-°-,8) 


which is not in general true for s > 2. ; 

The special case first pointed out when transformation to Hamiltonian 
form is possible, namely when Mi— pi V—1 is divisible by ém: falls under 
the type treated with dr: = dMi/V—1. ; 

The necessary condition stated is also sufficient.for transformation to 
Hamiltonian form. 


In fact choose F;*, Gi* in (11) so that 7 = ém: which is obviously 


t ‘ 
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possible in an infinite variety of ways. Then M,,---, Ms are unaltered, and 
also 

Mdr + tne + M di, = åH. 
It follows that č 


which is what we desire to prove. 

“It is apparent in this way that while completely stable estes are of 
equal generality with the Hamiltonian type in a very wide formal sense, they - 
are more general if only transformations of restricted type are admitted. 

We turn now to the consideration of the general Pfaffian type of equation 
derived from the non-specialized variation problem. 

At the equilibrium point the equations of variation of a Pfaffian system 
(15) are evidently of the form 


n 


d 
2, ( aij I + Bijt ) = 0 
gal t 


where aij is skew-symmetric (i. e. aij = — aji) and fi; is symmetric (i. e. 
Bi; = Bj). These are linear differential equations with constant coefficients, 
the nature of whose solutions depends on the roots of the determinant equation - 
in à 


| aighy + Biu | = 


In the case of stability the roots must be zero or pure imaginary, of course, 
while the elementary divisions of this A matrix must be simple. We shall 
assume that there are no linear homogeneous combinations of these roots with 
integral coefficients which vanish. This is the general case. 

In order to obtain a preliminary prepared form for the Pfaffian equa- . 
tions, we note first that the constant terms in P; and Q can be omitted since 
they do not enter into the differential equations. Moreover, if the origin is 
an equilibrium point, there are no linear terms in Q. According to the prin- 
ciple of variation, we may directly transform the part of the integral I con- 
taining the linear terms so as to obtain the linear terms with the new vari- 
ables. But it is known that by linear transformation and omission of an 
exact differential, the linear terms in P; and P; become 2; and — z, where 
vı and a; are conjugate variables in the sense of the Hamiltonian equations, 
while simultaneously Q takes the form 


. Q= Zale? He) +t os, 


t l 
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where only the lowest degree terms are written. Now, if we note that — xjd2; 
differs from aidx; by a perfect differential we can write the lowest degree terms 
under the integral sign as 


2 X rids; — X, pj (ai? + x; )dt 


where the index 4 runs over s values while 7 takes the conjugate index values. 
_ But these are essentially the first order terms in the Hamiltonian integral. - - 
At this stage we may introduce the conjugate variables ém: by setting 


é&i = tit V— lt, mp=ti— V— it, 


where we find the linear terms above take essentially the form 


8 
>» &dnj, 
j=1 
while 


Q=z piV—1éing +° °°. 


It is this preparation of the Pfaffian system in its lowest degree terms 
that we shall assume to be made, and we shall seek to reduce it further to 
complete Hamiltonian form by a succession of changes of variables 


a=% + P, =t A (i=1,::., 8) 


where Fj, G; are conjugate series in É, ** +, 7s beginning with terms of at 
least the second degree. 
Let us write the prepared linear differential form as 


R dé + re aS + Rsdés + Kid + 7 t g + Ssdys + Qdi, 


and let us seek to eliminate the terms of second degree in Ri, + + +, Rs by a 
change of variables of the above type in which Fi, Gi are arbitrary homo- 
geneous quadratic polynomials. 

We find immediately that the above linear ‘erin is preserved in character 
while we have 


= . OG; eer 
RYO =R: + X & fE (i =1,: >+, s8) 
j=l t $ z a 
if B®, R;® denote the second degree terms in Ri and Bı respectively. Evi- 


dently, by the subtraction of an exact differential, we can replace the sums 
on the right by the more abbreviated expressions — Gi. 


f i ° ry 
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Hence there exists a set of G; which removes the remaining terms in 
BR, and it is clear at the same time that in this way higher and higher ~ 
degree terms in Ri, S: can be disposed of by taking Fi, G; as homogeneous 
polynomials of corresponding higher and higher degree. Thus a formal limit- 
ing composite transformation is set up which reduces R,,- - >, Re to zero, while 
taking S, > ©, Ss into é * - -, £s respectively, as desired. 


In the general case of first order stability the Pfaffian equations can be 
transformed formally to Hamiltonian form. 


$8. Questions of Convergence. 


The methods which we have been following are based on the use of certain 
series. Their convergence or divergence is immaterial for the properties which 
we have so far discussed. Nevertheless the questions of convergence are of 
great importance for the theoretic treatment of a given dynamical problem. 

For example, the Hamiltonian and Pfaffian types of equations (1) admit 
of the convergent series integral H = const. and P = const. respectively, 
whence in the case of first order stability we can immediately infer the per- 
manent complete stability in the sense (A). Or again, there may exist a 
convergent series P for which 


0/de, (PX,) +++ ++8/02% (PXn) = 0 ` 


in which case f Pdv is an invariant volume integral (d v, element of volume) ; 
- from the existence of this invariant volume integral, various important prop- 
erties of recurrence can be deduced. 

In the most favorable circumstances the normal form of the equations 
(12) can be obtained by ordinary transformations: defined by convergent 
series. Here the series M; and the trigonometric series solutions of the ori- 
ginal equations will converge. The precise character of the motion can then 
‘be specified for all time. Concerning this integrable case we prove the follow- 
ing simple result: f 


For integrability of the system (1) it suffices that the formal integrals 
oi = ini = const. G=1,-°°-, 8) 
are given by convergent series. 


In fact suppose that these real series do converge. Since they are form- 
ally factorable into conjugate factors Eni, the separate components are given 


+ ` $ 
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by convergent series of course. This follows from Weierstrass’s preparation 
y g 


theorem. Hence 
7 a fi) A 
= 1/4; = £ 


=1 0a; 


Mw z = x; Gai eta, 3) 
are series given as a sum of formal quotients of two convergent series and so 
themselves are convergent. This demonstrates the complete integrability of 
(1) in case the series converge. i 

_ The existence of ‘small divisors’ in the series é;, y: shows that in general 
there will be no such, convergent series ¢:, and the series M: appear to be 
divergent for the same reason. 

The possibilities of classification of completely stable systems (1) on 
the basis of diverse convergence properties are limitless. Every system of 
series or of differential equations which may be attached to (1) so as to have 
invariantive significance under the general formal group evidently affords a 
means of classification of systems (1) in which convergence or divergence 
plays a rôle. : 

It is with these few remarks that we terminate our reference to converg- 
ence questions. While on the purely formal side any completely stable system 
of equations (1) is to be regarded as equivalent to the extended Pfaffian or 
Hamiltonian type derived from a variational principle, it is clear that these 
more special types possess at least one ordinary integral and other convergence 
properties. In this non-formal direction the complete characterization of the 
completely stable equations (1) which may be reduced to the classical types 
still remains to be made. 


Quaternary Quadratic Forms Representing all 
Integers. 


By L. E. DrcxsoN. 


1. For the case in which only squares of the four variables occur, the 
forms representing all positive integers were determined by Ramanujan.” It 
is a much more difficult problem to determine the forms which involve also 
products of the variables whose coefficients may be odd. This paper develops 
a method of solving this problem completely. 

The fact that one of these new forms represents all positive integers is 
equivalent to the fact that a related form involving only squares shall repre- 
sent all positive multiples of a fixed integer, such as 4, 8, 12, 28, 44. A very | 
few of the latter facts were known, and os importance has been emphasized 
in the literature. 

The first part of the paper proves the necessary auxiliary theorems on 
ternary forms. They are useful also in other problems in the theory of 
numbers. . 


8 Part 1. REPRESENTATION BY TERNARY QUADRATIC FORMS. 


2. Dirichlet + gave the simplest proof of the fact that s? + y? -+ 2? 
represents all positive integers except those of the form 4*(8n-+ 7), but 
represents no integer of that form. This will be expressed briefly as 


G). a? +y? +z? represents all 4 (8n + ae 
From (1) we readily deduce { 
(2) wv? -+ 2y? +22? represents all 4 4*(8n + 7); 
(3) a + 2y? -+ 42? represents all =Æ 4*(16n + 14). 
* Proc. Cambridge Phil. Koc., 19, 1916-9, pp. 11-21. Proofs of the needed theorems 
on ternary forms are given in the writer’s paper cited in § 2. 


f Journal -fiir Mathematik, Vol. 40 (1850), p. 228; Werke, II, P., Qi) aie 
ł Dickson, Bulletin of the American Mathematical Society, Vol. 33 (1927). 
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The proof is similar to that now given for 
(4) f—2? + 2y? + 82? represents all 4 8n + 5 and 4 4*(8n-+-7). 


If f is even, £ = 2X, f = 2F, F = 2X? + y? + 42. Applying (3), we con- 
clude that f represents all even integers except those of the form 4*(8n + Y). 
If f is odd, a? = 1, 2y? = 0 or 2 (mod 8), whence f==1 or 3 (mod 8). But 
when m==1 or 3 (mod 8), (2) shows that m is represented by z? -+ 2y? + 22%. 
Then z? == 1, 2(y? + 2°) ==0 or 2 (mod 8), whence y and z are not both odd. 
Permuting them if necessary, we may assume that z—2Z, whence m = 
a? + W? + 822. 
The writer proved (Joc. cit.) 


(5) g=v + y? +32? represents all 4 9*(9n + 6). 


If g represents 3m, x and y are multiples of 3, a = 3X, y= 3Y, and m 
is represented by 8X2 + 3Y? -+ 2°. The converse is true since the product of 
the latter by 3 is of the form g. - ; 


- (6) 327 +- 3y? + 2? represents all 54 (8n + 2). 


3. We shall need the following results: | 

(7) A=? + ay +y? -+e represents all 49*(9n-+ 6); 
(8) p= 2? + vy +y? -+ 382? represents all ~ 9*(3n + 2); 
(9) p=2? + y? + 22 + az represents all 4 49*(49n + Ye), e = 3, 5,6; 
(10) o== 2? + 2y + Yz — ay represents all 449 (Yn + e), e = 8, 5, 6. 

By the Hessian H of a quadratic form whose cross products have even 
coefficients we shall mean the determinant of the halves of its second partial 
derivatives. By EHisenstein’s* table of improperly primitive reduced positive 
ternary quadratic forms of Hessian <= 100, 2A, 2u, 2p, 20 are the only reduced 


forms with all- coefficients even of Hessians 6, 18, 14, 98, respectively. 
We employ the form, lacking a term in cy, 


(11) 2Aa? + 2By? + 2022 + Rije + 2ax. 


* Journal für Mathematik, Vol. 41 (1851), pp. 186-9. 
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Its Hessian will be 2D if 


(12) B=AA—D, A=4BC—R?. 


Lemma 1. If p38 or? and A is any positive integer not divisible by p, 
2A is represented by the unique reduced form 2d or 2p of Hessian 2p with all 
coeficients even. 


Here an We take A—4d, d=2pt+ 1, and choose ¢ so that 
B = 44A — p = 8Apt + 4A — p isa prime. This choice is possible in infi- 
nitely many ways, since the coefficients of the linear function of ¢ are rela- 
tively prime. Since B =— p=1 (mod 4), l 


(—4/B) = (4/B) = (B/d) = (—p/d) = (d/p) = (1/p) = 1. 


Hence the last equation (12) is satisfied by integers C and R—2r. Thus 
(11) is equivalent to 2A or 2p. Hence the latter also represent 24. 


LEMMA 2. If p= 8 or 7 and A is any positive quadratic residue of p, . 
2A is represented by the unique reduced form 2p or 20. of Hessian 2p? with 
all coefficients even. 


Here D = p°. Take A= 8pl, where J is prime to 2p. By (12), B= pb, 
b=814—p. Then b is a prime for infinitely many choices of 1. Since 
b =— p= 1 (mod 4), 


(1/6). = (6/1) = (pn) = (1/p), (p/b) = (b/p) = (214/p), 
(—2/b) = (2/b) = (2/p), (A/p) =1, 
(—A/b) = (—2/b) (p/b) (1/6) =1. 


To prove (7), note that, by Lemma 1, A represents every positive integer 
prime to 3. Since A= (s —y)? +2? (mod 8), A is divisible by 3 if and 
only if «—y and z are divisible by 3. Write y=2-+3w, z = 3Z. Then 
à= 83L, L =x? + 3ew + 3w? + 322. Since L=} or 1 (mod 3), A repre- 
sents no number of the form 3(8n-+ 2). In L replace x by X —Y and w 
by Y. We get » written in capital letters. By Lemma 2, u represents every 
positive quadratic residue 8n + 1 of 8. Thus A represents every 9n-+ 3 and 
hence its product by 9%. Finally, if L= 0, then r= 0 (mod 8), and v, y, z 
are all multiples of 3, whence A is the product of a like form by 9. This 
proves (7). : 
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Next, (8) follows from (7), since we proved that, when 3m is represented 
by A, m is represented by L and hence by u. The converse is true since * 


B(a +ay+y) =X HIY +Y, X=s—y Yet y. 


To prove (9), note that, by Lemma 1, p represents every positive integer 
prime to 7, Since p= (x — 3z)? + y? (mod 7), pis divisible by 7 if and only ” 
if w—8¢+7X, y=7Y. Then p=R, R= 2224 2X + 7X? +Y’. 
Hence p represents none of the integers excluded in (9). For z= Z — 2%, 
R becomes r= 2Z?— ZX + X?+7Y?, which is of type oc in (10). By 
Lemma 2, o and hence r represents all positive quadratic residues Yn + 1, 2, 4 
of 7. Hence p represents their products by 7:49". If R==0, then ¿=v 
= y = 0 (mod 7), and p is the product of a like form by 49. 

Finally, (10) follows from (9), since we proved that, when Ym is repre- 
sented by p, m is represented by R and hence by o. The converse is true 
since ft 


T(t + 2y°—ay) —X?42¥*—XY, Xaa—ty, Yo2e—y. 


The following results are not required in this paper. Lemma 1 holds 
also if p—= 5 or 13. In the proof take d = 2pt +v, where v is odd and a 
quadratic non-residue of p. Lemma 2 holds also if p = ö and A is any non- 
residue of 5. As before, we prove that 


(13) x? -+ y? + 227 -+ ryt aez tyz represents all 4 25t (25n + 5) ; 
(14) 2g? oa 2y? + 222 — gy — gz — yz represents all +4 25*(5n + 1). 


These forms are the only reduced ones whose doubles have the Hessian 10 | 
and 50 respectively. 


4. Forms of Hessian.6. The reduced forms are 


r= ty +62, o =r? + y? + 327, 2d, 


* For if w is an imaginary cube root of unity, the product of the factor #— wy 
of æ? + ay + y? by the corresponding factor 1—w of 3 is X—-wY. Also, (8) follows ’ 
. directly from Lemmas 1 and 2. Tf x is divisible by 3, e=—y-+ 3X; write y = Y— X. 
Then » becomes the triple of a form à. 5 

į For, if e + 2—e=0, the product of the factor æ — ey by the corresponding 
factor 1— 2e of 7 =1+2 -2?—2 is X— eY. Also, (10) follows from Lemmas 1 
and 2. If o and hence (#-+ 3y)* is divisible by 7, y =2æe + T7Z and e= 7, 
S = æ + TaZ + 14Z2?+ 2%. For æ = X — 3Z, z =Y, 8 becomes p written in capital 
letters, 
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Suppose that o==10 (mod 16). Then o=% (mod 4). Thus 
e= x? -+ 32? is even. Whether x and z are both even or both odd, e== 0 
(mod 4). Hence y is odd and 10 = o = e + 2, e= 8 (mod 16). Ifv andz 
are odd, e==4 (mod 8). Hence s= 2X, z=2Z, X? + 387 ==2 mod 4), 
contrary to the above. Thus w represents * no integer of the form 2(8n + 5). 
This is used in proving 


(15) t = 2? + 4? -+ 62? represents all 4 9*(9n-+ 3). 


If r represents 2m, then x + y = 2X, x—y = 2Y, m = X? + Y? + 82’, 
Conversely, the latter implies 2m = (X +Y)? -+ (X—Y)*?+ 62%. Hence 
by (5) the even integers represented by r are the doubles of the integers repre- 
sented by g and include all -49*(9m-+ 3), where m= 2n +1. We next 
prove that r represents every positive odd integer a not divisible by 3. We 
employ 

k = an? + by? + eg + ryz + 222, 


whose Hessian is H = aA— b, where A=bc—r?. Take H=6, A= 16k, 
k=1 (mod 6). Then b = 16ka— 6 = 28, where B= 8ka— 3 is a prime 
for infinitely many choices of k. Thus b is not represented by w. Since b 
and the odd a are represented by x, x is equivalent to neither w nor 2A and 
hence is equivalent to r. Since 


` (4/8) = (—k/B) = (8/k) = (—8/k) = + 1, 


A= be — 1° is satisfied by integers c and r. 

If r is divisible by 8, æ = 3X, y = 8Y, r= 3T, T = 3X? + BY? + 227, 
whence r represents no 3(8n + 1). 

It remains only to prove that r represents a == 3A, where A is a positive 
odd integer 3n —1. We employ 


F = aa? + 2By? + cz? + 4Ryz + sez, 
s=1-+A, B=8kA—3, k=1 (mod6), 


with & chosen so that B is a prime. The Hessian of F is 6 if 
B+-24B + A?B4+43—34Be+ 6AR?=0. 


* It was proved (Bulletin, 1. c.) that a positive integer is represented by w if and 
only if it is not of the form 4%(16n + 10). 
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Replace the first term B by its value and cancel A; we get 
~ 8k + 68? —BP=—0, P=3ce—A—2, 


Hence 8k(1 + P) ==0, P==—1 (mod 3). Hence c is an integer. The 
congruence 48% + (6R)?==0 (mod B) holds if and only if 


(—48k/B) == (—3k/B) = +1. 
The latter follows from 


(k/B) = (B/k) = (—8/k) = (k/3), . 
4 (—3/B) = (B/3) = (8k4/3) = (k/3). 


5. Forms of Hessian 12. We shall prove that 
(16) 8 == 2a? + W? + 32? represents all 54 8n -+ 1 and ~9*(9n + 6). 


Tf 8 is even, it is the double of a form (15). Henceforth, let z be odd. 
Evidently §s£1 (mod 8). Let a be a positive integer such that a=38 
(mod 4), a54£9*(9n-+6). Then a is represented by g in (5). If z is even, 
g==0, 1 or 2 (mod 4), contrary to a==3. Hence z is odd, z? -+ y? = 0 
(mod 4), a= 2X, y= 2Y. Hence @ is represented by 2(X + Y)? -+ 
2(X — Y)? + 32? and therefore by 5. 

It remains only to prove that è represents every positive integer b such 
that b==5 (mod 8), b=49*(9n-+ 6). Then b is represented by g in (5). 
First, let 2 be odd. Then z? -+ y?==2 (mod 4), whence x and y are odd. 
Thus z+ y =2X, e—y=2Y, and g = 2X? + 2¥?+ 32%, so that b is 

‘represented by 8. Second, let z—2¢. Thus x+y is odd. Since we may 
permute v and y, we may take z = 2é, y odd. Then 5=g==4# + 1+ 122? - 
(mod 8), and é+ is odd. Thus - 


(17) X= d(e—32), Z=i(e+2) 
are odd integers and 
(18) ‘ X? + 8G? = 2? + Be. 


Hence we have a representation of b by g in which the unknowns are now all 
odd, as in the first case. 
We shall need the fact that 


(19) e= 7 + 3y? + 42? represents all +4 4n + 2 and s4 9*(9n + 6). 


Dicxson: Quaternary Quadratic Forms Representing all Integers. 45 


If e is even, z = y + 2X, e= 4A, where A is of the form (7), and con- 
versely. Thus (19). holds for even integers. Next, let a be a positive odd 
integer s4 9*(9n +6). Then ais represented by gin (5). Thenx+y+2 
is odd. First, let two of x, y, z be even. Permuting z and y if necessary, we 
may take x even. Then g = 4X? -+ 4? + 327, whence a is represented by e. 
Next, let v, y, z be all odd. Changing the sign of a or z if necessary, we may 
take v= 1, z==—-1 (mod 4). Then X and Y in (17) are even integers for 
which (18) holds. Hence the second case reduces to the first. 


6. Corollaries. We require the results ` 


20) a= 34? -+ 4y? + 122% represents all 4 4n -+ 1,4n + 2, 9%(12n-+ 11), 
9*(12n + 8); 


(21) B= 2 + 3y? + 122? represents all 4n +2, 9(8n +2). 


If m is represented by 8, 3m is represented by 82? -+ Y? + 42? with 
Y= 3y, Z = 3z, and conversely, whence (19) implies (21). 

If a is even, v= 2X, a is the quadruple of a form (6). Next, let a 
and hence v be odd. Then a==3 (mod 4). Any integer represented by a is 
represented by @ with x even. Conversely, if B==3 (mod 4), y is odd and x 
is even, whence 8 is of the form a. , This proves (20). Finally, 


(22) y= 2 + 12y? + 122? 
represents all. x4 4n + 2, 4n F 3, 9 (12n + 5), (12n +8); 


(23) v= Ba? + 4y? + 42? 
represents all x4 4n + 1, 4n + 2, 9#(86n + 15), 9 (36n. + 24). 


If y is even, v is the quadruple of a form of type (5). Next, let v be.odd. 
Then vs=3 (mod 4). Write Y=y+z2z, Z=y—z. Then v becomes 
8—32? +- 2¥?-+ 22%, Conversely, if ’==3 (mod 4), æ is odd and F -+ Z 
is even = 2y. Write Y — Z — 2z. Then 8 becomes v. Applying (16), we 
get (23). 

If y represents m, then 3m is represented by v with y and z multiples of 3. - 
Conversely, the latter follows if y= 3m, whence y==m. Thus (23) implies 
(22). 


PART 2. QUATERNARY QUADRATIC FORMS. 


7Y. Let r be a positive ternary quadratic form such that f =w +r 
represents all positive integers. Let m be the minimum positive integer repre- 
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sented by r. If m = 8, f would not represent 2. Postponing the case m = 2, 
let m—=1. Let H be the Hessian of the form 2r all of whose coefficients are 
even. Since the minimum of 2r is 2, a known theorem * states that 27 is 
equivalent to a form 27° such that 4T — X? is a reduced form C = Ly? + 
2Myz + Nz? of Hessian 2H, where X = 2g + ty + sz, while the values of 
t and s are both chosen from 0, 1. Further, we may assume } that M = 0 and 
omit-the case L = 4, M = 2, s= 0. Since the coefficients of X? +0 = 4T 
are all multiples of 4, we have 


(24) . L+#sN-+s?=0 (mod 4), M + ts=0 (mod 2). 


The Hessian 2H = LN — M? of C is therefore a multiple of 4, whence H is 
even, H = 2h. By hypothesis, f =u? 4+ T represents all positive integers. 
Hence : , 

F = 4f =w HXO 


represents all positive multiples of 4. Since C is reduced, its minimum > 0 
is L. If L >12, F= 12 therefore requires that C—0. Since 12 is not a 
sum of two squares, this proves that L S 12. Since t= 0 or 1, (24) gives 
L==0 or —1 (mod 4). Hence the only possible values of L are 4, 8, 12, 
3,7, 11. The least positive multiple of 4 not represented by 4u? -+ X? +- Ly? 
is 1 == 28, 56, 24, 24, 84, 88 for the corresponding value 4, +++, 11 of L. 
Since F represents 1, we have O 1 for certain integers y, z, 2540. Then 


(25) LC = (Ly + Mz)? + 4he? 
implies that : 
(26) -4h S Ll. 


Hence there is a limited number of values of h and hence of reduced forms C. 
The number of forms T is therefore finite. 


8. The simplest case is L = 4. Since C is reduced, 2M S L, M = 0, 
1,2. By (24), t=0, M=0 (mod 2), and N +? is divisible by 4. 


First, let s= 0. If M =2, our ternary form is known to be equivalent 
to one with s—1. Hence there remains here the case M—0. By (26), 


* Landau, Handbuch... Verteilung der Primeahlen, 1909, p. 545. 
-} Eisenstein, Journal fiir Mathematik, 41, 1851, 141-90. 
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h 28. Since h == N is.a multiple 4m of 4, 1S m S Y, and f =w? +4 2 + 
y? -+ mz? represents every positive integer (Ramanujan). 


Second, let s==-1. We may write N =— 4m — 1. There are two cases. 
(i) M=0. Then h=N, hS28, 1 SmS?%,. 
2h)  4f—42+X2+4y+N2, X= z= (mod 2). 


This is of the form F = U? + X? + Y? + Nz. Conversely, if F is a mul- 
tiple of 4, either z is even and U, X, Y are all even, or z is odd and just one 
of them is odd. Permuting them, we may take X odd, whence U and Y are 
even. In both cases, U == 2u, Y = 2y, X =z (mod 2), and we have (2%). 
To show that F represents all multiples of 4, we apply (1). Let 
a = 4%(8n +7) be a multiple of 4, whence k 21. For z= 21, a — Ng = 
4e1P, where P = 32n-+ 28—N==1 (mod 4). Thus P is positive and a 
sum. of three squares. i 


(ii) M=2 Thnh=N—1, hS28, 1SmS?, 


(2%) 4f =U LPL W (4m —2)2, U =u, 
X=—%w+2z, W=%4+z. 


Conversely, if this form is a multiple of 4, either z, U, X, W are all even, 
or z is odd, and just one of U, X, W is even. Permuting them, we may take 
U even, X =z, W =z (mod 2), and deduce (272). To show that it repre- 
sents all multiples of 4, take z = 21. Then 


a— (4m — 2)2? = 419, Q = 32n +28—4m + 2==22(mod 4), Q > 0. 


Hence Q is a sum of three squares. 


THEOREM 1. For isms’, fii=wvtyt+etozt+ me? and 
fo—=fi-t yz both represent all integers. Hapressed otherwise, X? + Y° + 
U? + (4m —1)2? and X?.+- W? + U? + (4m — 2)2 both represent all posi- 
tive multiples of 4. 


9. The case L==8. By (24), t= 0, M is even, and N = 4k —s, Write 
M =u. By 2MSL, pS2r We postpone to §10 the case »==1. Here 
p= 2v, v=0 or 1. Then 4f =F, 


48 Drcxson: Quaternary Quadratic Forms Remini all Integers. 
(28) F=¢-+ 02, p= 4+ X?4 2W*, o= 4k —s— 2, 
where X = jy + sz, W —2y + vz. Thus . . 

(29) ` ' X=sz, W=ve (mod 2). 7 


= Conversely, if F represents a multiple of 4, (29) hold. Evidently 
` Xs=oz=s2 (mod 2). If z is even, X and W are even. If z is odd, 
£ + 2W? + o = 0, 2W? — 2° = 0 (mod 4), whence W = v = vz (mod 2). 

We have 8N — M? = 4h S 8-56 by (26), whence e = N — 2? S 56. 
Also, NZ L. Hence 2 <k <14. By 3, represents exclusively all posi- 
tive integers except 4°(16n + 14). If the latter is a multiple of 4, it is 
a= 4r (64n +56). For z = 2?, F represents a if ¢ represents 


a— 4s = 47g, q= b4n + 56 — o Z 0. 


If s= 1, o and g are odd, and 4?q is represented by ¢ If s =v = 0, (28) 
gives f = u? + a? + 2y? + kz?, which represents all positive integers (Rama- 
_ nujan). Finally, let s= 0, y= 1.. Then g=14 (mod 16) only when 

= — 1 (mod 4), whence k = 8, 7, 11; e = 10, 26, 42, respectively. Except 
in these cases 4?¢ is represented by ¢. For z = 21, 


B= a — oz? = 416, b= 16n + 14 — o. 


If o= 10, b= 4(4n +1), and B is represented by ¢ If o= 26, 
b = 16 (n— 1) + 4 is the quadruple of an odd integer; if n > 0, B is repre- 
sented by ¢. For o= 26, n = 0, a = 4”: 56. If p> 0, take z= 271; then 
a — o2? is the product of 47-1 by 198 = 6 (mod 16).’ Hence unless a is 56, 
it is represented by F, while 56 is not. Finally, let c= 42. Then 
b= 16(n—2) +4>0ifn>1. For n—0 or 1 and p> 0, take z = 271; - 
then a— oz? is the product of 471 by 182 or 438, each = 6 (mod 16). 
Hence unless a is 56 or 64 -+ 56, it is represented by F, while they are not. 


THEOREM 2. For 2k S14, s=0 orl, v=0 orl, 
fut +a? + sez + 2y? + vyz + ke? 


represents all positive integers except 14 when k= and 14 and 30 when 
k = 11, with s=0, v1 for all exceptions. Expressed otherwise, the form 
(28) with only square terms represents all positive multiples of 4 except 56 
and 120 in the cases mentioned. 
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10. The case L=8, M—=2. ‘Now 8f =G, 
(30) @=ywthe, p= 2k? + W248, h= iat Na, 
where x = 20 + sz, W = 4y +z. Hence l 
(81) ZX=sz: (mod 2), W=z (mod 4). 


, Conversely, the latter follow if @ represents a multiple of 8. Evidently 
W ==z (mod 2). If z is odd, 2X? + 1-4 h=0 (mod 4), whence X?-+ V 
is even and X==s==sz (mod 2). If W— z= 4r +2, W -+z is divisible by 
4; after changing the sign of z if nécessary, W—z is divisible by 4, Next, 
let z be even, z = 2¢. Then W and X are even, W—20. Then 


G == 4(o? + hf) =0 (mod 8), wf (moa 2). 
Thus (31) hold. i > 


By (4), any multiple of 8 not represented by y is of the form 
a= 4°-16(8n +7). Take z==2¢% Since. A112 by (26), a— hz? is the 
product of 4° by a positive integer = 2s + 1==1 or 3 (mod 8), and hence is 
represented by’ y. f 


THEOREM 3. For 254 & 14, s =0 orl, 


f= w t+ a + sez + 2y? + y2 + ke? 


represents all positive integers. In other words, (30) represents all positive 
multiples of 8. f Pe 


11. The case L=3. Then M=ù0 or 1. By (24), t=1, M =s, 
N==4k—s. Then 12f=—F, 


(82) F=¢+4h2, ¢=— 302+ 8X? -4 W, h—38k—s, 


where U = 2u, X = 2a + y + sz, W = 3y + sz. Conversely, if F represents 
a multiple of 12, we may write 


U=0, X= W. (mod 2), W= sz (mod 3). 


By (6), any multiple of 12 not represented -by ¢ is of the form 
a= 9e- 9(12r +8). By (26), hS18. Take z= 3°. “Then a—4hz? is 
the product of 9° by g = 9: 12r -+ 72 — 4h 20. Thus g==s (mod 3). If 

A . 
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s—=1, G=99 is represented by ¢. Next, let s=0.. If & is not divisible 

by 3, g is divisible by 3, but not by 9, whence G is represented by ¢. For 

k= 3, g =9(12r-+4) and G is represented by ¢. For k= 6, g=9-12r 

and G is repreesnted by ¢ if r is not divisible by 8. When is divisible by 3, 

take z = 2: 3%, whence a — 4hz? == 9¢1-12(7—2) is represented by ¢. 
THEOREM 4. ForiSk=6, s—0 orl, 


w? + 2? + ay + sez + y? + syz + ke? 


represents all positive integers. In other words, the form (32) represents all 
positive -multiples of 12. 


12. L odd. By (24), t=1, N=4k—s, and M +s is even. Write 
U=2u, X—=2e+y+s, W= Ly + Mz. 
Using (25), we get 
(83) K = 4Lf = LU? + DX? + W? + 4h2?, 
(34) U=0, W=X (mod 2), W= Mz (mod L). 


Conversely, let K be divisible by 42. Since 4h = LN — M”, 
W? — M’z?=0 (mod L). Changing the sign of z if necessary, and noting 
that L= 3, 7, or 11 is a prime, we get (34). Since L=— 1 (mod 4), > 
K =0 requires that either W, U, X are all even or that W is odd and just 
one of U and X is even. Permuting the latter if necessary, we may take U 
even, X odd. In both cases the first two congruences (34) hold. Hence f 
represents all positive integers if and only if K represents all positive mul- 
tiples of 4L. Write 

i - W=% 4 Ré L=4A— 1. 


Then we may remove the factor 4 from (33) and get 
(85) F=Lf—¢+he, = Iw pA E &. 
Conversely, if F is divisible by L, 
(X +26)? = Mz (mod L), X- 2é— Mz + Iy =W, 


after changing the sign of z if necessary. Hence f represents all positive 
integers if and only if F represents all positive multiples of L. For L= 3, 
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¢ is of type (8) and’we may give a new proof of Theorem 4 by use of (85). 
We have 
(36) h=Lk—r, t=4(Ls +M), 0S MSERL. 


- 18. The case L=. Since ¢ is of type (10), any multiple of 7 not 
represented by ¢ is of the form a == 49° - 49 (Yn + v), where v= 8, 5, or 6 is 
a non-residue of Y. By (26), h£ 7-21. By (86), h = Yk— r, where r = 0, 
1,2, or 4. Thus? Sk S21. Take z=". Then l 


a— h? = G= 49g, g= 49(7n +r) — k +7 Z0. 


Hence G is represented by ¢ if r 40, or if 7 = 0 and k is prime to 7%. Hence- 
forth, let r==0, k= Yk, k= 1, 2, or 3. Then @ = 49%*1y, where y= 
Yn +-y—x. Next, take z == 2: 7e, Then 


a— he = D = 493, 8 = n+ y — de. 


If v = 6, y = Yn + 2 for k =2, 8 = Yn + 2 for x= 1, 
è = 7(n—1)+ 1 for x =3. 


If v= 5, y= In +4 for k= 1, y= Yn + 2 for k= 3, 
è = Y(n — 1) +4 for k = 2. 


If v = 8, 8 = Yn + 2 or Yn + 1 for k = 1 or 2. 


In all these cases, G or D is represented by ¢ if it is positive. It is negative 
‘ only when n=0, v= 6, x==8, or v= 5, x—=2 If e>0 in the former 
case, Z = 71 gives a— hg” = 49°(49-6—3), which is represented by ¢. 
But if ¢e—=0, a = 49-6 is not represented by $, since a — hz? = 49 (6 — 32?) 
is positive only when 2? = 0 or 1 and then the second factor is a non-residue 
of 7. In the second of the exceptional cases, a == 5-49¢1, h = 2-49. We 
may take z == e7™, e prime to 7. According as m = e or m < e, 


a— hg? = 491 (5 — Ze? 49m-e), 49m (5. 4ge-m — 2e), 


and the second factors are non-residues of ? if positive. 
Finally, let v=x = 3. Then G is represented by ¢ unless n is a posi- 
tive multiple of 7. In that case, take z = 3. 7e. Then 


a— hz = 49im, m= Tn + 3—2? = Y(n—4)+4>0, 


‘and the former is represented by ¢. 
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THEOREM 5. For 22h 21; s=0, 1; M =0, 1, 2,38; M+ s even, 
u? + a? + ay + see + 2y? + $(M + s)yz + hs? 


represents all positive integers except 42 when ke == 21, s == M = 0, and 35 - 49¢ 
when k==14, s=M—0. In other words, for h in (86) and L= Y; the 
form (33) represents all positive multiples of 28 except 28 - 42 and 28 - 35 -49° 
in the cases mentioned. j 


14. The case L= 11. Then ¢ in (35) represents all positive integers 
except 121% (11n -+ v), where v ranges over the non-residues 2, 6, 7, 8, 10 of 11. 
Let it be a multiple a =— 121° : 121 (11n +v) of 11. By (36), h= 11k —r, 
where r is 0 or one of the quadratic residues 1, 3, 4, 5, 9 of 11, By (26), 
hRS2-il% Thus 82422. Take z= 11°. Then 


a—he = G=121%, g= 121 (11n +v) —11k+720. 
Thus G is represented by ¢ if 7 54 0, or if r = 0 and- k is prime to 11. Hence- 


forth, let r= 0, k = 11k, K= 1 or 2. Then G= 1211y, y = lin 4- v—xKk. 
Next, take z = 2 - 11°. Then l ` 


a— he? = D = 12118, 8 = lln + y — 4x. 


First, let x= 1. For v=? or 6, y= llin + 4orlln-+5. Foryv=7% 
or 8, 8=11n-+ 3 or lin+4. Hence G or D is represented by ¢. 

Next, let x=2. For v= 6 or 7, y=lln+1 or lin-+5. Forv=2, 
y = lln and G is represented by ¢ if n = 0, while if n > 0, 8==11(n—1)+ 
5 > 0 and D is represented. Finally, let y==8. If n= 0, D =0. 

If n> 0, take z= 3: 11°. Then ¢ represents 


a— ha? = 121%4[11(n—1) +1]. 
THEOREM 6. For 8SkS 22; s=0, 1; M0, 1, 2,.8, 4,5; M+s 


even, 


u? fa? + ay + see + By? + (M + 8) ye + he? 


represents all positive. integers. In other words, for h in (36), L= 11, the 
form (83) represents all multiples of 44. 


15. The case L==12. By (24), t=0, N=4k—s, M=2ku, 
OS~S3. Also, h= 8N — p’. 


(37) 18f = 12u? + 3X? + W? + he’, X= 2w + se, W— by + pz. 
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However this form is divisible by 4 also when z is even, and X and W are odd. 
Since the usual converse argument fails here, we apply devices appropriate 
to the necessary sub-cases. 

First, let p be even, »—=2v, whence v= 0 or 1. In (87), W=2Y, 
. Y == 8y + vz, whence 


(38), P=1f =at he, a=12u?+ 3X? 4+ 4¥2, 
X = sz (mod 2), Y=s=vz (mod 8). 
‘Conversely, the latter follow if F is divisible by 12. 
We have h = 124—r7, where + = 3s ++ 4v* takes the values 0, 3, 4, Y. 


By (26) and N2LD,35kS6. By (20), a represents all multiples of 12 
except æ = 9°-9(12n-+8). For z= 3%, 


D =a — h? = 9d, d= 9: 12n + 72 —12k +r Z0.. 


If r= 7, d= (mod 12), and D is represented. by a. 

‘Let r=3. Then d is divisible by 9 only if k=1 (mod 3), hate 
k=4, If k4, d==3 (mod 12), and D is represented by a. If k= 4, 
h==45, d=9(12n + 8), and D is represented unless 12n + 3 is divisible by 
9, whence n = 3m-+-2. In the latter case, take z = 2 - 3°, Then a represents 


a— ha? = 9e1-12(8m + 1). 


If r= 4, d= 4 (mod 12), and D is represented by a. 

Let r—0. If% is prime to 3, d is divisible by 12, but not by 9, when a 
‘represents D. If k= 3, d—9(12n-+4), and D is represented. Finally, 
let k= 6. Then D = 91-120 is represented unless n = 3m, m > 0.. Take 
z == 2:80. Then a represents 


a— hz = 9¢t : 12 (8m — 27 > 0. 
Turoram Y. For k= 3, 4, 5, 6; s=0, 1; v=0, 1L 
w? + 2° + sez +- By? + 2vyz + kz? 


represents all positive integers. In other words, (88) represents all positive 
multiples of 12. - ` 


16. L=12, p odd, s=0. By (87); 


(39) 1f =F =y he?, y= 12u? + 122? + W?, h= 12k — p, 
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where W = 6y -+ uz. Conversely, if F is a multiple of 12, we may write 
W= pz (mod 6). Since N = 4k Z= 12, h S 3:24, k= 3, 4, 5, or 6.. By 
(22), -y represents all multiples of 12 except a= 9°: 9(12n +8). For 
z = 8, i 

D =a — he? = 9ed, d = 9 (12n + 8) — 12k + p Z 0. 


If p= 1, then d= 1 (mod 12), and y represents D. 

Let y= 3. If k=4 or 5, then d= 9 (mod 12) and d is not divisible 
by 9, whence y represents D. If k= 6, then d= 9 (12n + 1) and y repre- 
sents D. If k= 3, e>0, take z= 31; then y represents a — he? = 9‘g, 
where g = 9(12n + 8)—-3=9 (mod 12). There remains only the case 
p=k=8, e=0. Then a= 9(12n +8) is not represented by F. For, 
a— hz? = 98, 8 = 12n + 8 — 827. According as z is odd or even, è = 5 or 8 
(mod 12), whence 98 is not represented by y. 


THEOREM 8. For k=8, 4, 5, 6;.u = 1, 3, wu? + a? + By? + py + he? 
represents all positive integers except those of the form 9n + 6 when k=p=3. 
In other words, (89) represents all positive multiples of 12 except 12(9n + 6) 
when k = p = 3. 


17. D=12, p=s=1. Then 4k —1 =N Z1, kZ4, 
h = 12k—4 S 3:24, k& 6. Hence 


(40) f=w ta? + az + By? + yz kg? (k = 4, 5, 6)... 


We first determine the integers represented by f when z is even, z = 2Z. 
Write X =g + Z, Y=3y¥4 Z. Then 3f =F, l 


(41) FP=o+h2, 6=3u?+3X?+4+¥?, Y=Z (mod 3). 


Conversely, F = 0 implies Y? — Z? = 0 (mod 3). Changing the sign of Z 
-if necessary, we have Y = Z. We shall prove that F represents all positive 
“multiples of 3 except 18, and, when k = 5 or 6, except 45. By (6), $ repre- 

sents exclusively all positive integers except 9* (83n + 2). If the latter be a 

multiple of 3, it is a—9°-9(8n+2). If e>0, take Z = 3^1; then 


a— hZ? = D=97d, d=9?(8n+2)—h>0, d=1 (mod 8). 
Hence $ represents D, and F represents aife>0. Next, let ¢e—0. Take 


Z=1. Then a—hZ?=—2%n + 18 —h=1 (mod 3) and is positive if 
n> 0 when k =4,n>1 when k=5 or 6. : 
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For the exceptional cases we employ (40) with y =0, z= 1, whence 
f=w+e+e+k. We have 


kju s. kilu sz 
f=6 if F K r f=15 if 5/2 2 
Slane oo 6 | 8 0 


THEOREM 9. The forms (40) represent all positive integers. 


This and Theorem 10 are equivalent to the fact that (37) subject to the 
condition X =z (mod 2) represents all multiples of 12 apart from the ex- 
‘ceptions noted. - 


18. L=12, s=1, p=3. Then h=12(k—1) 33-24, ksi. 
Thus 
(42) f=w + e + v2 + By? + Byz + ke? . (k = 4,5, 6, 7). 
We first determine the integers represented by f when z= 2Z. Write 
X =z -+ Z, ¥Y¥=y-+4Z. Then f becomes 
(43) FH¢+m27, ¢=w+X?+3Y?, m= 4(k— 1). 
By (5), p represents exclusively all positive integers except a = 9° (9n + 6). 
For Z = 3°, D =a — mZ? = 90d, d= 9n + 6 —m. When k= 4, 5, 6, 
d= 3, 8, 4 (mod 9) and D is represented by ¢ unless it be negative, i. e., 


unless n == 0 for k= 4, n==0 or 1 for k= 5, 6. Next, for e >0, take 
Z = 31, Then 


Q=a— mZ? =9g, g—9(9n+6)—m> 0. 
When & = 5, 6, Y, g==2, 7, 3 (mod 9), and G is represented by ¢. 


It remains to consider only the following cases: 


(i) k= 4,a==9°-6, Then* f =a for t = z = 3%, u= y= 0.. 


(i) k= 5, a= 6 or 15. Neither a is represented by F, since m = 16. 
For y = 0, z = 1, f =u + e +s +5. Then f = 6 if u = 1, = 0; f= 15 
if u= g = 2. ei . 


(iii) &=—6,a~—6 or 15. Neither a is represented by F, since m == 20. 
For s = y = 0, z= 1, f = u? +6 = 6 or 15 if u= 0 or 3. 


* But F does not represent any such a. For, if Z = 3me, e prime to 3, P = a — 122? 
is negative if m= e. If m< e, P= 9mp, p= 9e-m- 6 — 12° —6 (mod 9). 
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(iv) k=%, a=9n +6. For Z=1, a—24Z?=—9(n—2) is re- 
presented by ¢ if n = 2 and n— 2540 or 6 (mod 9) and hence if n=2 or & 
(mod 9). Similarly, for Z = 2, a— 242? == 9 (n — 10) is represented by q 
if n Z 10 and ns41 or 7 (mod 9). Hence æ is represented by F unless 
n==0, 1, or 8; whence a == 6, 15, or 78. -We enquire whether 12a is repre- 
sented by (87), viz., B = + 722, with X —z even, where B —12u? +- 3X' 
+ We `’ f 

By (21), 8 42, whence z? = 1, X = 0, and X —-z is odd. Thus (42) 
does not represent 6. Next, B == 12: 15 for u= 0, z =1, Y =3, W= 9, 
whence f==15 for u= 0, s=y=z== 1. Finally, B= 12:8 for u= 3, 
z = 1, X = 3, W = 27, whence f = 78 for u= 3, t =2 = 1, y = 4. 


~ Turormm 10. The forms (42) represent all positive integers with the 
exception of 6 when k =". 2 


19. By way of summary, we note that Theorems 1-10 give 829 forms 
which represent all positive integers, and six forms which represent all but 
one or two small integers. We have not included the known forms u? -+T 
which represent all positive integers, where T denotes 


e+e toe(sS%), w+ 2y?4 92? (258514), 
a? + By? -+ sz? (s= 3, 4, 5, 6). 


Including the latter 24, we obtain 


THEOREM 11. There are exactly 353 classes of positive ternary forms T 
whose minimum is 1 such that u? +T is a quaternary form representing all 
positive integers. 

Similar methods apply in the remaining case m = 2 (§ 7), and the num- 
ber of reduced forms T is again finite. The results will be published on 
another occasion. 


Reduction Formulas for the Number of. 
‘Representations of Integers in Certain 
Quadratic Forms. 
By E. T. BELL. 


1. Introduction. We shall illustrate by its application to three inter- 
esting formulas, summarized in § 3, an algebraic method whereby, knowing 
the number of representations of an arbitrary integer in a given quadratic 
form in r =2 indeterminates, we can obtain a finite reduction formula for 
the number of representations in a quadratic form in rs indeterminates, s>1. 
The formulas in any case can be obtained by strictly arithmetical methods de- 
pending on a simple use of the theory of binary quadratic forms of negative 
determinant —c; I prefer however to use an algebraic method, partly on 
account of its independent interest, but chiefly because such a method can be 
more easily extended. 

Let c, n, p> 0 be integers, of which p is prime; write (r, 8) for the 
G.C.D. of r, s, and N [n= f] for the number of representations of n in the 
form f. The three formulas mentioned refer to 


faa’ + oy? + p(z? + ct), 


so that N[n = f] is the total number of sets of integers v, y, z, t = 0 such 
_ that, for n fixed, 


n= a? + oy? + pla? + at). 


Any integer t > 0 is of the form p*n, where (p, n) =1, a= 0. We shall 
call the.expression of N [ptn = f], a > 0, as an algebraic function of N [n =f] 
the reduction of N[p°n = f], and similarly for any form at least one of whose 
coefficients, is divisible by p. 

' For c=1, 2, 3 the complete reductions of N [p°n = f] were stated by 
Liouville,* who however suppressed all details concerning the only cases in 
each instance which are not immediately obvious. His interesting and useful 
formulas therefore stand in need of proof, the more so as a direct use of them 


* Journal des Mathématiques, Vol. 10 . (1865), pp. 43, 49; Vol. 11, p. 211. In §3 
here we considerably shorten Liouville’s statements of his results; also, in §§ 6-8 we 
derive formulas ‘which unify several of his. 
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greatly abridges Pepin’s memoir * on Liouville’s numerous theorems concern- 
ing special quadratic forms which also were published without proof. 

A particular interest attaches to those reduction formulas which express 
N[pn =f], a > 0, in terms of N[n =f] and algebraic functions of the divi- 
sors of the given integers n, p, c. Liouville’s theorems for ¢c=1, 2, 3 are of 
this type; equally simple results can be found for c—5, 7 and n properly 
restricted, also in any case where there is but one class of binary quadratic 
forms of determinant — c, or where each order contains but one class. This 
will appear from the algebra for c==1, 2, 3, although the details are given 
only for these values of c. 


2 A difference equation. Let (m,2) = 1, n= 2%m, s Z 0, (n, p)=1, 
and write o(j) =the sum of all the divisors of j. Then 
i o(p m) = ao(p’)o(n), a0. 

Now if V[p = f] = y (a)p(n), where ¢ is independent of p, a, and for p 
fixed y (a) depends only on a, we need attend only to y(a) in the determina- 


tion of N[p'n=f]. The difference equation for y(a) in all cases with 
which we shall be concerned is of the type ` 


(1) y(a +1) + (2) = ko(p*), 


where & is independent of p, a. The solution of this equation is 


Ha) =E S (1) o(p) + (—1)4(0), 
and hence, since o(p") = (p"4—1)/(p—1), we have 


a k : —(-— 1) 
O (a) = (190) + sy [APE aay], 


or, as it may be written, 


(3) (a) — CPF) + oy — ge). 


For m, n, s as stated, k is of the form x(s)o(m), where x(s) is a function — 
of § alone. i 


3. Summaries for c= 1, 2, 3. Write 


(4) fae +y t ple H t), 
(5) g= + dy? + p(2? + 277), 
(6) h= a? + 3y? + p(2? + 81), 


* Ibid., Vol. 6 (1890), p. 1. 
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for p prime, and let m, n, s be as in § 2. 
Then, for the form f, . 


(4.1) N [2% =f] =c N[m =f],. 

where c= 2, 6 according as a= 1 or a > 1; 

(4.2) ` =— 1 mod 4, N[pn =f] =N[n=f], 420; 

(43) p=imod4, N[pn—f]—y(a),- 

where ¥(a) is as in (2), (3), with &—=16o(m) or 48o(m) according as 
gs=0ors>0. : 


For the form g, with p> 2 (the case p= 2 is treated in §5), we 
have , 


(5.1)  p==5, 7 mod 8, N[pn =g] =N[n=g], «20; 
(5.2) p= 1, 3 mod 8, N[pn =g] —y(a), 
where y(a) is as before, with k==8c(m), 160(m), 480o(m) according as 
s=0, s=1,s> 1. 
For the form h, 
(6.1) p==1 mod 6, N[pn =h] =N[n=h], a20; 


(6:2)  pss—1mod6, (p, 3)= (p, n) = (3, n) =1, 
N[p3n =f] =N[pn=f], b20; 
(6.3) = — 1 mod 6, (n, 3p) = (m, 2) =1, n= 2m, 


with k = 8a(m), 8(2%1— 3)o(m) according as s = 0, s > 0. 
The enumerations (4.1) — (6.3) are evidently exhaustive for the re- 
_ spective forms; the only cases offering any difficulty are : 


() (4.8), (6.2), (6.8), 


to which we return in §§ 6-8. 


4. Connection of f, g, h ‘with principal binary quadratic forms of deter- 
minant —c. In order that n may- be represented in the form 2 + cy? of 
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negative determinant —c, it is necessary that (— c |n) 1, where (as al- 
ways henceforth) (r|s) is the Jacobi-Legendre symbol. Hence, in order 
that n be not representable in x? + cy? it is sufficient that (—e|n) =—1. 

Consider all the representations of pn, where p, a, n are as before, in 


the form 


Pest + cy? + p(# + ot). x 

I£ (—c|p)=— 1, so that p is not representable in 2? -+ cy’, then 
N[p'» = F] 0, a@>0, only when s=y=0 mod p. Put therefore 
z= pé, y = py; then 


N [pin = 2? + cy? + p(z + of?) ] 
= N[ pn = 2? + ct? + p( + on*)], 


whence, repeating the reduction a sufficient number of times we have 
N[pn =F] =N[n= F], a0. 


Either this or a similar argument disposes of all cases in §3 except (7), | 
and the like can obviously be extended to any form f = fı + p (fe = ‘+ fs); 
where 

fi =at? + Beyit y? (J=1,°°-, 8), 


and, with obvious modifications, to any forms f; all of the same kind in differ- 
ent sets of indeterminates. 


5. The Algebraic Method. To illustrate the simpler essentials of the 
algebraic method of finding theorems of the type § 3(7), we shall | apply it to 
the form 

b= 0? + y? + 22® + 20, 
verifying first that 


N [204m = $] = N[2!m =a? +y? +2 +H, 


where (m, 2) 1 as before. Multiply within the second bracket by 2, in 
order to make the arguments 2¢1m, 2°m agree, so that like powers of a para- 
meter q in the generating functions of both N’s may be compared: 


N [204m — p] = [24m — 2a? + By? + 22? + 28]. - 
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The respective generators are | 
B (P) = Sg" N n= Bot + 2 + 2 + 26], 
where X refers to n'= 0, 1, 2, Es ; and the modification of 


0? (9) (P) = Sg" Nin = a? + y? + 20? + 2], 


from which are selected only those q” such that n= 0 mod 2. This is accom- 
plished by changing q to — q and adding; 


(g) BPC) + 652(4)85°(q°) =25 q" N In = 9). 
Hence it must be shown that 
65(q) 0s?(q2) + 802 (q)9s"( gq") = 20: (4°), 
or, what is the same, 


ba? (q) + 8° (q) = 2637(q"), 


which is correct, by the transformation of the second order. The verification 
is therefore complete. 

The particular point to be noted is that we select only those q” in the 
second generator for which »==0 mod p, where p (=? in this case) is the 
prime concerned in the given form ¢. This generalizes to any p. 

The foregoing however is a mere verification, and we are interested in’ 
finding such reduction formulas ab initio. For this the order of the steps 
is reversed. We start from any known theorem concerning numbers of repre- 
sentations in binary quadratic forms, translate it into its theta equivalent, 
multiply the result throughout by theta constants to obtain a new identity 
which, when read: as a relation between N’s, yields a theorem concerning 
numbers of representations. The appropriate theorems for binary forms will 
be found in Dirichlet’s Zahlentheorie, or in the papers of Pepin and others 
abstracted in Volume 3 of Dickson’s History. 


6. Form f= +y + pe ++ e). The appropriate binary theorem is 
N[n = 2? +4] = 4€(n), | 


where é(n) = the excess of the number of 4t + 1 divisors of n over the num- 
ber of 4t 4- 8 divisors; é(r)é(s) = (rs) if (r, s) =1, and if p=1 mod 4 
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(p prime as always), £(p*) =a-+1. Since we need attend only to p=1 
mod 4 for f, we take only this case, and have, in the notation of § 2, 


N[pn = 0? +y] + Nipen = 2? + y] = 2N[pvin= 2? +9"). 


as the simplest difference equation satisfied by é The translation of this 
into an identity between generators is (coefficients of gł, j = p'n, are com- 
pared), 


I Nip =t +y] +E g” Nin = y] =E g Nn = +"), 


in which 3 refers to n = 0, 1, 2, >+. We now replace this by its 6-equiva- 
lent; the first X is the only one requiring any attention. To restate this % as 
a function of ’s we must select from 


b? (4) = Lg" N[n =z +97] 
only those terms for which the exponent of q is a multiple of p., Let r be a 
primitive (algebraic) pth root of-unity. Then 
p-1 
Z 0s” (779) = pig N[pn = 2 + 4], 
and hence the required 6-equiyalent is 


-1 
S 0 (r0) + p0 (q) = 2p 03 (9P), 


which is the analytic expression of our linear difference equation for N. 
Hence any consequence of this 6-identity will yield a true proposition. We 
wish here to derive from it a theorem concerning enumerations in quadratic 
forms in 4 indeterminates, and therefore we multiply the identity throughout 
by 6,?(q) or by 63?(g?), choosing the latter as it gives a simpler result. We 
have then 


-1 
BPL) S b(A) + pel) (F) = 2p (ae). 


From the way in which the = in this was obtained, only multiples of p 
will occur as exponents of q in the power series for the first product on the 
left. Equating coefficients of q we get _ 
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N[po— a? +y tpl #)] 
+ N[pn = (pe)? + (py)? +p? +e) 
= 2N [pn = pa? + py’ + pa? + pt], 
QN [n= a? + y? +2? P = 16[2 +(—1)"Jo(m), 
the last by Jacobi’s theorem on 4 squares, where as always n = 2m, (m, 2)= 1, 


$20. 


Hence, in the notation of § 2 we have 
w(a+1) +y(a) =16[2 + (—1)"]o (pm), 


whose solution ¥(@) is given by (3) with k =16[2 +(—1)"]o(m), and this 
is equivalent to (4.8). © 

In the foregoing analysis the use of pth roots of unity is not a necessity ; 
we might have used throughout the full generator in its N form. But in 
more complicated situations of a similar kind it is advantageous to have all 
generators expressed in finite theta form on account of the transformations 
thus suggested. 


Y Form g==2 + 2y? + p(2?-+ 2). We start from the known N 
for the principal binary quadratic form of determinant — 2, 


N [28m = 2? + 2y?] = 23 (—2 | d) =20(m), 


where (m, 2) = 1, and & refers to all divisors d of m. From the properties 
of Jacobi’s symbol it follows that if r, s are relatively prime integers, then 
o(rs) =«(r)o(s). To obtain the initial difference equation for œ we need 
the explicit form of o(p*), 8 > 0 (p prime, as always). We have 


`B 
o(P) =F (—2 | ph) =E (—2 |p) 
and therefore 


(3) =£ +1, [1+ (—1)°], 
‘according as (— 2 | p) =1lor—1. Explicitly then 


ol) = 41+ (—2| p)1(6 +1) 
+ 4[1—(—2 | p)] 411 4(— 141, 
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so that | 
4w(pf) = 28 +8 +(—1)6+(— 2 | p) 28 +1—(—1)*]- 
Hence, for a> 0, a ; 
4o(p™1) = 2a + 5—(—1)*+(—2 | p) [2a +8 +(—1)°], 


4u(p) = 2a +8 +(—1)*4(—2 | p) Pa +1—(—1)°], 
4o(p) = 2a + 1—(— 1) (— 2 | p) [Ra—1+(— 11; 


whence we have the required difference equation 
o(p*1) + o(p) = 20(p*) + (~ 1) [(—2 | p) — 1]. 


Referring to §3 (7 ) we see that it is necessary for our present purpose 
to attend only to this equation in the case (— 2 | p) = 1, so that 


(—2|p)=1, o(p™) + o(p) = 20(p), a>0. 
Proceeding now exactly as in § 6, we write down from this 


Eg N[np =a? + 2y"] +E g” N[n—a? + 27°] 
= 22 q” Nin= è + 2y'], 


- where X refers to n = 0, 1, 2,- > +, and (as in all that follows) (— 2 | p)= 1. 
Translating as before to theta functions, with r= a primitive pth root of 
unity, we get i 


i p l 
P A + pOa(q)65(q?”") —= 27859") 65(9");. 
and therefore 
a l 
0a (9P) 03 (q??) > ba (1q) Os (121g) 
J=! 
+ p93(q") Os (qP) 6s (q) 0a (q?) == 2 p0? (qP) 0? (9P), 


which steps up from binary to quaternary forms upon equating coefficients of 
like powers of g. With (n, p) = 1 we get ' 


N [pin = g] + NIgn= g] = 2N [pn = è $ 2y? + e 24°), 


The last V being a known function we can proceed. For (2, m)=1, 
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N [Rem = 2 + y? +2 (22 + #)] =bo(m), 


where b = 4, 8, 24 according as s = 0, 1, > 1, which follows at once from § 5 
and Jacobi’s theorem on 4 squares. Hence for n = 2sm, s = 0, we have 


b= 2(1—(—1)"} +. 4(2 +(—1)"2} (1 + (—1)*}, 


and therefore in the notation of § 2 (1) 


y(a +1) + y(4) =ko(p"), 
with here 
k = 2bo(m), 


_ whose solution is given by §2 (3) with this value of k. This is equivalent 
to (5.2). 


8. Form h=? + 3y? + p(2*?-+ 317). An even integer n is repre- 
sented in 2? + 3y? only if »=0 mod 4. From the known theory of binary 
forms we have oO 


N[m = 02 + 3y] =2X (—3] d) =28(m), (m, 2) =1, 
N [22%m = z? + 34°] = 68(m), s>0, 


the 3 referring to all divisors d of m. When m = 0 mod 3 the Jacobi symbol 
(— 3 [ 3d) =0. Proceeding as in § 7 we find 


45(p°) = 28 + 8 + (— 1) + (— 8 | p) RE +1—(—1)* J, 
which gives the difference equation 
B(p) +(e) = 28(p") + (— D'E 8| p)— 1], 
for which, by § 2 (7), we need discuss only the case p= — 1, mod 6; whence 
S(p!) + è(p71) = 28 (p°). 


As before, with- (n, p) = 1, we find from the identity between products 
of 4 theta functions derived from this, 


Niphin = h] + N[p = h] =2N [pn = 2? + By? + 2? + 3t]. 


The last N is well known; it may be obtained if desired analytically from 
a) i 


66 Bett: Reduction Formulas for the Number of Integers. 


the transformation of the third order of the theta functions. It can be 
written x - 


N[n =a? + 8? + 2? +30] = 4[o(n) —(1—(—1)} o(m)], . 


where n == 28m, s=0, (m, 2) =1. Hence in this case 


yla +1) + yla) =ko(p) 
where 


k= 4[1—(—1)"-+ (1+ (—1)"} (2 —8)] o(m), 
and for this & we get (6.3) from (3). 
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Generalization of Certain Theorems of- Bobl, 


[Second Paper]. 
By F. H. MURRAY. 


In a preceding communication with the same title * it was shown that 
a number of existence theorems of Bohl t can be generalized in such a manner * 
as to apply to the solutions of a system of differential equations in the 
eanonical form 
da; or dyi or . 
“dt Fiy ġi at Ox; 








near a point solution si = a; (i= 1, -, n) when certain conditions are 
satisfied: In the present paper these conditions are replaced by less stringent 
ones; the methods of proof of certain existence theorems are very similar to 
those employed in the first paper, and these proofs are given here in an abbre- 
viated form. In addition, the asymptotic properties of certain trajectories 
are discussed by an extension of the methods of Bohl. 

On account of the more complicated form of certain quadratic forms 
which occur here, it has been convenient to leave undetermined certain con- 
stants which are determined explicitly in the first paper; this procedure, 
together with the algebraic method of transforming the canonical equations, 
reduces to a small amount the results common to both papers. 


1. Transformation of the canonical equations. 


Assume the function F(a, ---+, @n3 Y ***, Yn) to be continuous, 
together with its partial derivatives of the first and second, orders, within a 
region 





(D) ; ‘|e | SD, lyu £D, i=l,- -,n, 
l oF OF f , 
and suppose =— =0, (i=1,: +, n) if %—y,=—0. The canon- 
da, dyi h 


* Amer. Journal of Math., vol. XLVII (1925), pp. 25-44. 
+P. Bohl, “Ueber die Bewegungen eines mechanischen Systems, ete.”, Orelle’s 
Journal, Band 127 (1904), pp. 179-276. 
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ical equations 
dzi ar dyi oF 








ZL, Se =l, n, 
(103) dt ôy? dt a,” ? n 
become í a 
dzi 2o FF n F 
u TA gdn tR giy TP 
(1.02) ENS 
: r dyi — Z PF p R24 
“a 2 imin, ” -2 | sca Yr + Pi”, 
and the equations of variation 
dé; n BFE . n or = 
ai Bite, & + 2 iy Y 
(1.08) ia 
dii 2 PR 2 PP 
u ~ —2 PiE Ér Fa z dxidy, T 


"n, 


possess characteristic exponents which satisfy an equation with real coefficients 


(1.04) Ala) =0. - 


By hypothesis the functions Fy’, Fẹ” possess continuous derivatives of the first 


order which vanish with the variables 2, y: (i k=1,: >°, n). 


From the classical theory of differential systems of the form (1.03) it is 
known that if a is a root of equation (1.04), the solutions can be associated 


in certain groups of the form 
El = eté, H = ei, 
(1.05) E= (E HE) O W= n + t), 


gO — et (EM 4 tD ce ees ee h 


eee 


ji 0) m gat (n™ + tng PD + -- 7 i Zi Ni ), 





Suppose another group of solutions represented by 


T = erto, Gi’ = erty, 
(1.051) 





4 fi ys 


a, = ort Che a rs 


; tt 
“a == gt By, ME z.i + | A yi’). 
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Then from the relation which is satisfied by any pair of solutions of (1.03), 
n° f 
(1.06) S (4G — pOT) = 0, 
-< i1 
we obtain, if a +a’ Æ 0, 
n 
È (Ery — qit) = 0, 
i=l a ay 
and in general 
Š (Ey, — ni Pa) + t [5 (éi yg — mDr) 
i=l i=1 


AS (Py — Mas) ] e o =m, 
i=1 
whence 
7 E 
(1.07) 2 (Ey, — Ma) = 0, 
p==1,2,°°°5%, s=], 2," *', Ww (r+s>1). 


If a + a’ = 0, we obtain in the same manner 


Mz 


ek n 
(EPy® — PU) = > (EPy™ — qi r) + t 
i=1 


= 
i} 


1 
ail n 

[= (EP yD — p PD) 1 DS (EDO — gi O-Ya,)] 
=1 i=l 


pool, 
from which further relations can be derived; but these will not be used in 
what follows. 

Suppose that no exponent is zero, and that the function F is real for 
real values of its arguments. Then it is known that to each group of v solu- 
tions of (1.03) corresponding to the exponent a there is a group of y solutions 
with the exponent — a. 

If a is one exponent, the conjugate imaginary a is another, and a funda- 
mental set of solutions of (1.03) can be so chosen that the constants which 
appear in any group corresponding to a are the conjugate imaginaries of the 
corresponding constants appearing in the group with the exponent a. 

It will be assumed that there is only one solution in each group corre- 
sponding to a pure imaginary exponent; the solutions corresponding to a pure 


anid üx 
imaginary exponent ar, Sy geet 





> 0), can be normalized * in such a manner 
3 


* Amer. Journal., l. c., pp. 28-30. 
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that if (é m), corresponding to ar, and (xi, y1) corresponding to — ar are 
conjugate imaginary sets, then 


(1.08) 2 (Eyi — mti) =e = + (1/ar), 
t= 
while if (s, y’s) is any other solution corresponding to — ar, 


(1.09) = (éy — nity’) = l. 


Suppose 
(1) QG fife +2 ei Ent B a 
a ) 7) =a 3 EE a rss + zdu. Erys rhs + 3 Oy, Dy, Nrs 
and define - 


ee ae + Sats E ELAD 
(1.11) rs 
er 


tA 
= jon, fife +S ei Ons + past te +S “dyry 


The funetioné of (1.05) -satisfy the equations 
(1.12) dé! /dt xan aki’, dë’ /dt Pe E + ai”, e dé, /dt = &0-D -+ a&s, 


jel |b me cul, Diu” fat el ayy G/ML KOD + oH” 


consequently 
(1.2) ° afi’ = Qn (E) EOP + aki = On (E, 9), 
ani’ eet Q,,(&, n’)s m”? + aqi” ey OQ, (E®, 7), 


r= 2-- x5 


and if ata’ 0, 
Q (EDO, gy) FONA 3 [nQ (EM, yg”) + yi Qn, (ED, 9 )] 
i=1 


"3 - 
= ad (Ey — ia; ) =0, r=1, 


(1.8) 


n 
= = (E&P y,@ — mPa) 
iz 


n 
+ a > (Ey, — mPa) a 0, 
r=1 


r= eny seelerep 


Suppose a;, az, * °°, ax the pure imaginary exponents such that ar/ VY — 1 
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> 0, (r=1,''-, M), while ams, ''', an have their real parts positive; 
suppose also anır = — ar, and let the fundamental set of solutions be so num- 

_ bered that if the solutions (fr, mi) (r—=m, m+1,--+,m+m%—1) 

form a group corresponding to ax, the solutions (Emri, 7 ni) (r =m, 7 
m-+1,°-+,m-+-7,—1) form a group corresponding to an. Under these ` 
conditions make the transformation 


= Y (GPU A Ep D 4 4 Pye, PY 
k 
ST x (EPP nn ds ee + + Enkin), 


(1.4) 
Yi =D (MPU A DU Ls E ritin, ®) | 
+ > (PP nat, i0 P -+ TIGA + h nt, ®), \ 
LK 
the first summation extending over all the groups with the exponents an °°, 
an, the second over the groups with the exponents ans; ' °°, aon 


T£ the transformation (1. he is made in the right-hand members of (1. 02), 
these become 


(1.5) der /dt =X [Qn (Ee, me) es + > + Qn, Ex’, nu’) Uy, ®] 
-+ z [ Qn, (Én HP, mraz). Ls Ong (Ento Vnt) Vy, ] + Fs, 
dyi/dt aes 2 LOr (i, Mn ® s ip Qi: (Er Nr) Un w] 
ars ~ Lu (Sun, nna? ja +e Ces (2 neka N lnt) Vp, Hi + Fi”, 
7 i=1: 
If for the functions Q: > Qr, | we substitute their equals from `(1.2), and 


rearrange the linear terms, then D the derivatives = En . us substitute their 


equals from (1.4), linear expressions in the variables us“, v,° and their 
derivatives with the same coefficients are obtained on both sides of the equa- 
tions, their determinant being the determinant of the fundamental set of 
solutions and hence different from zero. Solving, we obtain 


du, ™® jät = ay, + p”, do, /dt = ant + pP, 
(1.6) du ® /dt = Uy + aytte™ + pP, dv, /dt = v ™® + ant - ph, 
Atty, /dt = Uppa + aUn + dy, Wp ® /dt = vy pa 1 angedy,™ + py, 


the functions r, yr ® being linear combinations of the functions F,’, F”. 
The function Q(ay), representing the terms of the second order in the 
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Taylor expansion of F, can easily be calculated from (1.1), (1.11), (1.3), 
(1.4); we obtain 


Q(z, y) =4 b Diega (xy) + y:Qu (ay) ] 


(1.7) 
as 2 Q (En ms vr red pépes n M841) tha Opp W 
rs 


== 5 aiey Pv, H 5 Q ( Eng? anak Tt, Epersel Pe stt) uso, 
4=1 kira 


where 3’ denotes a summation over the groups for which the real part of the 
exponent is different from zero; the coefficient Q (én nnn P Er yr) is dif- 
ferent from zero only if ar + anx = 0. z 
Since the function F is defined only for real values of its Segutents, in 
general, it will be necessary to give ws‘, ve such values that a, yi, will be 
real; this result will be obtained if the following conditions are satisfied : 


(a) when a, is a pure imaginary, ar = pr V —1, pr > 0, Zr and G are real, 
and UW” =k, + Hr, VP == Sp — Wr; 
(b) when as is real, as = qs > 0, Ux? = Ust, V4 =— Vex, Where Us: and Ven 
are real; and (c) when a, is neither real nor pure imaginary, 

ar == Yr + iq’, as == fr — igr, qr > 0, 

W = Urg + sr VD == Vry F Wer 


Up) = Urk — Üst Vy? == Vrk — War 


where Urks Urk, Usk, Use are real variables. : 

: OË the exponents ar, ** ', an suppose there are M pure imaginaries, K 
real, and L pairs of conjugates, each exponent counted just once for each 
group (1.6). Then these equations take one of the following forms, a, and 
arr being conjugates: 


(a) dé, / dt = — pits + Xi, dğı/dt = pizi +- Yap t—=1--: M.. 
(1.8) durn/dt = qrun + Urs Dry / dt = — qtr + Very 
(b)  dttrs /dt = Uri + Gres + Ori, dvr fdb = vr i-r — Grr + Vri 
l ( = ĝ - : yp, 
r=]; k 


dun /at == Grr — Y rurar, F On, z 
dri / dt = — Fr0ry + Via + Vay 
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(1.8) dups/dt = tria F Qiri — Qrir, i + Uri 
dori / dt = Vr, i1 — QrVri F Y Vtr, i F Fris 


i= 2, evr} 
(e) durar, / at = Grrr + Qrülsr,ı + Urro 
UWrsr,a/ dt mm QrUr1 — Orv, + Vrari 
durre 7 dt = Utar i- F rtrt + GrUlrar,i + Urri 
dorar i/t = Vner ia — Yr’ r,t — QrVrer,i + Viri 
i= 2, wm; r= K+1--- +20. 
From the equations (a), (b), (c) can be obtained certain fundamental: 


differential inequalities similar to those employed by Bohl; 
if for each system of type (b), 


h Vr Vr A 
gr (tr) => Qr? hrm, gr(vr) = E ge Wm, T=1s K, 
` m=1 m=1 
we obtain 
Pr 
gr (tr) /dt = Un? F Gr? Wry, F 2 (qr Urm F qr, m1)” 
m= 


(1:9) +2 = Gr?” tym U rms 
; E 
dgr (vr) /dt = — qtr? — Qr” Vrv, 
f Pr E 
— = ¢ Gr Vrm = Gr Wr m1) 24.2 a Gr? Drm Vows 
m m= 


For each system of type. (c), if 
Yr Vr 
gr (ur) = > Qr? tem’, gr(vr) = > Gre pm? 
m=i j m=1 
then 
ve . 
d/ atl gr( ur) + gr (tener) ] = gun? + gerot 2 (qtr, m-i F Qrun)? 
F Gru ters F W rv, F = ( Qe Urar, m-1 Or ™Utar,m)? 
Ur 
(1.91) +2 2 q (trmU rm + Unsr,mU Lar,m) 
G/dt[ gr (dr) + Gr (Ota) | = — qe? Ors? — rv, 


P Pr 
e 2 
a 2 A qr "Vr m= ~ gr"Uran) Gr U* bara gv Lar, Ve 
m= 


Vr . i Ur Vrm y m 
R > (qr Wrar;m-1 = Qr” Vrar,m) £ +2 gma ( fi ) 
3 -f- ` 


m=2 m= VLar,m Vier 


* P, Bohl, “Sur certaines équations différentielles d’un type général utilisables en 
mécanique,” Bull.. Soc. Math. de France, tome 38 (1910), p. 18. 
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From the manner in which equations (1.6) were derived, it is seen that 
. if ax, ar are conjugate imaginaries, the functions ¢i:”, p: are conjugates, 
as are Wi, ys“ ; and the functions X;, Yi, Urs, Vrs are real functions of the 
present variables. From (1.08), (1.7), we obtain 


- M 
(1.92) 2 F = Fy + > Æ (2 + J?) FÈ Ar a thesis + Fs, 
t 4=1 kirs 


in which the constants A,s** are real. 

` Suppose (a) : |% | S a | Gi | Sa, | we | Sa, | vrs | S a, a region such 
that the original variables v: y: lie within (D) when the new variables lie 
within (a). The functions Xi, Yi, Urs, Vre possess continuous partial deriv- 
atives of the first order with respect to the new variables, which vanish with 
their arguments. If 9(%i, i, Urs, Ure) is the largest of the absolute values of 
these derivatives at the point Ti, Yi, Ure, Urs), then 


at | S g (Ei Tis Tros tyre) LX (1 Bel +] Gel) +E (| urs | + | vre 1)], 
0<r<il, 
and similar inequalities hold, for other values of r, for the other functions. 
Instead of a single trajectory consider two, represented by the variables - 
Ti, Yi, Urs, Vrs, Ti $ Ti yi + Yis Urs + Wrs, Vrs + Vrs; 
since equations (1.8) are valid for both, we obtain a similar set of equations 
(1.81) dgr /dt = — piy? + Xi, dyi /dt = pitt +Y, ete, 
such that if X’;, Y'a, U're, V’rs represent the differences between the unprimed 
functions at the two points considered, the new equations (1.81) contain the 
primed variables and functions where the equations (1.8) contain the un- 


primed variables and functions. Equations similar to (1.9), (1.91) will also 
be obtained. We shall have 


| X | = g (Ti + TTi’, Gi + TYi', Urs + Tura’, Urs + Urs’) 
CEC Ely DEE Cl tre” | + | vr |) 
O<r<l, ete. 
2 Certain fundamental inequalities. ed 


Suppose lı, la, © + +, lu, m1, Ma, * **, Mr any set of positive numbers, 
and Si, Se, °° 5 Sat, tr, to, °° t, Eat, Zro (s=1, eem a K+L) 
a set of real variables. Then from the inequality 





Vim m 2 m 
"y $e = Blas 
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and the introduction of ‘the constants 
(2.1) PSl, tSmqet, Zl, JÈ mgt Nan—M, 


r= (1/k) V 2u +N, A=gvV2M+N 
we find > 


r Ni Bhs? + #7) + & me? ge (27) + È me’ [ge (er) + gr (Znr) | 


M ; 
= 44° 4 rs 
re = E (le [+] 61) + El ee 





i K TL 
A y Dh (s? +t) + E mgr (ae) + Sate? Lge (er) F gr (Baer) ] Z 
K vr : 
231C | + | tel) +È, $ tgr ae 


K+L vr 
+33 Mr? Gr2s-! (| are | + tars |) 


r=K+1 8=1 
Suppose qrrır = qrr ; let 


K-2L 
@(u) = X gr(ur) 


-and 
: vr 
hr (ur) = Gr? Uys” + qrr Ur, vet 2 (qr”Urm + Qrtrly, m-a) 5, 
. m= 
(2.3) i r=1,2:--- K-42 
— = Vr . 
hr (vr) = rtr? + Qr Ort 2 (qr Vrm == qr Wr m-1) 3 
m= 
K+2L i 


H(u) = È h(u), H(v) = x he (vr). 


Since the quadratic forms hr (ur), hr(vr) are positive definite, there exist 
positive constants Àr, Ar such that these forms satisfy the inequalities 


Io (thr) — Angr (tbr) Z0, Arlo) — Arge (vr) Z 0, 


and it will be assumed that these constants have their greatest values.” 


' * It follows that the quantities ^, i, are roots of the characteristic equations of 
the pencils of forms $ 
h,(u,) — N 9p) hp l0) — Xg, (,); 
respectively. Since the transformation 
rT Uro Pra SM Ury Op oma T Mom? Vrom T rom tet 
carries the second form into the first, the characteristic equations have the same roots, 


K% u v, 


the smallest of these roots being the values of N, i 
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Suppose P, Q constants such that Q = q2? È P, (s= 1, yn r= 1, °° 
-K + L); then ; 
(2.4) E get | zrs | SVNQ VE(z), S| ers |S VN/P -VG(z). 
TS T8 
Tf : 
M K 
= È h (ail? + y) H E mgro) 
i=l rT=1 


K+L 
+S mlg (0r) + grer (Prr) ] — Cw), 


then from (1.9), (1.91), if q is the smallest of the constants Art + Anan, 





Av ++ * Asp, and if 7” = 0, t= to, we obtain easily 
dr’ at S [—q + 29(0 + VN/P) (A+ VIO) JG), t= to. 
If in (a), 
(2.5) eee | 


< —. 
8S 3p VNB) (a + VNO) 
then di’/dt = 0. 


Suppose this inequality for g satisfied within (a). If the two trajec- 
tories lie in (a) for to S tS t, and 17 S0 for t= t, while G(u’) > 0, then 
dr’ /dt < 0, t= t Suppose ” = 0 for t= tı; at some time Y S t, 7” —0, 
and 17 < 0, t<t< #. Hence there exists also a time t” < t for which 
dr’ /dt = 0; but at this time 7” < 0, hence dr’/dt <0. From this contra- 
diction we conclude that 7 < 0 when t=tġ, and 7 <0, <t t. 
Hence from the definition of 1”, G(u’) > 0, to < tS t, and if G(w) 40, 
t= t, then G(w) >0, b StSt. 

Under the assumption 7’ = 0, and the preceding inequalities, 


d/dt G(u’) = H(u’) + 2 [> z qr? turs’ Uns” +33 qr2®-1 (atra Urs” + Wisi 
U'rwr2) | 
K K+L 
= H(u’) —2g F D Dei | tra |A È EE] tes! | + | wos D] 
CEC] a | + ye [+E | aes! | 4S | 0% 
= H(w) —29 VNG VGW) (r + VN/P) VG) 
= [g— 2g (T + VN/P) VNQ] Gw). 


If the constant g satisfies (2.5), there can be found a constant o such that 


q >o > 29 VNG (T + VN/P); 
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and 
dG (u’) /dt > (q—o) G(u’), 


[G(u’) eat, > 0 Crt? [GE (w’) Jato. 


_ From the preceding results we have the theorem: If o < q, and ly lz 

s lar, Mi, Mo, ' © +, Mgr are any positive numbers, then if a neighborhood 
(a) of the origin is so chosen that within it the partial derwatives of Xi, Yi, 
Urs, Vrs are less in absolute value than either of the quantities 


whence 


Pe eee en eed Laer Reena Seti eet Ie eS 
2(r + VWN/P)(A+VNQ) ° 2VNQ (r + VN/P) 


where A, T, P, Q, are the constants previously defined, this neighborhood has 
the following properties: 1. if the coordinates of two trajectories lie in mle) 
for to StS t and if when t = to G(u’) 0, 


K 
ae Sow Si (2 + y”) + D mr?ge(ve’) 
+L i 
Tar Lgr (vr) + Jr(Vrer)] a G(u’) = 0, 


then < 0 for to < i< ty, and 
LEW) Jit > eoit (E(w) Jisto: 


2. If the coor dinates defining two trajectroies lie in (a) for to Z t Z Zi 
(to > t), and if for t = to, G(v’) 0, and 


= > la (e + ys?) + > mr” gr (u'r) 
K+L à 
A » me] gr Cte’) gr (War) | — G(v’) SO, 
TRA, 
then <0 fort >t Zh, and 


[G(0’) Jeet, > eo otd [G (v) ] tats 


The last part of the theorem can be demonstrated in the same` manner. 
3. An application of the energy integral. 


M 
In what follows it will be assumed that the form $ + (z: + 9) 
i=l 


is definite; suppose the constant A so large that for all values of the variables 
concerned, 


—A[G(u) + G(v)] SF Ar erie = A[G(u) + G(0)]. 
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Assume p, v, p positive constants which satisfy the inequality 


ptet ppt 4o(A + p/P) <1. 


Since the first and second partial derivatives of F, vanish with its arguments, 
we can assume that in-(E), a sub-region of (a), 


(3.1), ` | Fs l Se[d (ws? + G3?) + (Urs? + Urs") }. 
Then TE 8 > 0 such that the region defined by 
wmo AEH 

(8) O Gu) Si, G(v) Sv? 

lies within (E), and let (R”)} be the region 

(8) SGP + DETS 


From the energy integral, if a trajectory lies in (R’), (S) at t = t, in (R”), 
(S) at t= te, ý 


M i M : 
[2 (ai? + yı?) ] tti = E [ +2 (T? + Ui?) + 2’ Ars ttn, Vig + F 3] tita 
S i= klra ‘ 
jaras [ DY Art nr 18 -t Fs] t=t, 
E kirs 
SS p® + 4Av8? + p[8? + pd? + 1/P (2v8? + 2vd?) ] 


(3.2) Slptet put wA + p/P)]P < &. 


Let (H) be a region lying within (E), and such that in (H) the partial 
derivatives of X4, Yi, Urs, Vrs are less in absolute value than 6 where 


qu 


6 —= = 
s 2V NOQr (V2M + 2VNv/P) ' 
Suppose d so small that the region 
M 
D (T HI) SP, Glu) Sd, E(v) Svt 
41 


lies within (H), and construct the regions 


(A) . See +98) Se, 
M 
(a) > (T: + G7) S pd’, 
4-1 


(B) G(u) Sv, G(v) Srg. - 
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It results that if (Zi, Ji, Urs, Urs) lies in (a, B) for t= ta in (A, B) for 
t = t, and if G (u) =v? for t= t, then dG(u)/dt > 0, t =i 
For when t= t,, from (3.2) 
dG(u)/dt = H (u) —20VNOG(u) . 
[V2 ve (1: + Gi?) + V2N/P VG(u) -+ G(r) ] 
= [qv — 20V NOv (VZM + 2VNr/P)]@ > 0. 
4, Haistence theorems. 


With the definitions of the domains (A), (a), (B) of-the preceding 
paragraph, we obtain at once, by the reasoning of the first paper (§ 4, pp. 
40-42) the following theorems: 1. To every set of values (Zi, Ji), (vrs) of 
the region i vets 


M 
= (@?+ 9°) Spd, Gv) Sra’, 


can be adjoined a set of values (urs) of the region G(u) S vd? such that the 
.trajectory having these initial values at t = t, remains in the region (A, B) 
for t > to. : 


2. To every set of values (Ti, Ji), (Ure) of the region 


M 
D (T +9?) Sp, Glu) Sva, 
i=l 


can be adjoined a set of values (vrs) of the region G (v) S vd* such that the 

trajectory having these initial values at t = t, lies in the region (A, B) for 
“tb < to. 
Let (H’) be the region (H) for the particular set of values 1, == l = +» 
= ly = 1, Mm, = M = == mga =m < 1; from §2 the quantity 17” formed 
l for two trajectories which lié in (H’) for t È to 


M 
r= D (ay? +y”) + ma) — Gl) 

izi 
must be positive or zero, otherwise Œ (w) would increase indefinitely with ¢. 
Consequently i : 

: M : : 
(4.1) : G(w) SE (ai? + yi”) + mea), tZ bo; 
1 °C 


and if two trajectories lie in (H’) for tÈ to and if at any instant t > to, 
Ci = Yi! = Vrs’ = 0, then urs’ = 0, and the two trajectories coincide. 
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In the same manner we obtain the result that if two trajectories lie im 
(H’) for tSto, and if at any instant Y < to af = Yi! = Urs’ = 0, then 
Urs’ = 0, and the two trajectories coincide. 

From the last two theorems it follows that the set of values (urs) cor- 
responding to the given set of values (%:, Yi, Ure) in the first existence theorem . 
above is uniquely determined; these values, functions of the remaining vari- 
ables, will be denoted by [urs]: similarly, the values (vrs) whose existence: is 
asserted in the second existence theorem, will be denoted by [vrs]. The 
continuity of these functions follows at once from (4.1) and the corresponding 
inequality 


(4.2) Gv) SE (e+) HME), tE to 
i=l 


If a set of values (%:, ğı) satisfying (a), § 3, is fixed, the functions 


— [urs], Vrs — [vrs], =1: Vry f=] to K+ AL 
are continuous in Urs, Urs Within and on the boundary of 
(B) - G(u) S vd?, G(v) SS a. 


If no set of values of Urs, Vrs exists for which these functions vanish simul- 
taneously, from a theorem of Bohl a set of values must exist on the boundary 
for which one of the systems of equations must hold: 

Urs — [urs] == — N Urs, Urs — [Vr] =— Nurs N > 0, l 
(1 F N )urs = [urs], (LA) Ore = [vrs], Sls stm, r=1::: K +42] 


Consequently, 


(N) GCU) = G (Lul). or (1 + 0’)?@(v) = G([2]) 


and therefore either 

(1+ A’)*vd? = G ([u]) or (1+)? = G&([v]). 
But this is impossible, since the values [urs], [vrs] satisfy the inequalities 
(B). Consequently values must exist for which 


Urs = [Urs], Urs = [ere] 


from which we obtain the theorem: to every set of values of (a) can be ad- 
joined a set of values of (B) such that the trajectory possessing these initial 
values at any instant remains in the region (A, B) for all values of t. 
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If two trajectories remain in (A, B) for all values of t, We shall have 
E ; 
2 (1° ys) + mao) & E(u’), - 


È (0 ye) + meG(w) = G), 


from which 
1— m? 


Slat to) IEE lew) eO], 





Hence if at any instant ai’ = y; = 0, then wre’ = Ure’ = 0, and the two tra- 
jectories coincide. 


5. An inequality. 
Let J, m, h be positive, and let a, 8 satisfy the inequalities a S 1, mq,*4, 
grt p. Assume k a number satisfying 


qa tn, 
: t< BFN? S MFN) ° 


o= AMEX (net + yi?) + mR) — GW’) 


where 21’, ys’ Urs’, Urs’ are the differences for two trajectories in the region 
(C) where the partial derivatives of Xi’, Ya’, Urs’, Vrs’ are less in absolute 
value than k, then from (1.81), 


M 
. do/dt = 2ho + e [mH (w) + 2P D (Xr Hw Yr) 
e -+ E mge turs Urs] 
T8 
as grt = H(v’) +23 qto, Vrs] 
Now : - 
O ZERIE p [Only |V| ERRU LEID HE H Lond 1) 


O Sta VIF VET FIF COW EU) 
Also, . i 
P 2 (| a,’ | + | yal 1) + m? 2g] Urs” | + 2 Pet | Urs’ | 


=p D (ja? | tly i) +m % QÈ] Urs’ | + le | ves’ |] 
= BV 2(i +N) ve (1 + ys) + m? E(u’) + G0’) 
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and consequently 
dw/dt = 2he + a a Oe) T qa (v) —2 te (2M + oN) : 


A Š 1 (ai? +y”) + ma) + GYI 


>en— "2 (2M F2N)]o 
I 2 a . 


tenp BE Cart NJE) + gawe 


> po +G), (p= h— HB (4m), o—q— E MEN) 
From which : , 
d/dt [etw] = 0. 

If œ is positive for any value of t > to, w will therefore increase until 
` one of the trajectories leaves the region (C); if o = 0 for t = t, but the two 
. trajectories do not coincide, G(v’) > 0, hence dw/dt > 0 and v takes on posi- 
tive values. Hence if both trajectories remain in (C) for t> to and w is 
bounded, then w < 0 unless the two trajectories coincide. 


6. Asymptotic character .of certain trajectories. 


Suppose % a positive constant less than qg, qr, and SUED A, B so small 
that the region : 


(J) |e |, ]G1S4, [trl ove | SB | 
lies within (a) and in (J) the partial derivatives of Xi, Yi, Urs, Vrs are ‘less 
in absolute value than 7, a constant to be fixed later. Then we have the 


theorem: The constants y, H, H can be so chosen: that f- H <A, H <B, 
and (K) is the region 


(K) |e], |G|S4—H, |t|, [on | SB—Z, 


then if a trajectory o lies in (K) for t= to suppose (vrs?) its set of v-values 
at t= to: if an arbitrary set of v-values is chosen such that 


E. (Vrs — Vrs) (Gr —h) 4S H?, 
T8 


then there is one and only one trajectory whose v-values coincide with these 
for t = to, which remains in (J) for t > to, and approaches o asymptotically 
as t—> oo, in such a manner that the easy renee of the coordinates, multiplied 
by et, remain bounded for t > to. 
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“Let the coordinates of oa be represented by the variables =. Zi, Dis dlrs, Trsy 
and suppose e so small that the region 


d&l [H] SA +2(e—1)H, | ure |, | tee |< B+ Be —1)H, 


lies in n (a).. Chcose a constant 9 < e so small that for t—OS SiS to 


(Bl |F] SA— H4 (01H, | ae |, | Trs |3 SB—H + (%—1)H. 
Then if - f . 
(6.01) i laia acon | ars |, | wre |S MOH, 
- we shall have 
[a terés |, |G + etm |S A+ 2(e% 1H, 
| des + ers | | Trs + ems | S B+ 2(e%—1)H. 
, ‘7p ==t—t, > — 9, 
Making the substitution f ; 
(6.1) z= =T ei, Ji = Ui + en, 
Urs = Urs + CT Zrs, Ure == Urs + E Maes 
. we obtain from (1.8) the equations for the new variables &, m Bray Wrs. 
These become 
(a) dae ep HĒ, dy/dt = pili tl + Py, i= Me. 
(b) dérs/dt = (h+ qr) + Ün’, dwrs/dt = (h— Gr) Wea + Vi! 
dart / Ot = zri + (h + Or) eri + Ori’, a 
deri] Et = Wet, + (lh — Gr) Wri + Vr’, t=1:.--K. 
(6.2) dar /dt—= (h + gre + On’, dwn/dt= (h— Gr) Wr + Vea’ 
dar,i/ dt = tras + (h + Gr) tri — Yetta + Ure’, 
dwyi/ at: = Wri F (h— Gr) Wri -F Or’ Wart F Vest ’ 
(c) danas /dt = q Zra H (b+ dr) ttara + Olari 
dwr a/li = — gWr + (h — Gr) Wars + VW tara 
datas, i/dt = Bsn, i1 FH Irri + (h + Gr) Atar,s + Oter, 
` DW ra1,1/ Ot = Wiar, i-a — Yo Wei F (h— qr) Wiari +- P'un 
i=?" cy, r=K 41: K4 
where _ 7 
Ži = eh [Xi A Gi, Urs, Vrs) — Zi (Ti Yt, Urs, ae | 
Tra! = [U rs (Ei, Dis Urey Urs) —Urs (Gt, Gs, rs, Tra) ], ete. 


the variables %:, Ji, Urs, Urs being given by the substitution (6.1). 
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The right-hand members of (6.2) are bounded and satisfy a Lipschitz con- 
dition for t = to — 0, if the dependent variables are in the region specified 
above, hence the existence of solutions in a certain neighborhood af t= h is 
assured. 

Suppose the forms Ga(2), G@a(w) defined by 


Gu(z) =F (qr +h) 222502,  Ga(w) = X (qr — h) 2? Ms? 
If ¢ = to, and the inequalities 
(6.3) = lE +97) +G(2) SB, Gh(w) SB, 


are satisfied, then if Hy(z) is obtained from H(z) by replacing gy by qr + h, 
while Hi(w) is obtained from H(w) by replacing qr by gr —h, we obtain 
as In § 2, 


LEG tnt) Hae | Sand Geta) HA 
dt Lee a(z) | = eh D (6 +n?) + Hale) 


at - = d 
— 9 [Sdan] | -+ | me | -| X7 i) +3 (ge +B)? zro | | ra] | 
= 2h 3 (E + i?) + H(z) 


M 
=a [leet Lael) +E aH erl ] 


[E161 +l lm] 


If fi, ¥ Pr, Qu Pr, Qn are constants such that. 
Ha(2) 2eGa(z), Hi(w) Z7 Galw), 


th Qn = (Gr + h)?et = Py, n= = (qr — h)? = Pi, ‘ 
en 


$ a (6? bat) + Gala) | BERS (6 +a?) HAMC) 
— 2n [VM E (6? Fm) + VNO V ale)] X 
x [VISE +y Fa E Ge ] 
If 2p is the smaller of 2h, ā and it Ë < H/VP;, Ë < H/V Pn H < H while 
& (é +m’) + ala = HP, Galw) S 
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then 
(6.4) d/dt[ 2 (6? +97) + ate > aG—9[ VEE + VI/Pi + VN/Phl 


(VM + VVQ;) E. . 


We shall assume 7 so small that the expression on the right sae H? 
is positive; then the left-hand member is also positive. 


Also, l 
E Ou) S—A(w) +a (g0) wn | 
[S16] + fe) +3 Cz | + | 1) 
— Hw) +29 VON | VEME E Far) + Vz ae 


| ty E am) | x Veo) 
Now suppose G,(w) = H?; then if È (E + 9?) + l) SE, 


(64). © a(o) £ [5 + VON (VEN + VIPs + VP). 


it will be assumed that y is so small that the term on the right multiplying 
H? is negative. From the choice of H it follows ‘that when the inequalities 
(6.3) are satisfied, the first inequalities for the present variables are satisfied 
also.. It will be assumed that A, B are so small that (J) belongs to the region 
(C) of §5. 

On the basis of these inequalities, we can show™ that to every set of 
w-values satisfying Gi(w) SH? at least one set of values (£r, ni, Zre)o can 
be chosen satisfying l 


(6.5) D (6? +n”) + G (2) S A? 


such that (wrs)o, (Ei 94, Zrs)o are the values for ¢ = to of a solution remaining 
in the region- (6.5) for ¢ > to 

Now suppose a set of v-values (Vps) chosen, such ‘that G,(V—) S Èe, 
and let a solution of equations (6.2) be determined in accordance with the 
existence theorem above, such that at t= tp Wre = — Urs? + Vre (s=1 


* Bohl, 7. c., p. 230. The proof of the proposition stated above is so similar that 
it is unnecessary to repeat it here. 
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yy, P—=1:+++ K+2L), while the solution remains in the region desig- 
nated for £ > to; for ¢ > t the variables éi, hi, 2rs, Wrs satisfy 


| Ti + ee, |, | Gt ety; |= 4, 


| dirs + C25 | 3 | Dre + e Wrs | s< B 
while for t = to, Urs? + Wre = Vrs. The trajectory defined by 


Ti = Ti + eT, Ji = Ji + ehis = 1...’ M, 
Ure = Urs + "Ess, Vrs = Ure + eT ws, i 
s=1'';vm, r=.: :'K+2L 


satisfies the first part of the theorem; it is evident that the differences 
(e*7E,, eni, CZs, CT wrs) multiplied by e*t, remain bounded. 

The second part of the theorem follows easily from § 5. In these inequal- 
ities suppose l= m = 1, and suppose the quantity w constructed for two 
solutions remaining in (J) for t = to, in such a manner that the coordinate 
differences, multiplied by e"*, remain bounded for ¢ > to, the constant h being 
such as to satisfy the inequalities of the present paragraph. Then 


wo [X (81° yi) + E(u) — Gv] 


is bounded, and consequently o=0 fort >to If the differences vrs’ vanish 
at t= to, it follows that the remaining differences æ, yi’, Urs’, vanish also, 
and the two trajectories coincide. Hence when the v-values are fixed, only 
- one trajectory having the properties stated can exist. 


Applications of the Determinant and Permanent 
Tensors to Determinants of General class 


and Allied Tensor Functions. 
By Crypse M. Cramer. 


1. Introduction. The geometric scheme of representing the elements 
of a detetrminant as an arrangement of rows and columns or of layers, -sec- 
tions and sheets * becomes cumbersome in the general study of determinants . 
of elements with several indices. The natural analytical method in these cases’ 
is to confine attention to the general term of the determinant. Various meth- ` 
ods are used to determine the signs of this term and to exclude the terms that 
should not appear. The method most like that used here is the scheme. of 
Cayley + of using a square determinant in this capacity. Recently t] papers 
have appeared dealing with square determinants by a new method. It is 
along these lines that the work of this paper will proceed. Tensor notation. 
will be used throughout but that is merely for considerations of symmetry. 
The results-are valid for any tensor character that might be assigned. It is 
important to note, however, that with the transformation character that we 
shall assign our elements, the laws of transformation of the functions of the 
elements can be read from the indices. The modifications for different trans- 
formations on the’ elements will be at once apparent. To illustrate, suppose 
grst is one of n? elements that appears in our work, and that it is a.coefficient 
in the trilinear form gps,%y%27, then since the ground form is invariant the 
indices in grst are all covariant. The transformation character of the deter- . 
minant or whatever function of these elements that is discussed in our work 
can be read off at once. On the other hand supposé the grs: are the n? coeffi- 
cients in a system of n quadratics g,o-4°x", r= 1 - - + n, then the first index 
_ on the g is not of tensor (or transformation) character. It might be well in ` 
this case to indicate it as grst- The modifications for this situation can be 
made in any equations in which the first index is not multiplied by inner 
multiplication by a tensor. ` 


* Hedrick, Annals of Mathematics, Vol. 1 (1899), page 49. 

+ Prams. of Cambridge Phil. Soc., London, Vol. 8, Part 1, 1844 (2-43), 8.11, p. 85-8. 
(Reference from Leeat’s Leçons sur la Théorie des Déterminants à n dimensions.) 

+ Murnaghan, Math. Monthly, XXXII, 1925, p. 233. 

{ The writer: Annals of Mathematics, Vol. 27, No. 4, September, 1926. This will 
be referred to hereafter as paper I. 
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-2. Definitions and Conventions. We define a tensor * by the equation, 


ny: ares Seat ed l : (2.1) 


where the n! terms formed E permuting the a’s and altok each iy an 
arbitrary scalar, are added. The n! scalors are distinguished by the n! per- 
mutations p. When the scalors are = 1 according as the permutation p is 
even-or odd we have 

of: (2.2) 


This tensor vanishes unless the a’s and b’s are the same set of distinct integers 
when it equals = 1 according as the substitution to bring them to the same , 
order is even or odd. This will be called the determinant tensor.t When 
the scalars are all equal to 1 we have 


areas (2.8) 


by... On 


which will be called the permanent tensor. It vanishes unless the a’s and b’s 
are identical sets. For the non-vanishing cases the values are 1 if the sets 
are composed of distinct TE I£ there are g groups with p, *'-' Pa 
KENE or Ag indices p,-+++-+pq mn the value of the tensors is 
pi! 
An inner D of y and a set of elements such as 

Wee 8 Hrm’ I rnp . © (24) 
will be called a tensor function of the elements. The y’s are of the tensor , 
character indicated yet they are absolute invariants. If a 8 is used in place 
of the y we have a determinant function, and likewise, using a m, a perma- 
nent function. For functions involving elements with more than two indices 
we may use combinations of these three. The degree of a tensor function will . 
be equal to the number of elements occurring in a term. This term will 
replace the less significant word, order. The set of n indices in the same 
position on the elements of a term will be called a range.’ Greek letters, only, 
when repeated will indicate a summation. Repeated letters are called umbral. 
` For the non-repeated we venture the name virtual. The virtual ranges on the 
elements will be called fixed as is customary. The class is one greater than 


. * Properties of this tensor were given in a paper read before the Society April 3, - 

1926. 

f Murnaghan has suggested the name “ generalized Kronecker symbol.” Wither 
(2.2) or (2.3) for n = 1 becomes the Kronecker symbol. 
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the number of umbral ranges, i. e. one greater than the number of tensor 
multipliers when each multiplier has one virtual range. If there is but one 
fixed range the class is equal to the number of ranges. 
These definitions and certain general properties will be illustrated by the. 
function, , 
Iirimaa a ÖRN Iram Irena (2.5): 
This is a class 3 (or 3 range) determinant function of degree n. This ex- 
pression has n?” components corresponding to the integers assigned the virtual 
ranges. The value of the component of such an expression when the virtual 
ranges take the sequence 1- - > n is ordinarily called a determinant or in case 
ws replace s, a permanent with appropriate names for combinations. We 
shall not be careful, however, to make this distinction and will speak of 2.5 
` for example, thinking of any component, as a determinant. 


3. Elementary properties of the fundamental tensors. The elementary ` 
properties of a tensor function are apparent in the notation. 


(1) The virtual range on the multiplying tensor + or 8 is permanent 
or alternant. 

(2) Any substitution on an umbral range of elements only is equivalent - 
to the same substitution on the virtual indices of the multiplying tensors 
carrying the same umbral indices. 

(8) If the tensor function has a y for a multiplying tensor the fixed 
range is in general neither permanent nor alternant, otherwise the fixed range - 
is permanent or alternant according as the number of s having one range 
multiplied by inner multiplication (i. e. summed) is even or odd. The proof 
of the property is as follows: Consider the right member of (2.5) (to illus- 
trate) when the r’s are rearranged by a substitution S. They may be ar- 
‘ ranged in the original order by a permutation S-1 on the g’s. But this re- 
arranges the remaining umbral ranges by a substitution S-1. The order of 
these, however, may be restored by renaming the umbral ranges. This will 
leave the umbral indices on the multiplying tensors only, permuted by sub- 
stitution S. If the number of əs is even these indices may be arranged in 
the original order and the determinant has been brought from one form to 
another with a different arrangement of indices in the fixed range without a 
change in value. If the number of ẹs is odd there will be a change in sign 
if S is odd and the range is alternating. -An illustration of this is found in ` 
the two range determinant 


` gee POL ee GF aoe 
I crn) (ond Oris Ina Oa g aai (3.1) 
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The parentheses’ on the range letters indicate that the range is alternating, 
while the brackets will indicate that the range is permanent. The indices in 


a fixed range need not be distinct. 
(4) Alternating ranges may be interchanged. For example 


Sirdan = I tral t) (an) i l 
for the number of changes of sign to bring (sa) to (ta) is balanced by the 
number to bring (tn) to (si), (Sn) and (tn) being permutations of the same 
integers. 

, 4. Permanents, Transformations .of Coordinates, Inner Products. The 
following combinatory properties of the permanent tensor will be found use- 
ful: * > l i 


Tyee tn Press pn ay f Te . Tn ak 
‘ å Wee a Dh We cea Bn n T g . Sn (4.1) 
or more generally : 
Tis ve Sr. Sg Press Pp = gl Re erp 81046 8G 4 
Ties Pp Ur» + + uq us ti... tp Pp: Ti -t Ur». Uq r (4.2) 


The proofs follow really. from (2.1) and (2.3). 

Analogous to the method of finding the erie of transformation of a 
determinant | the equation of transformation of a permanent may be found. 
For covariant elements ars the permanent is 


rhs Opn Apama: (4.8) - 


Any interchange of the virtual ranges of the expression leaves its value un- 
changed, for example, interchange a follow this by interchanging (pipz) 
and then note that mbsba- ++ On == qhi» + - Pa and the expression has been changed 
` to original value without a ‘change “of value. By the definition of the tensor m` 
- (4.3) may be written 

. oA cee oe Bpy8, eee Bpnsn« 


_ Consider a typical term of this expression under 3 in which the p’s have been 
permuted by a substitution 8. Before allowing the p’s to be summed, per- 
mute the elements by 8. Then summing with respect to the p’s this term is 
Ara,’ Brag, Where the o’s are a permutation S of the s,-°+s,. The entire 
expression is then 


Cpe G Rd 
T a; la Gro, Arnon 
=— mfl.. Pn Bai . 
Teese 8n Grp, Brapn (4.4) 


* For the determinant tensor see reference (3), Article I. 
f See Paper I. - 
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In a similar manner we arrive at the fact ‘that any paiement range may, 
be fixed. and the others umbral if-there are an even number of Ps. This may 
be illustrated by 


(on) (Ta) SCun) (un) 
(sn) T etn) gion ee (Q rnonTaungn ). : (4.11) 


Let 3 (8%) be substituted for the first tensor. Consider a typical term in 
which the permutation of the o’s is S. Permute the a’s by S. Then per- 
mute all umbral letters on the elements by §-1. If there is an even number 
` of 8’s the total effect is to permute the fixed range to order S (Ta l = (pn) say. 
Summing all such terms we have l 


(pn) aT) (yn) (tn) y - 
Tind Tta) Dn in (QpronTnungn) (4.12) 


as equivalent to (4.11). The method of changing from ‘a fixed alternating - 
range to a fixed permanent range will be illustrated in (5.1) and (5.2). 

The transformation of a permanent. We may represent the transformed 
permanent by l 


Po 535 Pa Byes Bn E= faen apar n pns which we write for brevity 
= y’ Lonl a ipn] pil (a? 
P ” tral Lsn] =T tral (a pasa). kaai 1/ n! m a Tsn] (a Pron) 





= 1/a! ar’ lpn] ‘lon a] DanBan 


ti xg, 2 
Irn] [sn] 


7 D 
82’, Olon 





(Oe, da, 
{on] an {on} Ge . . 
=1/ n! i irn] ( IL pn J= T en] 2’ ee (tana) 


In this expression the [an] appearing on the partial derivatives is a range of 
a permanent and therefore permanent in character, so we can continue the 
equation ; errs A a ‘ 
| { dag, 
$ 1) 2 „ [pn] [on] a 
=1/( fe: Jii T Epal 5 m) a T Esn] 02 on m [ot (tanba) 
=1/(2 1)? Kemma * Kinga * Pivmga 


If the summation in this equation’ is extended only to distinct sets the nu- 
merical factor is removed. A bar under the umbral letters will indicate this 
convention. Thus- 








tm 


Pera tent =K iratra * Kista * Piva. (4.5) 


This equation is identical in form to equation (6.4) of paper I. There the 
` J’s represent the Jacobians or determinants of the transformation, while here 
the K’s represent the permanents of the transformation: In (6.4) paper I 
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the inner product of two alternating Jacobians reduces to the square of the 
Jacobian. This simplification of the inner product of permanents is not 
possible since the absolute values of non-vanishing permanent components 
differ. Unlike determinants the sets'of indices in brackets need not be equal. 


Inner Products of Determinants and Permanents. There is a very close 
similarity in the inner products of these two functions. 


Let Dv) (sn) = saree ( dense) 
and Bey) cay) aoa oe (Canan) 
then the inner product of these will = n! 8p (des) (Canon) 


=n! Ss (8%) (drea). 
© P 


‘Now consider a typical term where the permutation on the p’s is 8. Permute 
the d’s by S. This will leave the s’s permuted by S. Sum the p’s getting 


to within a sign 
n! (donea a) where S(sn) = (on). 


The sum for all permutations S under 3 will be 


n!e (dren a) 
If we set 
a? = A eao (4.6) 


the inner product 


Dim ia Pats =n! 8m (i) = n| Fien (4.7) 


(on) (an) 


Since the (yn) ranges are alternating this gives the ordinary multiplication 
theorem for determinants 


Da 69”) Bry can) es gon (fe ), (Ta) =]; - -n 


(on) 
= Fiw with (4.6). i (4.8) 
For permanents, every step in the proof will hold down to (4.6) and (4.7) 


_ but the argument by which (4.8) was derived depended upon alternating: 
indices and is not valid for permanents. We will here state the results, if P, 
Q and R are permanents with elements 

P”, Qor and to where r == pP% qap (4.9) 


then ; 
Piradi Qey = nl Rf (4.91) 
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5. Alternative forms for determinants. Decomposition. There are 
methods of writing a determinant alternative with (2.5) for example 


10! Gernicend(tay WATT Bari Sairi ogy ` * * Jonna (5.1) 
or | 
gn) (én) Cin = PasaTa ° * * OPnSnTn x 

G tend (on) (tn) me Pe Bes Fms Ions (5.2) 


Equation (5.1) is obvious when it is noticed that [pn] is a permanent range, 
there being in this case an even number of inner multiplications with s hence 
‘all of the n! term in the sum for [pa] are equal to Fiica. Equation 
(5.2) may be proved directly or verified in this manner. By making a sub- 
- stitution in the (s,) and arguing as we have above, (sn) may be seen to be 
alternating. “By changing s to p in the right member of (5.2) and multi- 
plying by oats -e» the member is multiplied by n! since the inner product 
of two alternating ranges is n! times the ordinary product. But this gives 
- the right member of (5.1) which equals n! 9, 4csyc¢ + By dividing by n! 
equation 5.2 is obtained. In these equations the first range is permanent. 
Corresponding equations are obtained when the other ranges are fixed. 


5. Cayley originally considered higher - determinants as sums of two 
range or ordinary determinants, and methods of decomposition are current in 
the literature.* A single illustration will serve to show how this is done with 
the present notation. In the notation of (2.5) the fixed range is virtual, so 
` the number of ranges is one greater than the number of tensor multipliers 
of the elements. When the expression is written 


eae CS rom Iranra | ' (5.3) 


the expression in the brackets is a class 2 determinant since but one ô is used 
in expressing it. The first range in this case must be considered as being 
the bipartite range ryo1,-*°* aor. When o is summed there will be n! such 
determinants. Wither è may be taken out of the brackets.. The extension to 
the types of determinants classified at the close of article 4 is apparent. 


6. Multiplication of Determinants. Demonstration of the applicability 


of the. method to more general functions than heretofore contemplated. The ` 


: muliplication of two cubic determinants of order 2 illustrates the process. 
However, for file multiplication the process will be carried out in its greatest 
generality. 


*L. H. Rice, American Journal of Math., 1918, p. 242. 
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_ Element Multiplication. For the product of the two cubic determinants 
g and h we have f 


g’ h = 87r: gT Jrad Grotara oe a hof hyaBava 


. 883 tits . ; 
== 0102 §TiTa diba Seren pahi - x Gees mon k z (6.1) 
3 aso tita Biba Ya NOT Ta0oTa : 
> ABY ` omm apy 6.2 
where KBY == Gror, HOB (6.2) 


The class of k is found by counting the s and adding 1. In general then 
for classes p and q the product k will be of class p—1-+-qg—1 +1i= 
p-+q-—1. In the present case r, and a are permanent indices (property 3, 
article 8) so can be taken identical. The point so apparent here is that in 
this method not a property of the 8s is utilized, we might have 8's, ms, y’s 
or in fact it is immaterial what they are. The class of Æ can bé increased 
to p +q. There will by this method always be two fixed ranges, in this case 
the ranges r and a. The range r can be changed to pi--+pn and the deter- 
minant multiplied by 1/n!m@--+ where p is summed. If + had been alter- 
nating we should multiply by 1/n!3e--- otherwise the product would 
vanish. Now the class will be equal to the number of ranges. Remarks such 
‘as this one on raising the class are so trivial by the analytic method that one 

‘hesitates to make them but from the geometric treatment they seem of more 
importance. 


File Multiplication. The analytical analogue of the geometric nomen- 
clature, “file multiplication” is “inner multiplication.” Beginning with 
equation (6.1) and setting t= c == p and summing (the number of choices 
of umbral indices is the product of the numbers of alternating ranges,. each 
leading to a multiplication theorem) we get 

a Ia on A got Jro Jrosore habeh hrabia - 
mea Baty Dama on] Dann Dees: MEN holm 


182 iĝa 
e | em ġa Habe hobi haba 


Sisa Baba [Irom rataya 


~ Orry Gran heb: haB] 


== §%102 Godz [kap tpa — gla Kofi | 


8182 ByBa © T301 rede 7101 T202 
where KB = Groy hey (6.3) 
== $9202 bibo ftbi plp Kli gaba i 
8182 „Bia [ Tadi Tasa + 103 ae 


from the interchange of umbral indices B,-and 8z and use of alternating 
property of ts, Thus 
A= Di BBs Nance na “rare 


= kK Larta] (bibo) 
Irira] (8189) 
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` where as before we exhibit the permanent and alternating ranges by brackets 
and parenthéses. - i 
Multiplication of a p range -and a q range tensor function. The 
Tay: + Ta) are arbitrary sets of quantities which may be permanent 
tensors, determinant tensors y’s or otherwise. The determinants to be multi- 
plied are : 


A= ye Pan BID BRIE, Drass... rw 977 Gren. s. tn 
. and: 
— Dre s» bn O E oe ON Oye es 6n > soe frees fn Ul.. un 
B T Bie ee Ba Tiea. Yn Sana Gite 1208 ha 
© X hab eeN eee Mia + e o hanba.. nen oo + Mnlin, 


where A contains at least one alternating range indicated by one 8 and B 
contains at least one § (but an even‘number of alternating ranges by property 
3, art. 3) while the remaining ranges are either permanent or alternating as 
indicated by the w’s and s. The total number of Ps in B will be designated 
by K (%1). The number of z’s is immaterial. The last’$ in both 4 and B 
contains the indices u,° * * Un which must be a permutation of 1: : n so the 
product of these s in the product AB will be 


ae te (1) 
v 


When this sum is multiplied with the product of the h’s the sum of h’s is 


> mes se oH ee Ma > > oe hanba sae YnEn o o e Naun (2) 
a ; 
Tn (1) the sign of a term is + 1 according as the class of the permutation of 
subscripts of v’s is even or odd—thus in (2) the sign of a term will be +1 
according as the permutation with respect to indices of any letter say a, is 
` even or odd; Consider a term of. this sum and let § represent the permuta- 
tion of the vs in it. The v’s may be brought to former order by a permuta- . 
~ tion S*1 of the h’s which has the effect of permuting the other indices by S-1. 
All of the umbral indices may be brought to the original order but this will 
leave the lower indices on the ms and &s permuted to order S. This is of no 
consequence on the x’s but to bring the indices of 8’s to the original orders will 
require a permutation S-! on each of K —1 8s so if K —1 is even the sign 
of the term is unchanged, otherwise it is changed when S-1 is an odd permu- 
. tation. The a’s are.in the order 8-4 to which they were brought by the per- 
mutation on the Ws. In case the sign is unchanged it is of class S which 
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is also of class 8-1 which indicates that if a,- > ‘az is the new order of the a’s 
the sign of the term is 8%---% . By substituting 


OB- soyen == g9. + Tu haB.. ve... tw 
Oe.. T 


the product may be written 


toe eae Ty... Tn Sa: an we oe On + 6 6 alte 
A B= Poy 8, ei ty... tn ba l an or Tas 
Cres oC: T afr... O E A GnBn... Ynrin» 
x da r. en + OF op cope oe . T1 ngi see Tn 
= Q. 


The class of C is found by the number of T’s, ms, ẹs equal to p—1 


. On 
Yn 


+ Qn 


+ q—1, the original number, — 2 lost by inner multiplication + 1 regained. 


by the artifice +- 1 by which the class exceeds the umbral ranges = p + q — 2. 


The Associated Contravariant Tensor. The following method of obtain- 
ing an associated contravariant tensor shows that the existence of an associated 
contravariant tensor depends upon the property of an alternating tensor. Let 
the three indices of grst be covariant. The only possible determinant in this 
case, other than a permanent, is given by (2.5). The equation of transforma- 
tion may be written i : 








On). 7a : 
Gerad (8nd Cin) = Gipi Cond Cn) (Ee) J? l (6.5) 
So BG trenco J2 Bato, \ Eton con) tn) I9aBy 
99’ por E ra Japy 99’ por 
da, 0G 02,’ ILo Oa," 
es 272 Pn [Pn] (Sn) tn} Pape a T pak ead 6.6 
7 (i ) Ogapy Ou, dup Pty AS) 


The first partial of the determinant with respect to the element has the co- 
variant character of the determinant and an additional contravariant character. 





If the determinant had no permanent range, products such as ( at) would 
not appear in the equations of transformation. There would then be an even 
number of alternating ranges, hence an even power of the Jacobian of the trans- 
formation would appear in (6.5) and in (6.6) so if the first partial is divided 


by the determinant the resulting tensor will be of contravariant character > ~ 


wholly. Only an element with an even number of indices, when all repre- 
sent tehsor character, can have an associated tensor of opposite rank. To the 
writer’s knowledge it is only such elements that are considered as representa- 
tives of a line element in differential geometry. l 

_ A “ Bibliographie des déterminants à plus de deux dimensions” to April 
1924 is given by M. Lecat, Bruxelles. 


Transformations Leaving Invariant Certain 
Partial Differential Equations of Physics. 


* By R. D. CARMICHARL. 


We shall write the general wave equation in the form 


(1) S =o. 


‘Any solution of this equation will be called a wave-function. 
For the case when n is 4, the transformation Uy = V, Tz =Y, Va = Z, 
z, = V— 1 ct reduces equation (1) to the classical form 
Fu Pu Pu. 1 u 
aa T ay? ' 0 e ad? 


of the wave equation in theoretical physics. This is the justification for call- 
ing (1) the general wave equation. 

The principal object of this paper is to determińe the generators of the 
group of point transformations (the coordinates of the points being complex 
numbers) under each transformation of which a wave-function is a relative 
invariant. The group contains a certain linear group as a subgroup (see § 6). 
It is shown (see §11) that this subgroup and two particular Cremona trans- 
formations generate the whole group when n > 2. When the equation is taken 
in the form (1), one of these Cremona transformations is real and the other 
is imaginary; but they are both real in the case of the classical form of the 
equation in mathematical physics. 

It turns out that the group involved is identical with a certain group of 
conformal transformations (see § 3) which has been the object of several 
investigations. It was necessary, however, to redetermine the generators of 
this conformal group, since certain imaginary transformations are quite as 
important for our problem as the real ones which have been the object of 
previous investigations. l 








Incidental to the principal object, we have determined the corresponding 
groups for two other partial differential equations of physics (see §2). (An 
additional equation is treated in the following paper by Mr. Goff.) 

In each of the three problems, the case n = 1 is trivial. The case n = 2 


ar ; R 9% 
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(see §7) is exceptional in character and is shown to lead to a well-known 
group of transformations on two variables. For this reason its exceptional . 
features are not treated in detail. 

Incidental to our main purpose we obtain new proofs of four important 
theorems stated below as theorems IV, V, VI, VII. The principal result is 
contained in theorems VIII and IX near the end of the paper. 


$1. The partial differential equations defining the transformations of 
‘the wave equation into itself. Let the function v(y1, y2,° * *, Yn) be a solu- 
tion of the wave equation -. 


z Oy 
t= OY? 





(2) 


z 


and let us make the transformation 


(3) U= W: V (Yi Yo * + Yn) w 0 
where w is a function of %1, %2, ' * *, Zn to be chosen conveniently and where 
Yr, Yoo * ` *> Yn are taken as functionally independent functions of x, a, ° +, 


Tn Which are to be so determined in connection with. w that u shall satisfy 
equation (1) whenever v satisfies equation (2). Every wave-function v is 
thus to be transformed into a wave-function u by means of (3). 

Since 1, yi, yiys (T54 j), yi? —Yyn2, are solutions of (2), it follows from 
(3) that w and the y; must be such that w, wyi, wyiys (47), w (ya? — yn?) 
are wave-functions. These facts imply that w, y:, Yə * * *, Yn must satisfy . 
the following system of partial differential equations: 








n w 
z =0; 
k Ot 7 
n ôw Oy; ay: _ i E l 
2 (2 Ptr I VP mea > t= 1,2, sn; 
) ~ by: Oy; 


LE ee eee ee 
j=i +1, i42, : ta n; 


>> (dy: /0x%)? E > (8yn/02x)*, i=], R t e nl. 
k=1 k=1 


From relation (3) we have 
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Pu Ow ðw a» ay ôy 








5 EREE ee BY tes a le 
(5) - "Ry iad ur im Oy, Ory 
ft by: ` $ Pv yi y 1 w Py 
+w ‘a i dan + 2, Oy .0y; Pty Ate i=l dy: Gary? ù 


tm) k= 1, 2, t, 


From these equations it is easy to see that w, as defined by (3), is a solution 
of (1) provided that equations (4) are satisfied. 
Let us use p for the common value of the sums 


i , 
p=} (0y:/02)?, i=l, 2, e, n, 


If we employ 8:5 to stand for 1 or 0 according as j is or is not equal to 4, 
then the conditions in the last two lines of (4) may be put in the form 


3 2o Oy; Oy; se Sere 7 
(6) = fay, Üzr = ĝ;;P 4, J= 1, 2, > Ms 


Since the Jacobian (functional determinant) 





m 


(7) a da, 


is different from zero (owing to the assumed functional independence of the 
_ y's) is follows from (6) that p can not be identically zero. 

The results so far obtained may be-put into the form of the following 
theorem : 


_ THEOREM I. Let w, Yı Y2,* * +5 Yn be a set of functions of £a, ta °°, 
2, such that Yı, Yo, ` `, Yn are functionally independent and ws£0. Then 
a necessary and sufficient condition that every solution of (2) shall be trans- 
Aide through (8) into a solution of (1).ts that the functions w, Yı, Y2 

+5 Yn shall satisfy the following conditions: :—a function p exists, not iden- 
rong zero, such that 
(8) 5 fe ts = ð;;P, 


kal Ot, Oty 


and the equations 
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; x dw by: Oy"; 
——_ o ae Sent: sae 
(9)* 2 ae aS ie = 
n pw 
ae) kat Oy? a ` 


are verified. 


The totality of transformations (3), subject to the conditions just named, 
obviously form a group. ae 


Corellary. A necessary and sufficient condition equivalent to that in 
theorem I is that each of the following functions shall be a wave-function: 
Ws WYiy i= 1, 2,0 * `, MS WHY], t= 1, 2,° °°, n— I, jetties n; 


: w( yi? — yn), t= 1, 2,°° +, n—1. 


§2. Certain related groups of transformations. The method used in 
the preceding section may be employed in the proof of some results related 
to theorem I. 


TusoreM II. Let w, Yı, yo," *, Yn be a set of functions of £u m2, è+, 
Xn Such that Yı, Yo * ` `, Yn are functionally independent and w540. Then 
a necessary and sufficient condition that every solution of the equation 





a. Oy | 
U : il Oy? TS 
shall be transformed through the relation 
(12) U== W'V(Y1, Yz s Yn) 
into a solution of the equation 
n bu? 
(13) 2 tne +u=0 
ts that the functions w, Yı, Y2, * ` `, Yn Shall satisfy the following conditions: 


a function p exists, not identically zero, such that 








2 yi dys 
(14) P k=1 0a, han =F sip 
and the equations l ; 

kk: ĝ Oy; Oy; . 
(15) 4. ee Ce 


k=1 02% day Ir? 


i 2 
* In § 5, these conditions are replaced by the simpler one, w =p a . See also 
the latter-part of § 5. : 

+See the preceding footnote. 
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(16) l $ © fw pw 


ia Oy? 
are satisfied. 

The necessity of these conditions is easily | proved by ai aid of the following 
solutions of (11): sin y: and cos y; (or eY- and ev'V-1) taken in conjunc- 
tion, and sin (y Vs) s) sin (y; V 1— s) where +-4j and s is‘a constant differ- 
“ent from 0 and 1. In order to show that the conditions are sufficient one ` 
may proceed as in the proof of the corresponding part of theorem I. 

The partial differential equations of the group of transformations m’ 
into y; and u into v such that u, as defined by the transformation u == 





wV(Y1 Yoo * `s Yn), Shall be a solution of the equation 
(7) = (Gu/d0.)? = 0 
_ whenever v(41, ¥2," ` *, Yn) is a solution of the equation 
(18) - Š (00/0)? =0 
k=1 


may be determined in a similar manner. The following sufficient conditions 
are readily obtained : f 


$, (w/m)? —=0; 


hel 
a dw dy: A ; 
= day day, ==, i=], 2, s n5; 


n 0 ð . r 
5 2 2i 0, is; 


= (0y:/0a%)? = > (8yn/Ox)? £0, 
i=], 2,- n— l. 


That these conditions are also necèssary may be shown by means of the follow- 
ing solutions of (18): v=1, v=f(ystyj;V—1), v=flyi—yjV—1), 
(i549), f(t) being an analytic function of t. ` 
On multiplying the second of the foregoing equations by 0y:/de: and 
summing as to 7 from 1 to n, we find (by aid of equation (21) in the next 
section) that dw/dx, = 0, I= 1, 2 y +, n, so that w is a constant. Without 
. loss of generality we may take it equal to unity; and this we do. 
Then we have the following result: 
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Turorem III. A necessary and sufficient condition that every solution 
of (18) shall be transformed by the relation u=(Yy:, Yo, * *, Ya) into a 
solution of (17), the functions Y1, Ys, * ` `, Yn Of Lı, Ta, * * `, En being func- 
tionally independent, is that a funtcion p shall exist, not identically zero, 
such that 
(19) $, Pye bys 


= ĝi;P. 
kel Oz, Ox; sP. 


883. The transformation group of theorem III. The transformation 
group of theorem III, transforming 2, %2,°* *, Un into ys, Y2, * * *, Yn CON- 
tains the corresponding transformation groups of theorems I and II. We 
shall therefore treat first the transformation group of theorem III. 

Let J denote the functional determinant - 


oy 4 
02; 








Then by the multiplication theorem for determinants, we have 











J? = dys 3y pa ŞS îy: Dy; = ptt 
dx; da; Gi Oa, Oat ee 











the last member having been obtained by use of (19). For J we have there- 


fore the value 
(20) J = p"/2, 


Since J 540, it follows that p can not be identically zero. 
If we multiply both members of equation (19) by @y;/@e; and sum as to 
j from 1 to n, we have 
z ôy y dy îy: . 
= Oa, ran Aa, Oa eat ges > t l == 1, 2, “> hu 
On holding 7 fixed and allowing k and i to vary, we have a system of linear 
equations in the n quantities inclosed in parenthesis. The determinant of 
the coefficients of this system is J and is therefore different from zero. On 
solving the foregoing system for the indicated quantities, we have 


jar Oty, Ôr a. k, l= 1,2,++ +m 


(21) 


Thus equations (19) imply equations (21); it may be shown similarly that 
. equations (21) imply equations (19). 


Certain Partial Differential Equations of Physics. 108 


If we take Y1, Y2 °° *, Yn to be the coordinates of a Euclidean space, 
then the element ds of arc length is given by the equation 


ds? = dy? + dy? + Tte + dyn. 
n ĝ . k 
But i dyn = X rin din, m=1,2,'°°, 7, 
k=1 OX, 


Substituting. these values of the dym into the preceding equation and simpli- 
fying by the aid of (19), we have 


(22) ds? = dy? + dy + + + - dyn? = p (day? + dao? ++ + ++ day’). 


Hence the mapping effected by our transformation is conformal in character. 
Conversely, if a transformation of the y’s into the 2’s is such that equation 
(22) is satisfied, then it may readily be shown that equations (19) are satis- 
fied. Hence the transformation group involved in theorem III is the group 
of conformal point transformations in a Euclidean space of n dimensions, the 
coordinates of the points being complex numbers. 


§4. Determination of p for the conformal transformations. If we con- 
sider the equations ; 
Ti = Ti (Yis Yos "15 Yn) 


of the inverse transformation, then on differentiating with respect to g; we 
have 
EL l ai 


bij = Z., 
"7 k=1 Yr: Ox; 


Multiplying by @ym/0j, summing as to j from 1 to n and reducing by aid of ` 
(19) we have 


(23) = =p z> i, m = 1, 2ean. 


These equations are useful in considering the relation of a transformation to 
its inverse. 

From equations (19) or (21) we may obtain by elimination a system of 
equations involving a single one of the functions y: alone. For this purpose 
we have from (19) by differentiation the equations 

5 iu Py y g ous Pn ap 


iar Oty, 02,021 kat Île 02,021 = tij Ax; 
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On multiplying by 0yi/0c1, summing as to i from 1 to n, and simplifying i 
aid of (21), we have 





Our as Oy Oe DE a, Be ys 
x1? i Otr a 0%, Perde Ox, Bary * 


The second term of this equation may be simplified by means of the relation 





obtained by replacing k by 7 in (21) and differentiating both members of the 
resulting equation with respect to a; thus we have 


yt m | hm wmo 
-P dary? day ax k=1 OX On, ete 
t= 1, 2, ++,” 


(24) 


From (24) may be derived some consequences which will be of use later. 
If we sum as to J from 1 to n we have 





n y; n—? & Op dy; i 
(25) P X x," + 2 K Oe, Oey H 


For the case when n == 2 this shows that y, and yz are both wave-functions. 
_On multiplying both members of (24) by y;/@rm and summing as to j 
we have - 


a 


= 0; 
j=l Olm Ox)” m fay y 2 Em 





» dys 8 a 1 ô 
(26) $ ĉu y ap p 


On summing both members of this equation as to J we have 


i n n by 7 Py; m 2 N p 
Sat) 7 p> È Itm rF o 2 00m 

We may now determine* explicitly the possible values of p. For this 
purpose it is convenient to write 


(28) p= 1/0. 


* This is based on the work of R; Beez, Zeitschrift für Mathematik und Physik, 
20 (1875), 253-270; it is necessary to repeat the argument for the sake of some addi- 
tional formulae not given by Beez. Some simplifications in the computation are also 
effected. Moreover, in our problem, we have to examine a case not treated by Beez. 
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If then we substitute into (19) and (21) the values of dy:/da, and dy;/da% 
as given in (23) we have 


m Ox, OX, no Ox; Oa; : 
29 Ser T ê: ce at, eh ee è a o* 
ee) à dy, OY; ad 2 Ayn yr . ue 


Differentiate both members of the last equation with respect to y; and in the 
result replace 6x;/dy, and 0a;/Oy, by their values as given by 2) and sim- 
plify ; tons we have 











Sn In i g Pru m y be, 
w10ynOyr Pey ` ra OynOyr x “og Ôp ý 
or i 
; 0x, ) + Oar; ja 1 ô 
(80) aE Oy i: dy: o a F 
From the evident relation 
( Sue a (2 Oy1 
x | bax, Oa \ Bat; 
we have by means of (28) the relation 
ae eya ae 
02; \ o ôy bas \ o Oy 
oe ee a 
ie dyr o Oy, îr- da, \ Oy o Oy, day 
Combining this with (30) we have the relation l 
a Îr dx; ĝe bx; Oc Ae 
1 nude = lash i hcl ee ch age 
(ey) KZ ( yt ) (1/0) Oy, Oa; ðyı ût: a te ayn ) 


po with oe to Im we have 


KA )- {E (= 0x4 
Fall; ‘Oy (1 Jo) Om yr im 


sg ee Po oD Oa; \ ĉe Oa; Oo 
a a Otm \ yı / Oa; yı Lmt 


1 ĝe a2; Oo 04; Oo 


+ Sy i by z)}-— o tm \ Oy: Oxy . Oy bn 
ôo 
Fihi ic) l 


For the first and third terms in the brace { } substitute their values as given 
by (31); on simplifying we have the following equation: 
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EA 2 2 
(32) Ox, ) = Ox; Po dz; Po 


a 
tmt; (ic Oy, O%m02; yr OL mdav, 


ð Ac 1 fs dc dc dc 
+85 oe Ge ) tae ig (om tas” Gi — by x )- 


On interchanging m and j and comparing the resulting equation with (32) 
itself we see that 


33 tm Po day Po ES A (= ‘) 
(88) Oy, zt 041 Om Oxi Bim dy1 


2 ( r), = x ĝo 3 Oe 
8) Ga, Onn o a I ttm my) ` 


When n > 2 it is possible to choose ĉ, j, m all different; if we do so we have 


btm o ay Po 


ôy 0x ;004 Oy 020m 0X4 





n > 2, i, 7, m all different. 


Multiplying by 0¢m/dy: and summing as to l we see that 


Po 


eii == 0, tj, n> 2. 





(34) 


From this it follows, when n > 2, that @0/é@2; is independent of each of the 
as except vi Hence we have 


(35) o == Xi (21) + Xo (a2) +: FH Xn(an), n>, ` 


where X;(a:) is a function of 2; alone. 
In (38) take j = i and m=41; then we have 
2 e 


36 Th EA E EAN E A 
( ) yr 024? co Oy Em 82m, yt 





For each m there exists a yı such that ô£m/ðy:ı is not identically zero. Taking 
m = 1 we see that 6?c/dx,;* is independent of i if i belongs to the set 2, 3, 

<- n. Then taking m= 2 we see that @o/dx; is independent of 4 if ¢ 
` belongs to the set 1, 3, 4, >> +, n. Hence when n > 2 it is independent of i 
for i==1,2,°--,n. But from (35) it follows that #°o/éx,? is a function of 
x; alone. It must therefore be a constant. Calling this constant 2c we may 
therefore write 

Po 


(87) Trè = 2¢, i= 1,2, nm n>2 
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Before undertaking to evaluate o completely it is desirable to obtain still 
another simple restrictive condition on it. In (82) take j = i, m At, n > 2, 
and simplify by aid of (34); thus we have 





r # das 1 @ ĝo 1 ĝe ad . 
ita er) — (E — F btm dy? mA, N>? 
In o take m = i, j Æi n > 2, and simplify by use of (34) ; thus we have 
bzi 1 da; Po 1 ĝo ĝe erges 
mi; (% ayn J= e yı ioe tF m Oa? 17% ee 


In the last equation change j to m, subtract the resulting equation mnit 
by member from the preceding one, and simplify; then by the aid of (34) 
we have 


2 ĝo do dam, Oo ==. ) 
o` Iyı Em By, Oa,” ie yi 








a 2 do da, 
= irm 2 Ox, y 
ate w, oa a i ) 
_ 02m? Oyt k=1 02% 02m, ôy 
Ro 02m, 1 oc «6 Oe Oy, 1 04%, L 
PL ie ON eR a Am MY S 
Om? OYI + © Otm 2 ze y o y 2 (00/8) 
1 
o 02m, Oy j 


the last line being obtained by aid of (31). Hence, since ô&m/ðyr is cer- 
tainly not zero for every I, we have by aid of (37) 


us o Pe 


(88) = (o/d)? = “tae + o = 4o, n>R. 


For determining o there are two cases to be examined. Suppose first 


that c is different from zero. Then from (35), (87), and (38), it follows 
readily that o has the form 


(39) o =c Š (tr — ax)?, cÆ0, n>R, 
; k= 


where as, ass ‘ *, a, are constants. Later we shall show that this value of o 
does indeed belong to a possible transformation. 
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Suppose * next that c—0. Then from (37) and .(35) it follows that 


g is a linear function of 2, %2,-° +, a. If we write 

(40) o = Bit, + Bate ++ +» + Brite + B, n> 2, 
we see from (88) that we must have 

(41) Bo + Be? + + + Bn? = 0. 


The transformations which arise for such values of ¢ will be considered later. 
In particular we must consider the case when œ is a constant, that is, when 


Bo Bo, * * +, Bn are all zero. 


§5. The determination of w. By means of conditions (8) and (9) in 
theorem I or the equivalent conditions (14) and (15) in theorem IT it is, 
possible to find the value of w explicitly in terms of p. For this purpose we ` 
multiply both members of (9)*by dy:/0a1, sum as to 4 from 1 to n, as) aes 
by aid of (21) and reduce ; thus we have 





1 ow 1 2 oy; dyi 


= = REEN 
w dx, s 2p ifi O01 rel Olr? as gare rS 


On simplifying this equation by aid of (27) we have 
‘—— log w = — a Oe a a >- (log p), i—1,2,- 


“Hence except for a trivial constant factor ae equal to unity) we see from . 
this equation and (28) that 


n-2 2-0 


(42) iS w=p? =p ê. 


Thus w is completely determined in terms of p except for a constant factor. 
When n =? we have w= 1. ; 
We shall now show that this value of w may be used to replace equation 
(9) in theorem I and equation (15) in theorem II. For this purpose it is 
sufficient to show that (9) is implied by (8) and (42). In this proof we - 
may use equations (21) to (27) since they are all implied by (8). Differen- 
tiating both members of (42) logarithmically we obtain the equation preceding 
(42) ; thence by the aid of (27) we pass to the first equation of this section. 
On multiplying both members of that equation by @y;/0r, and summing as to 


* The case c = 0 is not treated by Beez in the article already cited. 
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1, we obtain an equation which reduces readily to the form of (9). Hence, 
‘in theorems I and TI equations (9) and (15) may each be replaced by (42). 

Equation (42) gives the value of w for the transformation groups in- 
volved in theorems I and II. In the case of theorem III we saw that the 
corresponding quantity w must be a constant, whence it was taken to be unity. 
When n =? it is unity even in the cases of theorems I and II. When w is 
unity the wave function is an absolute invariant in the usual sense of the term 
in the theory of invariants. The same is true for solutions of equation (13). 
Also we have absolute invariants in all cases when p==1. In general, the 
solutions of equations (1) and (13) are relative invariants, the multiplying 
` factor w being a power of the Jacobian J of the transformation, since as we 

see from (20) and (42) we have f 


N-2 


(48) l w= J 





By aid of the values of o given in (39) and (40) it is seen that w, as 
defined by (42), satisfies equation (10). From this it follows that condi- 
tions (8) and (9) in theorem I are superfluous, except as they are involved 
in finding the value of w in terms of p. Hence the groups involved in theo- 
rems I and III are the same. With the given possible values of o, and’ hence 
of p, and by aid of (42), it is seen from equation (16) that p must be unity 
in the ease of the group in theorem II. l 

§6. The case when p is a constant O. When p is a constant C, whence 
o is a constant, the second member of equation (31) is zero. Hence with the 
aid of (23) we see viat 





a) TIE 1 Oy 


-5 ôy E Cc îr c xbr 


From this it follows- that each function y: is linear in the variables 2, %2, 
> 2n. Then we must have y; of the form 


(44) © Yi = atı F ajata + * F ajnn + ajs j=l, 2, e,m 


Nécessary and sufficient conditions that equations (19) are satisfied are then 
the following: 


n 
(45) . > Ona, = 850. 
k=1 


When these conditions are satisfied we have in (44) transformations belonging 
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to the groups involved in theorems I and III. In order that the transforma- 
tions shall belong to the group involved in theorem II it is necessary to add 
the further condition that C shall be unity, ds one sees by the aid of equation 
(16). In view of the result at the end of § 5 it is then seen that the trans- 
formations (44), with the named conditions, constitute the whole of the group 
defined in theorem III. 


§7. The case when n= 2. When n=? it follows from equation (42) 
that the function w of theorem I is unity. Hence, when n == 2, the trans- 
formation groups of theorems I and III coincide and each of them is the 
group of conformal transformations in the Euclidean plane. This group is 
sufficiently well known to justify us in not treating it further. The results 
given in the next section, however, are valid for all values of n. 


§8. On the lise of possible solutions when p is given. From (23), 
(19) and (21) we see that 


Poa 


SE (ayer) SM Be (ayy) SM om ae. 


Hence the value of p for a given transformation is the reciprocal of its value 
` for the inverse transformation. f : 

Again, if we have a second transformation of the y’s into 2’s we have an 
equation of the form 


toe d 
il Oys Pyr 


Then we have 








= EA 82; S & Fee y zy Ym 
k=1 Ot, Er o > p> = yr bay Pym Or, 
7 = n n z: 82; n byt Pym 
Cimi Yı Oym jai IEn OTe 
Sa ee 
m=1 OYm PYm 
= ĝi pP. 


Hence if two transformations have the characteristic functions p and p then 
the product of the two have the characteristic function pp. 
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Now let S and T be two transformations with the same characteristic’ 
function p. Then ~! is the characteristic function of the inverse 81 of 8. 
Hence the transformation S-1T has the characteristic function 1. If we write 


SIT =I 


then J is a transformation with the characteristic function 1. But from the 
last equation it follows that T — SI. Hence if two transformations have the 
same characteristic function p then either one of them is equal to the other 
multiplied by a transformation with the characteristic function 1. In § 6 we 
have already determined all such transformations and have seen that they are 
linear. It follows that if we have a particular transformation associated with 
a given characteristic function p we can determine at once all the transforma- 
tions having the same characteristic function. Therefore it will be sufficient 

' henceforth to determine only a single transformation having a particular char- 
acteristic function p. i 


§9. The case when o is a quadratic function and n > 2. The necessary 
form of o in this case is given by equation (39). It remains to construct a 
particular transformation: associated with this value of o. Now we have 


w geuga E) 





= (1) & 3 (E) E $ pa Bo 80 ‘Otr Ilm 


51 mama Îr em yı Oy 
k 


= (1/0?) > (2 y- -4¢/o, 
the last two members being gotten by aid of (23), (21) and (38). On com- 


paring with the paragraph containing equation (39) we see that constants 8 
must exist such that 


1/e = 6 $ (Yr — Br)”. 
il 


Comparing with (39) we see that we must have 


> (Tr — ar)? ` > (yx — Bx)? = 1/c*. 
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‘This suggests the inversion transformation with respect to an n-dimensional 


sphere and hence the solution 
yi — Bi = aesa A a 
OTE OET 
It is readily verified that these values of the y’s satisfy equation (19) for the 
given value of ø. Hence they afford a particular transformation associated 
with the given value of o. The remaining transformations associated with o 


tol, 2: ++, m 


_ are then determined by means of the results in § 8. 


On taking appropriate translations in the «-space and the y-space re- 
spectively and adopting a convenient magnification in one or both spaces we 
may reduce the preceding transformation to the case in which c == 1 and the 
œs and #’s are all zero. This change can be effected by means of linear 
transformations belonging to our group. Hence, except for suitable linear 
transformations, the preceding: transformation may be written in the form | 


(47) yi =i /s? where $ = a," -+ a? ++ > ++ a7, 


This is a real Cremona transformation of period two. It leads us to the follow- 


ing known theorems * (in the first case by the aid of the value of w given 


in §5): 


Tororem IV. If u= f(t, te,° ++, Un) is any solution of the wave 
equation (1), then 


1 , . 
u= gre f (21/8, 2/8", ++ *, &n/s*). 


is also a solution. 


THEOREM V. If u= f(t, £a" ` >, Un) ts any solution of equation (17) 
then ! f 
u= f (2/8, 22/9, ++, n/S). 
is also a solution. 


$10. The case when o is a linear function and n> 2. In this case o 
has the form given in equation (40). From (46) and the results at the end 
of § 4, the latter carried over to the inverse transformation, it follows that we 
have 


(48) l 1/0 = yy H yY bt H Ynt y 


* For the case n = 3 see Kelvin, Liouwille’s Journal, 12 (1847): 259. For genet 
n see Bocher, Bull. Amer. Math. Koc., 9 (1908): 459. For n == 4 see Bateman, Proc. 
Lond. Math. Soc., (2) 7 (1908): 75. The methods of the present paper are different 
from those of these authors. : 
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where yis Yo ° © °> Yn Pe constants such that 
(49) ye bye tt tt yn? = 0. 
From (40) and (48) it follows that 
(50) © (Bia + Bate ++ + “+ Brain + B) 
| (nts trays bo trate ty) = 1 
By aid of (23) equation (31) may be put in the form 


(o 2 w) = yı do ôy do 3; 8(1/c) 
Ox; 


ZA bsi ðe Oxy ð Oy 


In the present case, by aid of (40) and (48), this equation reduces to 





Py A fe bie ee 
cg, rðr; + Bj - + B: + i Ye = 0. 
On making the transformation 
(51) yı = ttr 


` the equation takes the form 


Oty . 
Barbe; TBH = 


On taking + and 7 different in this equation one sees that ¢; has the form 


tı = Ty (a1) + Tie(*e) +: ++ +Tin(4n), 


where T:(%,) is a function of æ; alone. Moreover, on taking j==% we see 
. that each 7'14(ai) has its second derivative with respect to æ; equal to — yu. 
Hence t: can be written in the form 


b= gyi (z? + (Zie + Tr?) + ent, -H Erte fet H ernan +a 


where the es and 7’s are constants. Then from (51) it follows that we must 
have ; 


(52) oy: =— fyi (a? +r? +--+ Er?) + EiT + ciato H’ + + Einn -+ Nis 


he i= 1, 2, n, 
ny 


where the constants 8; and y: satisfy conditions (41) and (49). Since it is 
8 
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necessary and sufficient that the y: shall satisfy equations (19), we now impose 
the conditions stated in these equations. Thus we have 


ôy: ôy 
Kel OL, Ox 





833 == o? 
=> (vite -+ Bryi — eiw) (yi%e + Beyi — ex) 


== $ eanes + ying + ymi — Yi D Bre + Byl — y; L $ Brein + By 
k=1 k=1 k=1 


the last member being gotten by aid of equation (41). Hence, in order that 
the transformation defined in (52) shall be effective, it is necessary and suff- 
cient that the constants involved shall satisfy the following conditions addi- 
tional to that expressed in equation (41): 


n n 
(58) È ement ym tym = E Brew + pyi = 0, 
o i © j=l R, t, m 

It thus appears that condition (49) must be implied by (41) and (53), since ' 
there was no need of employing (49) in the derivation just given of the 
necessary and sufficient conditions that an effective transformation shall be 
afforded by equations (52). s 

We have seen that the y’s must satisfy (49). From (40), (50), (52) we 
see that the following conditions also must be satisfied : 


n n 
(54) È ymt =l X nmt Bi 0, i=l, Bo, 


It is clear, however, that these conditions on the consuls are not independent 
of those previously derived. 
Let us apply the linear transformations of § 6 to simplify transformation 
(52). By a translation of the x-space we may reduce 8 to zero. Similarly 
. by a translation of the y-space we may reduce y to zero. Now at least two of 
‘the quantities £, Bz * °°, Bn are different from zero, since the sum of their 
squares is zero and we are supposing that o is not a constant. Without loss 
of generality we suppose that Bn-154 0, Brs£0. If we now replace a; by 
V—1 x; /Bn, t= 1, 2,° °°, n, we have a linear transformation belonging to 
those in § 6. In terms of these variables o has the form 


e= Bie,’ + Botts! a Oo ae Bites +V—1 ra. 


where 


BP + Be +s + Beal 


3 
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Now if we revolve the (n —1)-space 2’. = 0 in such a way as to leave the 
(n—1)-space 2,’==0 invariant, we can bring the former into coincidence 
with the (n—1)-space Biss +: +++ Buat'na=0. Let a”, mo’, °°, 
L'n- n” = Tx’ be the new coordinates after this révolution; then o has the 
form o= "n1 H V— 1 t”. The transformations employed all belong to 
the group of § 6. Hence, by means of transformations belonging to the linear 
group of § 6, we can reduce o to a normal form in which the coefficients 8 are 





B= Bi = B.=" i ‘== Bn-2 = 0, Baa = 1, Ba = V>]. 


Let us now take the original value of o in this normal form. In view of 
the results in § 8 it is sufficient to obtain a single transformation of the type 
of (52). In order to find a convenient one we may also similarly normalize 
the y-coordinates so that y = yı = y: =" = Yn-2 = 0, yaa = 1, yn = Vi. 
Then it is easy to obtain a particular solution of equations (53). Thus we 
have for a particular form of transformation (52) the following: 


Ti : 
= = 4% == Í; pA EEE 2 
á Gna F V— i1 tr ? , à . í 
1—s? 
_ (58) Qo, 
ie 2 (En-1 + V—1 Tn 
j 14e 
4 2V— 1 (na + V—1 In) , 
where s? == ,? + a? p’ e e H ta’. For this transformation and the resulting 


theorems in the special case when n == 4 see Bateman, l. c., p. YY. 
Then we have the following theorems: 


Turormm VI. If u= f(t, %2,°**, Za) is any solution of the wave 
equation (1) then . 
l u= (Eni + vV— 1 En) (Yrs Yo, Peg Yn) 
is also a solution, the functions y: being defined by equations (55). 


Tueorem VII. If u= f(t, Te, °° *, Za) is any solution of equation 
(17) then u= f (Yu Ya *, Yn) is also a solution, the functions y, being 
. defined by equations (55). 


The transformation defined by equations (55) is an imaginary Cremona 
transformation of period two. -A real Cremona transformation of period two 
in 2n variables may be obtained from it by separating the given variables into 
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real and imaginary parts and equating the real and imaginary parle of the two 
members of each of the resulting equations. 


$11. Summary of results. Some results proved but not explicitly stated 
in the foregoing sections may be summarized in the form of the following 
theorems : 


‘Tuuoren VIII. The transformation group involved in Theorem I and ` 
that involved in theorem IIT are the same. The group is that of the conformal 
transformations in space of n dimensions characterized at the end of §3, 
imaginary transformations being allowed. The transformation group of theo- 
rem II is that subgroup of the foregoing in which p==1. (It is completely 
characterized in § 6.) 


THEOREM IX. The conformal transformation group of theorem I or III 
(see end of § 3), when n > 2, is generated by the linear transformations of § 6 
and the two particular transformations (47) and (55). 


By means of the transformation indicated in the second paragraph of the 
introduction, it is seen that the two particular transformations (47) and (55) 
are real when they are taken in the form applicable to the wave equation as it 
is generally? written by the mathematical physicists. i 


_ Transformations Leaving Invariant the Heat 
Equation of Physics." 


By Joun A. Gorr. 


We shall write the general heat equation in the form 





l dv n y : 
1 = -— = 0. 
(1) OY + z yr? 7 
For the case when n = 3, the transformation yy = — cpt/k, y= T, Ye = Y, 
Ys == z reduces equation (1) to the classical form 
dv ay . Ay 3w ) 
ea T Ae y e) 


of the heat equation of theoretical physics. 


§1. The Partial Differ ential Equations Defining the Transformation 
of the Heat Equation into Itself. Let the function v(yo, Yı, Yo °° *» Yn) 
be a solution of the heat equation (1) and consider the transformation, 


(2) o Sees 0(Yos Yip" 5 Yn)» w40, 
where w is a funcion of To, tı, *' *, &n. Also the functions Yo, Ya, °° +5 Yn 
are to be functionally independent functions of a, a, * * +, % so determined, 


` in connection with w, that whenever v satisfies equation (1), u will ately 
the following ‘equation: 


: l ðu n Pu 
(3) = + > toe = 0. 


We shall prove the following theorem: - 


TaeroreM I. Let w, Yo, Yin" * `, Yn bea set of functions of £o, U1,°°* *, En 
such that Yos Yı * °°, Yn are functionally independent and ws40. Then a 
necessary and sufficient condition that every solution of (1) shall be trans- 
formed through (2) into a solution of (8) is that the functions w, Yo, Yi ` 

“`, Yn shall satisy the following conditions: a function p exists, not iden- 
tically zero, such that 


w gew 
029 ia Iar 


(4) = 0, 


* Written with the aid of the foregoing paper by Professor Carmichael. Refer- 
ences to Carmichael’s paper are indicated by prefixing the letter C; thus, (C30) refers 
to Carmichael’s equation (30). 
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Py; z ðw Oy; ôy; , 
6 7 _ = 2 e a a 
f ) v 2 avy? 7 Pg 2 ‘Oxy Day +w PA 0, j=l, 2, >, 
n ĝyi Oy; wo of 
S aa a m tj = eae 
‘ ( ) i 02, Tr bis P> 4, J 1, 2, sh, 
n Oyo 2 bw AY, ðyo = 
st i k=1 Irr? + : 2 Ox, Er + y 0a, = Wp, 
(8) 5 Yo 85 = 0, j=0, 1,2, e,n 


k=l AA Oz 

Since 1, yj, yey; (t54J), and y? — yn? (i, j= 1, 2,*' +, n) are solu- 
tions of (1), it follows that the functions w and y; must be such that w, wyj, - 
wyiy; (1547), and w(yj;? — yn?) for i, j= 1, 2, ++, n are solutions of (3). 
These facts imply equations (4), (5), and (6). Substituting the value of u 
from (2) into (3) and simplifying by aid of (1), (4), (5), (6), we have | 
dv 2 Yo 


2 dw Y 
wid pe LE 2 2 
0 o { w k=l VAn Aa nn 2 tr Oa, 


Yo 
+ w dz, con wp } 





n Oy n Yo Oy; 
ee È ts kel day, Bay, 
Po z a 
+o ae 2, m) 7 
The particular solutions of (1), namely, y,— 4yj? and yoy; — Wy; 
(j=1, 2,- ++, n), show that (7) must be satisfied and that (8) must be 
satisfied for j= 1, 2,---, n. That (8) must also be satisfied for j= 0 
then follows immediately. The conditions of the theorem, with the exception 
of the condition that p be not identically zero, are thus shown to be necessary. 
Formulae (C19) and (021) can be used since both of these are implied 
by (6). Let us multiply (8) by ĉy;/ðyı, sum as to j from 1 to n, and sim- 
plify by means of (C21) getting 





ðyo a 
(9) a =0, T==1,2,°+', m 


Then (7) becomes 


dYo __ 
(10) pris 


The Jacobian (functional determinant) is 








which becomes, by virtue of (9) and (10), 
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oa by; ee a 
: J = p day j, k=1, 2, s ty, 
so that i 
(11) tae by (C20) 


Consequently it is necessary and sufficient that p be not identically zero in 
order that the functions yo, Y1, * * *, Yn be functionally independent functions 
of Ty %,° °°, Gae Moreover conditions (4) to (8) can easily be seen to be 
sufficient conditions. Hence the theorem. 

§2. Determination of w, Yo, ¥1,° * *, Yne From equations (9) and (10) 
we get 


Op l ae bears 
(12) qe =o, l EE E eee 


so that p is a function of v, alone. If we consider the equations 

Ti = Ti (Yos Yop’ 2 Yn) i=1, aye F n, 
of the inverse transformation, then on differentiating with respect to aj; we 
get 


n 2 da, ô Sri 

ty — 2 e a t, j= 1, 2, t>, M 
Ther by virtue of (9) we have 

7 n On; GOA S aa ek 
, bi = a dyn dn; s n j=l, 2, > 
Hence we can use equations (031) and (C23) together with (12) to show that 
ys ae ae i 

(13) mig Th j,k, l=1,2,+-+-, 0, 


The functions y; are then of the form 
(14) - Yj = 0718, F ajta +: e e- ajnty + aj, . j =1, 2, syn 


where the a’s are functions of v, alone. 
In view of (13), equation (5) becomes 


Oy; z A(logw) ay; : 
(15) Dro 5 = 2 02m, 02m 2; i= I; 2, “ty 1s 
Now (6) implies that 
& Oyy dys ‘ 
(C21) 2 eager A duip, k, l= 1, 2, e,m 


Differentiate both sides of this equation with respect to s, and then by means 
of (15) obtain 7 
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z @?(log `w) 5 Oy; yy n (log w) & y; Oy 
mal 98,021 fa ae DEn mal OL OL, ja ĝt Em 
“O(log w) 8 & îy; yi Op 
mal 92m Om $, Ore day °- an to ý 


k, l= 1, 2, e,m 
When this is simplified by means of (021) and (12), the result is 
3 (log w) . ; 
(16) aCe) = — 4 ðu p/p = — fdr b, ; k, t=1, 2, ` ee, M 
where p’ denotes the derivative of p(a) with respect to its i For 


convenience we have denoted the ratio p’/p by &. 
From (15) with the aid of (18), (14) and (16), we get 


dy; 
02,021 





= $é ajy fp dae, Bye ym 


But from (14) alone we can obtain directly, 


Oy; g 
Tata = djy. js I= 1, 2, ++, 0. 





where the prime denotes the derivative with respect to a. Consequently l 
a'ji = $ ajı p’/p, whence - 


Gu a= On È, b I=1l, 2an 


where the quantities Cj; are constants. These results show that the y; can 
be written in the form, 


(18) vip {È Cjmtn + yi}, 

where, by virtue of (6) and (C21) the constants satisfy the conditions 
n 

(19) D Ciklin = 845, i j= 1,2,-+¢,n, 
1 , 


and the y; are functions of s, alone. 
From (16) we see that log w is of the form 


(20) _ log w = — 46S (tm — 8n)? +8, 


where the functions B are functions of x alone. Moreover, since w must 
satisfy (4), log w must satisfy the relation ` 


(21) ae), w) $ 5 ZEE w) af = AE) 2 


From this, wi the aid of (20), we obtain the following equation: 
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(8) 40 3 (tm — Bu) B’m +R — (0/4) t 

+ (1/16 —42) $ (tm— Bn)? =0., 
This equation implies that - 
f (28) E == 20’ and fp’ = (n/4) £; 


and, if ¿x£ 0, that f 
(24) . BP'mnm=0, 0 , m= 1, 2, °°,” 


Now form @2;/év, from equation (18) and compare with dy;/0x, ob- 
tained from (15) with the aid of (18) and (20). This leads to the following 
differential equation: i 


(25) itd +S CimBm = 0, j=1, 2, e,m 


Remembering that ¿= p/p and supposing for the moment that p is not a 
constant, we then see, by aid of (24), that 


. n 
(26) l ; u -2 CimBm + C;/ph, j=l, Be te 


where the O; are constants. In this case the Bm are also constants. Conse- 
quently (18) becomes . 


RESA ' n 7 7 
(27) E i= pe x O im(Em — Bm) + Ci, J= 1, 2, syn, 
m= ; 


when p is not a constant. 

§3. The Case when £==0. In this case p= k? = constant. From 
(25) we see that each y; is a constant which we may choose in such a way as 
. to enable us to write 


n 
~ (28) Y; = k X Ojm(am— Bm) - j=1, 2° °°, n. 
m=1 ` 


where the constants Cjm must satisfy conditions (19); namely, 
n 
(19) CimCim = 8:3, j=1, 2, e, 
mal 
From equation (10) we see that y, is of the form 
(29) Yo = ke? (To — Bo). 
Furthermore from (2) and the last of (23) (which becomes 8’ = 0) we see 
that w is a constant and without loss of generality we may take - 


(30) w=1. 
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If p? = 1, we may write (28) and (29) as follows 
R i ° 
Y= = Cim(2m— Bm); j==0,1,2,°-°, 0, 
m=0 : 


where Com == Omo == 8ym. Then 


dys Oy; goo ; ja TE 
= atx ax, —— 5:3, ty = 0, 1, 2, > n; 
for if j==0 and i540, it reduces to 0; if j= 0 and t= 0, it reduces to 1; 
while if i40 and 7540 it becomes simply 8;; by (6). These results show 
that the transformation described by equations (28), (29), (19), and (80) 
is conformal when $ = 1. 

84. The Case when £540. By using equations (23) we get the fol- 
lowing particular solutions: 


(31) E = — 2 / To p= 1/x’, B= log 27/2); 
whence by aid of (20) and (27) we have 
ay? Ae EE } 


> Yj == Ej / W 
42, > Yi i/ Q3 


(82) w = go ™2) exp { 
j=l, 2, e,m 
By (10) we have 
(83) yo =— 1/2. 7 
The constants which have been omitted in obtaining these particular solutions 
can be removed by a transformation described under § 3. Thus we can state 


the following theorem : * 


THEOREM II. If u= f (£o Sı * `<, £n) is any solution of the heat 
equation (3), then 


u gtd exp a } 
4To 2 


f (—1/%, %1/%, %2/%o,* * *, @u/L) 
is also a solution of (3). 
§5. Summary. The results show that the transformation ‘of theorem 
IT together with the transformations described by equations (28), (29), (19), 
and (30) generate all the transformations of the form of equation (2) which 
leave the heat equation invariant. 


* Fer the case n = 3 see J. Brill, Messenger of Mathematics, 2 (1891), p. 187; 
for the case n== 1 see P. Appell, Journal de Mathématiques, (4) 8 (1892), p. 187. 


The Application of Fractional Operators to 
Functional Equations.* 
By H. T. Davis. : 


‘1. Fractional Operations. In a recent paper + the author showed how 
it was possible to express certain types of integral equations as differential 
equations of fractional order and by operating on the latter to obtain solu- 
tions of the original equations. Since that time several examples of such 
equations have come to his attention, but the methods of solution employed 
in these cases made no use of the idea of fractional operations. For example, 
John R. Carson in a series of papers { has made an analysis of the calculus 
which Oliver Heaviside developed and used so effectively in the circuit -prob- 
lems of electrical theory. Carson shows very elegantly how the Heaviside 
calculus is formally equivalent to the process of solving an integral equation 
of the form 


f(a) = f a e*tu(t) dt, 


but he does not point out the interesting fact that the most striking feature 
of the Heaviside calculus is also a special application of the fractional operators 
-of Riemann. In particular, the series expansion of the Heaviside operator 
for the general case of the non-inductive cable which Carson characterizes as 
“hopelessly complicated to either interpret or compute” is reduced with con- 
siderable simplicity by the methods of this paper.{ 


* Presented to the Indiana Section of the Mathematical Association of America, 
May 8, 1926. ' 

t“ Fractional Operations as Applied to a Class of Volterra Integral Equations,” 
Theo Journal of Mathematics, Vol. 46 (1924), pp. 95-109. 

£“ Theory of the Transient Oscillations of Electrical Networks and Transmission 
Systems,” Trans. A. I. H. H. (1919); “ The Heaviside Operational Calculus,” The Belt 
System Tech. Journal, (1922) ; “ Electric Circuit Theory and the Operational Calculus,” 
Ibid., Vol. 4 (1925), pp. 685-761; Vol. 5 (1926), pp. 50-95; Bull. Amer. Math. Soe., 
Vol. 32 (1926), pp. 43-63. 

§ Electromagnetic Theory, Vol. II. 

|| A similar observation has recently been made by P. Levy: “ Le calcul symbolique 
d’Heaviside,” Bulletin des sciences Mathématiques, Vol. 50, 2nd series (June, 1926), 
pp. 174-192. 

{ Bell System Tech, Journal, Vol. 5 (1926), p. 59. 123 
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It seems important, therefore, that some effort should be made to give 
wider introduction to these fractional operators and to suggest that a standard 
symbolism be adopted for them. The great elegance that can be secured by 
proper use of fractional operators and the power which they have in the solu- 
tion of complicated functional equations should more than justify a more 
- general recognition and use. The aim of the present paper ‘is to present the 

case of the “fractional calculus.” 

The idea of fractional differentiation was clearly in the mind of Leibnitz 
who said in a letter to G. F. A. de ’Hospital in 1695 that he was considering 
the meaning to be attached to d#/da*. The first real use of fractional opera- 
tions was apparently made by Abel who, as early as 1823 used both the sym- 
bols d-#/da* y(x) =1/Vr Sty(z) dz and y(x) = Vr dis/det in solving 
the problem of the tautochrone.* 

Although there is mention of fractional operators in the works of Euler, 
‘Laplace and Fourier, it was J. Liouville who first made an extensive study 
of the new calculus. Altogether he devoted eight memoirs totaling about three 
hundred pages to the subject making application to problems in geometry and- 
mechanics.+ The effectiveness of this work was somewhat limited, however, l 
by the fact that a specialized definition of fractional operations was employed. 
Most of the modern work in this field goes back to Riemann who, in a paper 
developed during his student days but posthumously published, gave oe 

definitions of fractional differentiation and integration.} - 

Slightly generalized these definitions may be stated as follows: 


By the fractional integration of a function w(x) we shall mean the 
operation 


Da”u(a) =f" ea u(t) dt, v>0, (1) 


and by fractional differentiation, 


qmet 2 (s — t)? i 
Tami Taa A dt, m= 0, 1, Ree ac 


» Ocv<cl. (2) 


Daru ( v) pan 


* Solution de quelques problèmes a Paide d’integrales définies.” Werke (1881), 
Vol. 1, pp. 10-27. 

f Journal de Vécole polytechnique, cah. 21 (1832), pp. 1-69; 71-162; 163- 186; cah. 
24 (1835), pp. 17-54; cah. 25 (1836), pp. 56-84; Journal fiir Mathematik, Vol. 11 
(1834), pp. 1-19; Vol. 12 (1834), pp. 273-287; Vol. 13 (1835), pp. 219-232. 
. $“ Versuch einer allgemeinen Auffassung der Integration und Differentiation.” 
Gesammelte Werke, Leipzig (1892), pp. 353-366. - 
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It is important to note that the constant “ c” is a vital part of the opera- 
tional symbol. Thus Riemann let ¢ = 0 in his original definition and Liou- 
ville let c = — o. . 

Various symbols have been suggested for these operators. We have 
already mentioned d’/dz’ and d-’/dz’, but they are somewhat cumbersome 
and do not convey information regarding the lower limit of the integral: 
This symbolism was effectively used by Liouville who, as has been stated, 
employed a fixed limit. Emil Post in discussing the solution of the problem 
dty /dat — y/% = 0 in the Mathematical Monthly several years ago * suggested 
the use of the symbol {d-’/da”},*. Riemann used ôs” and 0,” for his opera- 
tors and P. Levy in a recent paper + employed the symbols I,”[¢(x)] for 
integration and D.z”[¢(x)]| for differentiation where the lower limit of the 
integral was zero. In a contribution to the subject by H. Laurent in 1888 


. & J. 
we find the operation expressed by zi -[ J. Hadamard, who made funda-. 


mental use of Riemann’s operator and gave some generalization to it in his 

work on analytic functions, employed Dz’¢(x).§ The mathematical encyclo- 
l pedia, to which the reader is referred for a longer bibliography on the subject, 

uses De” f(x) as a symbol for the general operator.|! Since all of the informa- 

tion is conveyed in a simple manner by the symbols Ds”u(s) and -D,”u(z) 
and since they are only slight variations of those which appear to have had 
the largest usage, the author has adopted them in his work. It is occasionally 
convenient to use the easily understood abbreviations u (x) and u” (s) 

when there is no question as to the lower limit of integration. 


2. Some Properties of the Operators. For convenience in reference a . 
few of the properties of fractional operators will be stated. Where proofs 
have been omitted they will be found elsewhere. 

The significance of the definitions given in the preceding section attaches 
to the fact that ; i 
Dat[u(e) +o(2)] = Dat u(x) + Dat v(z), eed 

Doth u(x) = k Det u(a), (3) 

De" Da ule) = De! u(a). 


* Mathematical Monthly, Vol. 26 (1919), p. 37; see also Vol. 25 (1918), p. 172, 
problem 433. . 
: t Bulletin des Sciences Mathématiques, Vol. 47 (1928), pp. 307 and 343. 
ł Nouvelles’ Annales, series 3, Vol. 3 (1883), p. 240. 
§ Journal de mathématiques, Vol. 57 (1892), p. 154. 
|] Eneyklopddie der Mathematischen Wissenschaften, II, A, 1, pp. 116-119; II, A, 
11, pp. 770-772, Also Eneyclopédie des Sciences Mathématiques, T. 11, V. 5, fas. 1, 8. 
-J Davis, loc. cit. - 3 
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The analogue of Taylor’s theorem is found in the following development 
_ of the integration operator: 


Da? u(2) = wis > a eee Le— 0)" um(a). (4) 


This is easily proved by replacing u(t) in (1) by its expansion about the 
point x. We thus get, 


Deru(2)— f? CTET S umg 2" 


Th) A ae Ae 


which easily reduces to (4). l 
Another useful expansion is that analogous to the formula of Leibnitz 
which may be stated as follows: 


oDe” [U (x) V(x) |] = U(x) V™ (2) — vU’ (x) V (x) + 
rt) U” (x) Vor (g) — +. (5) 


In the application of these formulas it is often useful to note the fol- 
lowing derivative: 


If v(x) = J a g) g(a, tula). ds, we then have 





(=s 
v(a) = We senda) + fF EERIE, us) as 
+f, ES vow. 6) 


This formula can be established pe method of “ partie finie” due 
simultaneously to R. D’Adhemar and J. Hadamard in 1904.* 
. Let us write 
ve (2) -f (e—s)” ds; 
since there is no longer a singularity in the integrand for the upper limit of 
the integral, we can apply the ordinary rule for the differentiation of a func- 
tion defined by an integral. We then have 
du,(x z-e f O/dx g(x,8) uls 
alia f” I LA + glas) u(s) 0/dx (æ — s)” \ ds 
T, T — e) ul e— i 
+ of 3 (z—e) | 


* R. D’Adhemar, Thesis, Journal de Math. (1904); see also Hwercices et leçons 
@analyse, Paris (1908), p. 150; J. Hadamard, Congres de Mathém. (1904), pp. 265-271. 
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Since 0/dx (e — s)” =— 0/@s (x —s)”, we can substitute this value 
in the integrand of the preceding integral and integrate by parts. We then 
get, . . 

doce) _ + Ae g(es)ule) + 1/0 (02.8) e] gy 4, Doto, 
dx Je (x—s)” (z — e)’ 
and in the limit we have formula (6). 

It will be useful in another section of the paper to know that the well- 

known operator : * 


(d/da + hk)" f(x) =e* dv/dan {e f(x)}, n a positive integer, 
is also’ valid for fractional values of n. This can be proved by means of for- 
mula (5). 

We first write, 


eke qr | da” { gke fC æ) } = g KI ane 


dgm-# 





{ek f(x) }; 


where m is an integer and p a fraction between 0 and 1. Then in (5), setting 
U(x) equal to e* and V(x) equal to f(x), we get, 





ee FE (io) — 
eke dm /dam [o {FW (æ) — pkf ord p a td) fD eo oy] 
eke qmjdam [ek {1 — phat + etd) Kee? + Sf (2) ], 
where we have used the abbreviation z = d-4/da-1. This expression then re- 
duces to 
ete am /dam [ot (14 k/2)# f% (2)] = 
(daz + K)” (1 + k/ay* f (2) — (d/de + k)" f(a). 


3. The Solution of Fractional Equations. One of the simplest. cases 
of fractional equations'is that of the linear equation with constant coefficients, 
involving derivatives (or integrals) of orders which differ by multiples of 1/n, 
n an integer, from one another. Thus let us consider the equation, 


E(u) = Agu + Aw 4 Aum 4. - -+ Anau N = f(x), (7) 


* J. Edwards, Differential Calculus, 3rd ed., London (1904), p. 70. 
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-where we have designated by u™ the derivative .D.”u(x). The function f(s) 
will be characterized later. l i 
If we replace u(«) by d/da f7u(s) ds and the fractional derivatives by 
their formal values we see that (7) is equivalent to the following functional . 
equation : 
dad ("° G(z,s) u(s) 
dë J o (w—s)ti/n 


ds=j(2), 


where f 
= í 5 > $ An- 
G(a, 8) = A,(a—s)1-1/0 4. aie (a—s)12/m fee EET : 


Upon integrating both sides we arrive at the integral equation : 


Í: quae u(s) ds— f f(s) ds. 


The existence theorem is well known and has been stated under a variety 
of conditions for f(z).* -It is sufficient to assume that f(x) is analytic in the 
neighborhood of z= c. Since the first equation is derived from the latter 
by differentiation, it is clear that a solution of the integral equation will also 
be a solution of its derivative. i 

Having thus assured ourselves of the existence of at least one solution of 
equation (7) we can proceed to find this solution by the following formal 
method. This method will be found to apply equally well to an equation 
involving fractional integrals differing by multiples of 1/n from one another 
and since the details are essentially the same no separate discussion will be 
made of this case. 

Representing (7) symbolically by P, 


P=A, + A,zgi/n + Agg?/n + ry + Antin, 


we can rationalize this algebraic equation in the following manner. Multi- 
plying P successively by z1”, 2?/", etc. we get the system of equations, 


P = Ao + A,gi/n + Apg2/n + ei + Angin, 
gi/nP — gAn + Aotr 4 Aag? tee + Ag opt-in, 
gP — 2Ang + 2Anq2/™ + Apn ++ a; + Angela, 


gnp — 2A, F 2AgaW™ 4 gA? 40 +4 Agt, 


* T. Lalesco, Journal de Mathématique, Vol. 73 (1908), pp. 125-202. 


roa 
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. Eliminating 21/*, 22/",---- from the right hand side of these equations 
we obtain Í 
á, —P, Ari, Ag: «**s Ana 
@Any~—2@V"P, Ao, Ax, ‘tt, Ane 
2An-2— gP, 2An-15 Ay, +", Ans =Q. 
gı — 211P, gÁa 243, ‘>'t, Ao 


From this it follows that 


PA(z) =A (2), 


l where 1, Ai, Ao, 1p eg Ansa 
: gtn, Ao, Ai, cane An-2 
n A(2) _ gein ZÅn-1s Ao, rey Ans ; (8) 
giin,  2Ab, gAs 1 = tye Ay 


and A(z) is the same determinant with the first column replaced by Ao, 2An-1, 
@Anoy* © *y 2A 

Since A(z) is a polynomial in z of degree less than or equal to n— 1, 
it is clear that A is a rationalizing factor and equation (7) can be formally - 
replaced by the ordinary linear equation 


_A(d/dax) u= A(d/dex) f(a). (9) 
To this equation there corresponds an integral of the form 
u(x) = f° W(x, t) A(d/de) f(t) dt, (10) 


where W (x,t) is the Cauchy function familiar from the method of variation 
of ‘parameters, provided W (w, t) A(d/dt) f(t) does not become infinite toa 
higher order than u < 1 at t =c. “ 
To show that (10) is the unique solution of (7) we shall need the fol- 
lowing theorem : 


THEOREM 1. The homogeneous equation L({u) —0 has no solution ex- . 
cept the trivial one u==0, provided cA œ. 


9 
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Proof: Equation (7) is equivalent to the equation 
o f A,(~—s)-O/™ Aa (2 — 8) 
Asula) 4 a/ee J: { TO im) + TO—2/n) 


Ana (g — s) m 


Joop EAEE | (s) ds—0, l (11) 
which may be written from (6) in the form 
L(u) = Aou(2) +f" I(a,s) w (s) ds + ue) (a,c) =0, 


where I(x, s) is the integrand of (11). Now unless u(c) = 0 we should have 
a contradiction since lim L(u) would then be infinity instead of zero. Simi- 
“=c 


larly we may prove that u(c) = w (c) =: > : =u®™® (c) =0, which would not , 
be the case unless c were a singular point of the equation A(d/dz) =0. But 
since c= œ is the only singular point we conclude that L(u) =0 can have 
no solution except the trivial one. 

As illustration we shall consider two special equations which are of fre- 
quent occurrence in application. 

I. As a special case of (7) we have 


Rationalizing we obtain the ordinary equation 
d/dx u — Xu = Dè f(x) —Af (£), (18) 


whose solution is 
u(x) =e? fe { (DA—A2) f(t) jer dt. (14) 


In order to see that this solution behaves properly at the point ¢ =c, 
_ write (12) in the expanded form 


Sue: w(t) 
TE +v S G dt +u(£) = f(x). 


© If f(e) is bounded at the point z =c, then it is clear that w(c) must 
be zero if we are to avoid a contradiction. Since (14) is the only solution 
of (18) which satisfies this condition it must be the solution of (12). 


Example: Solve DŻ u — u = — 1. 


We get as the formal equivalent of this equation the ordinary equation 


w—u=— (1+ 1/Vze), 
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whose solution is 


u(x) =e fet (—1— 1/Vat) dt, 





=i e yV (a) + Gy LO oh 


This function « can be shown. by direct substitution to satisfy the original 


equation. 


II. Consider also 
cDa tu + au = f (2), l (15) 


whose rational equivalent is the equation 
, ` X d/da u—u = Af (2) — Dè f(z). (16) 
The solution of this equation is 
ule) =O Me 4 aa f 2 {1/AP (E) —1/X DAf(t)} eM dt. (1) 
In order to determine C consider equation (15) in the form 
te f ear dt + du(2) =f (2). 


It is clear that for v = c we have \u(c) =f(c). Then from (17) we 
get u(c) = C e1 e = 1/A f(c) and (17) can be written in the form 


u(a) = 1/Af(c) bo + faa f(t) —1/¥ Dz f(t)} a P dt (18) 
Example: Solve 


Da? uÙ + t= 1 
This rationalizes to the equation 
w — u = — £ 3 
Vrt 


whose solution is 


u(t) —=er—er f” et iat dt 
z o 


This solution can be expanded in two ways: 





m= et E t Ep te, 
1 1 1-3 1-3-5 
Die ee Tea e 
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The second, although everywhere divergent, is the asymptotic expansion 
of the first. - . : 3 


4. Generalization of Abels Integral Equation. Among special types of 
integral equations we find the following: i i 


ka = S Va—t u(t) dt, _ (19) 


which was first solved by N. Hirakawa* and subsequently discussed by T. 
Hayashi + on the basis of an elegant method due to P. Humbert.} 
The generalization 


f(t) = f (o — t)” u(t) dt, _ sSterey (80) 
‘ =0,1,2,°°° 


. which includes both Hirakawa’s and Abel’s equations § as special cases is easily 
solved by fractional operators. This can be written 


f(@) =T(m+y+1) Do u(z). 


- Operating on both sides with the symbol -D,”*”*1 we have 


= oDat”1f (a) 
SO) — Foyt 1? 
qmr2 2 (x = t)? . a 
-waj appo OA aD 


Recalling elementary properties of the gamma function and making use 
of (6) we can write (21) as ' 


PESTEN AES {(—1)m1 T(m +v +1) f(e) 
(mF FTO) T ee) 


l m cn a P(e) _ 
F7 g + (—1) T (v) l (s — c)” 


u(r) = 





+e re PF +T(1—y) Dy A») fma (z)}. . (22) 


* The Tôhoku Math. Journal. Vol. 8 (1915), pp. 38-41. 

7 The Tôhoku Math. Journal, Vol. 10 (1916), pp. 56-59. 

£ Proc. Edinburgh Math. Koc., Vol. 32 (1914), pp. 19-29; Vol. 33 (1915), pp. 35-41. 
§ Abel’s equation is the special case m = 0, — I1 <v <0. 
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But it is clear that if the value of w(x) given by equation (22) is sub- 
stituted in (20), the integral will not be convergent unless 


f(e) =F (e) =: + = f™(c) = 0. 


. Under these conditions u(x) defined by (22). will be the desired solution. 
. These results can be summarized as follows: 


THEOREM 2. If in equation (20), f(z) exists together with its first 
m+ 2 derivatwes in the interval cS x S xo, and if f(c) =f (e) =: + = 
{™ (c) = 0, f™D (c) £0, then the solution of equation (20) exists in the 
open. interval c < rÆ To. The solution is given by formula (22). 


_ We can apply these results to equation (19), assuming a to be a positive 
integer, and -obtain the solution with the greatest ease. Since we have 


oDe4a(a— 1) ker? = a(a—1)k pe it follows that, for a > 1, 
. T(a +1) a-8/2 
"O =e TH) Te—h A” 
and for a = 1, 
k 1 2k i 
ule) = — ~ = c 


rA rG) Ve © Ve 


5. Lalesco’s Integral Equation. Lalesco’s integral equation is a gener- 
alization of the problem that we have just solved.* 
` Thus let us consider 


ras Eo u(t) dt, ` (23) 


where we assume that 
G(x, t) = go(t) + 9) (@—t) +++ ++ galt) (8 — t)" 
It is then apparent that (23) can be E in the form 
f(z) =T (1 — v) Da (gou) 4+ T(2— r) Dre” (gu) (24) 
HE(8 — v) De® (gu) + + + T(m-+1—v) Der (gyu). 


We can now operate on both sides of equation (24) with the operator 


cD," and obtain the following ordinary differential equation of nth order: . 


EGY) d"/dx” (gou) + T(2—v) d™1/dz™ (gu) +: 
+0 (n+1—v) grt = Dai f, (25) 


- *#T, Lalesco, “Sur Féquation de Volterra,” Journal de Mathématique, Vol. 73 
(1908), pp. 125-202. In particular § 9 of part I. 


2 


184 Davis: Application of Fractional Operators to Functional Equations. 


Since equation (25) is a linear non-homogeneous one, its solution will be 
given by the method of variation of parameters in the form 


u(t) = $ ami(e) + f i W(a,t) De” f(t) dt, (26) 


where u, (£), °° *, Un(x) are n linearly independent solutions of the homo- 
geneous equation, W (s,t) is the Cauchy function, and the c; are arbitrary 


constants.* 
Returning to equation (24) let us operate on both sides with Ds”. We 


shall then have 
Dat f(x) =T(1—v) go(2)u(a) +1(2—v) Det (gu) + 
T(3 —v) Dr? (gow) +: HE(n + 1— v) De” (gat). 


Then if D” f(x) == 0, we must have 
go(c) u(c) =0. 
Operating again with ¿Dst == d/dx we gét in similar fashion 


[go(x) u(#) J'ac + (1—v) gu(c) u(e) = 0. ` 


Repeating this n times we have as boundary conditions the system: 


go(c) w(c) = 0," 

[go(#) w(2) Vane + (1—v) gi(2) ule) =0, 

[go() u(2) amo + (1—v) [gru] 20+ (1—7) (2—v) gale) (0) =0, 

[gu]? + (Lv) [gu] ee? +--+ (9): + 
(n—1—v)gn (c) u(c) =0. 


The determinant of this linear system in u(c); w (c), © >, wc) is 
seen to be equal to [go(c)]”. Hence if g.(c) £0, we shall have u(c) == 


* An important example is found in Whittaker’s treatment of Abel’s integral 
equation: “On the Numerical Solution of Integral Equations,” Proc. Royal Soc. of 
London, Vol. 94(A) (1917-18), pp. 367-383.- In Whittaker’s paper the g,(¢) are con- 
stants, a, If the roots of F(z) = a en + (1—a)a,2%-1 + (l—a) (2—a)e72 +4... 
+(1—a)(2—a)... (n—a)a, =0, are A, B,..., N, the Cauchy function will be 

eAle-t) eB(a-t) eN (e-t) 
TORS POT TO EAE 
By simple considerations Whittaker’s form of solution is then obtained from (26). 
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w’ (c) =; - += ul) (c) =0, and it follows that in (26) we get after n 
. successive differentiations 


n 
> Cu, (c) == 0, G=0, Jeets n—1). 
41 


Since the determinant of this system is the Wronskian, W = (tw, Watt, 
tn»), which is different from zero for «= c, provided g,(c) 74 0, it follows 
that cı = ĉa =: + *—=¢n==0. In this case the solution of (28) is unique. 

We next turn to the problem of solving (23) when go(t) = g: (£) = 
= ies (x) ==0, gr(c) 40. In this case we replace equation (24) by the 
following : l ; 
Fe) =T (r +1 — v) Drt [g (2) u(2)] 

+ pi +2 — v) Dr [gra (2) u(x) ] 
eH 1r) Dr [gn(z) u(z)], 


and equations (27) by the system: 


gr(c) ule) = 0, 
oS nee ‘axe + (r + a aa =0, 


Die O ras a äl ore 
“+ (r-f1—v) +++ (n—1—¥) 
Gn-1(c) u(c) = 0. 
By reasoning similar to that in the first case it is clear that equation (23) 
will have a unique solution if g-(c) 0. 
It is next of interest to consider the case where 


GJo(v) = (t—c)*Go(z), gi) = (€— 0)" G (2), °°, 
; Gn (#) = (z— c) Gn-1(#). 
It is further assumed that Go(c), Gi(c),° ++, Gua(c), ga(c) are all 


, different from zero. 


Then system (27) is satisfied for any value of u(c), w (c), © +, uP (e) 
whatsoever. The solution of (23) is therefore the general one (26) with n 
arbitrary constants. 

Two examples follow: 


Beample 1. f(z) = fi aot dt 4 S. Aa apui dt. 


This can be reduced to 
” A, T(4) d/da (au) + A. T(%)u= oDz*” f(a). 
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From A,4d/dx (wi) + 4As%i—=0, we get a(t) =i? where c= 
— (A, + 442)/4ı Hence we have’ 


l u(x) =k + 1/4 f (w/t)? Di f(t) dt, 
provided the integral exists and c > — 1. 


Example 2. Consider the homogeneous equation 
w 2 : 2 š 
As f n u(t) t4 f t (x — t)i u(t) dt +A, 
0 (z— t) 0 . 
f (e —t) u(t) dt =0, 
0 


which reduces to 
wtw” (x) + arw (£) + aus) = 0 
where @ = Aj, a, = 4A, + Aa (1 — v), a, = 2A; + A (1 —r) 
+ 4 (2 — v) (1 —v). 
The solution will be f j Fs 
u(t) = a" + ct", 
where r, and rz are roots of the equation ; 
aor(r— 1) + ar + a =0. 
It is easily shown that this function satisfies the original equation pro- 
vided r, and rz are greater than — 1. f 
The case of equal roots presents more difficulties. Then the solution will 
be u(x) = z" log xv where r is a root of the two equations 
aor(r—1) + a7 + a =0, 
aor + (7 —1) +4a,—0. 


To verify that w(x) is indeed a solution consider the integral 


v 
I(2) = f P log t (z — t)” dt. 
0 
Making the transformation t= xs, we shall have 


1 
T(z) = f. x1 s\ (log s+ log s) ze (1 — s)! ds = 


a TAHI T(a+1) PAD r+) 
i { bos ratet+3)  * TA R+e) 
st D 
TOFD — Ta+e+2) 
mate (loge BOA wT) BAHN u1) l 
WAHIDA H+?) 
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Substituting u(x) =a" log x in the original equation and noting that 
A,B(r +8, 1—v) + A2B(r+2, 2—v) + A,B(r +1, 3—v) =0, we get 
for the left hand side the expression 


A,B(r + 8, 1—v) [y(r + 3) — y(r + 4—»)] 
+ AsB(r-+2, 2—v)[o(r +2) —¥(r +4—»)] 
A.B(r +1, 8—») [Wr + 1) — plr +4—)], 

which we must show is identically zero. l 

If we make use of the fact that y(r +2) =W(r-+1) +1/(r 41), 
y(r + 3) =y(r +1) +1/(r +1) +1/(r+ 2), it will be seen that the 
above expression reduces to 

: (r +2) +(+) +4s(v—1). 
This | is readily seen to be equivalent to aor + a(r—1) + th, which is 


equal to zero. 


6. Sbrana’s Integral Equation. Another type of equation which yields 
easily ‘to the calculus, of fractional operators is that of F. Sbrana who, how- 
ever, used other methods in his discussion.* — 

Sbrana’s equation is of the form 


Haa f u(i) K(e—t) dt, (28) 
K Z geu-  golz-u) ; 
where ' El) = f i Goa e 0O<a<cl.: 


If we let z = v—t, and u==2—t, we shall have 
0 ee 0-6) eeta) 


K(a—t) = 
If this is substituted in equation (28) and the order of integration in- 
verted by Dirichlet’s formula, we shall have 


æ ASe i v e-ctu(t) 


a 0 (e— v)* ay 0 (v—t) 


dt = f(x). 


This equation can be written in the form 
xz E7830 
Det (oro? Dart [eer u(s)]}— Fe 


He Sopra certi equazioni integrali di Volterra, risolubili con procedimenti finiti,” 
Atti dei Lincei, Vol. 32 (1) (1923), pp. 156-157. 
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By successive integrations we obtain the solution 
en f 
u(t) = Y2(1—a) Dar? {ere Date [f(x) oe] }. 
Asa special case the kernel can be a Bessel’s function since 
ent la-2u) 
o Vu Vz—u 
It is easily proved that similar treatment can be made if the kernel is of 
the general form 
z Cn(Z-tn-3) nay pen- lung Un-2) i 
KE(2) isd f aC dun. f AEE Sree So dun- TE 
0 


Z — Un-1)% o (ün — Un-2)% 
Ur get galur) 
f. ue (us — uya ftis š 
7. Applications in Electrical Theory—Heaviside’s Calculus. The fol- 
lowing applications to the flow of electricity in a cable are considered both by 


Heaviside and Carson although the methods which they employ do not ex- 
- plicitly make use of Riemann operators. 


Jo(2) = 1/9 du.” 





Consider the case of the flow of electricity in a non-inductive cable with 
distributed resistance £ and capacity C per unit length subject to an impressed 
voltage Vo (t) at the point «= 0. 

' ‘The differential equations of the cable are + 


RI = — (0/62) V, 
O (8/at) V =— (0/dx) I, 


where x is the distance measured along the cable from a fixed point (æ = 0), 
I is the current at the point v, and V the corresponding potential. 

Using a method that is familiar in the-theory of linear partial differential 
equations,{ we can replace 0/é¢ by z and by elimination of I obtain the equation 


2ROV = ®V/02?. 
Symbolically we shall then have 
V (a, t) = e V,(t) + e V.(t), 


* Riemann-Weber, Partietlen Differentialgleichumgen, (Braunschweig), ` (1900), 
Vol. 1, § 73; (1919), § 75. 

t Starling, Blectricity and Magnetism (1916), p. 449; J me Mathematical Theory 
of Electricity and Magnetism (1915), p. 333. ` 

i Forsyth, Differential Equations, 5th ed. (1921), pp. 522- 23, 
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where a= Vz RO and V,(t) and CA are ca functions. 
By differentiation we get- : 


I(a,t) =Vz O/R (e% V, — e Vo). 


Assuming that the cable is infinitely long so that the reflected wave is 
absent we may set V.==0 and have as the symbolical solution of our problem ` 


I= V20/k e% V,(t), 


where Vi(¢) is to be determined from the boundary condition. Since this 
asserts that V(x, t) | s- = V(t), it is clear that V, (t) =Vo(t). Hence the 
complete solution of the problem is found in the expansion: 


I(2,t) = V20/R e V(t), 








=[VO/R {a+ = gs/2 rn g" 4 } 
— VOR pde + Gey EM ay 10H, 


where for brevity we have written A = VRC. Therefore we get 
4 3 t 
e t) = VOJ ta pE E uN e+ 7 VAD? eds 











|! a? 4! dë o (—s)? 
-VO/R {(42) + J =a m Fy Ca #4 oe 


If Vo(t) = 1, that is to say if a unit E. M. F. is impressed at == 0, 
we get the well-known solution,* 
RO? 


I(x, t) = VO/Brt e “ 


If Vo(t) = sin of, that is to say if an alternating E. M. F. is impressed 
on the circuit, we have at s = 0, 





t sin ws 
AOS Ve 3 a), Go ™ 


aa ge o t COS ws ds 

"NV ir °Ji G= 
In establishing the convergence of the series representing I (æ, t) in the 
general case for real values of ¢ greater than 0, it will be sufficient to assume 


* Jeans, loc. cit., p. 334. 
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that Vo(¢) is analytic in the neighborhood of 0. Let us first consider 
oo 

I (2, t) as a function of æ. If we replace Vo(s) by a series $ an s* and make 
n=0 r 


the transformation y = s/ (t — s), we have 


t Fo wo co S n 
A(t = F aie as = i D dn a a dy, 
gone T(n-+1) Vr, 
= Vt Tro an t", 
= > VE (t); 


` where (t) is an analytic function. 
Hence for values of t40, and for n sufficiently large, we have the 


inequality _ 
DAVEA) | <ta! (29) 
gmt Vt $ Eo 

where & is a constant independent of n. From this it follows, making use of 

Stirling’s approximation for n !, that 


| A g | 20-2 
a — a1 


Similarly the nth root of the general term of the second series leads to 
the same limit and the convergence of I(x, t) regarded as a function of v is 
established. Beparne it as a function of t, we may use 


Z vrs) |} = 





Kd 


| Aa | 20-2 
>» Gr tay 


as a dominating series for the first series and 


n! hn 


oO [| Aa@| 20-4 


ob a R 1 Jen 
2 Ga—pi *'* 


as a dominating series for the second. 

. The case of a cable with distributed resistance -R and capacity C with 
distributed eee G per unit length leads similarly to the differential equa- 
tions: 

RI =— d/dz V, 


(C2 + @) V =— 0/dm I. 
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If the cable is infinitely long we shall then have 
V = g VRCzG) x Vo(t) aay 


cage Sg BN EN ns i 


— {a (RB)? + eur EED bes +} Volt), l 


where we have used the abbreviation B = Cz + G. 
Making use of the expansion of the operator (d/da + k)” given in the 
second section and writing A= G/C, this result may be put into the form, 





i -Àt rp ZEO T ZRO) a 2 -] {ert Vo(t)} 
. (30) 
eM. gron t e Vo(s) 
S [s (R0 + — 7 — J a Vi—s ss 


The solution for the case where unit E. M. F. is impressed at ~ = 0 can 
be obtained with considerable ease by this formula. We first recall that: 








t ‘on t : A : 
f == s- vae S. ie 
o Vé—s -œ Vt—s -o Vi—s 
= Va/r ` ert = f -—— 
d -0 Te 


Substituting this value for the integral in (30) and taking the indicated 
derivatives we get 





£ Ga T B z(RO)} 1:3 _ 2(RC)*? 
‘a -œ L2 (t—s) 2:2 31 (¢—s)*? l 
1:3:5  25(RC)? T AD 
LIIE SE —=s) 2 ] Va t (32) 


Making the transformation t —3 = £, (31) reduces to. 


_ over, VEC ae 
ig ee a a L a l 








(RO)?zt n (RC) *2° i: 
T 2146 BIGE 3 (4E) T '] eo dé 
w= GOVE 4. ve 7 ienen o ort dé. 
T t i 
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That this, together with the value of I[(#,¢) derived from it, forms a . 
solution of the original differential equations can be verified by direct sub- 
stitution. The boundary condition is obviously satisfied. ; 

The general-case of the inductive cable can be treated similarly by opera- 
tional methods, but since it does not involve the use of fractional operators 
the discussion will þe omitted. 

A third problem employing fractional derivatives is that of determining 
the voltage at a cable terminal when an E. M. F., f(t), is impressed on a long 
cable of distributed resistance R and capacity C per unit length through a 
` condenser of capacity C,. We have just seen that the current entering a cable 
. whose terminal voltage is V is VO/R zV and the current flowing into the 
condenser will be Coz {f(t) —V} since f(t) —V is the voltage across the 
condenser. 

Equating these two values and dividing by z we obtain the following 
equation for the determination of V: 


(O/R zè + Co) V=C,f(t). 


‘The solution is easily found since this is a fractional equation of order 
—4. From equation (18) we obtain 


i ee . j 
V(t) = EO) eerop S PE q gaz oDAT(s)} RD io ds, 
. ' 3 

Tt f(z) =1, this reduces to 


Speed ae dete 
V(t) = et/RODt__ g(o/Ropt | am f A p 
N RO? r 0 Vs 
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Classification of Quadrics in Hyperbolic Space. 


By James PIERPONT. 


§1. Introduction. 


In this paper,* I wish to present an extremely elementary, though some- 
what lengthy method, of classifying quadric surfaces in Hs. Instead of 
using the usual projective methods of Cayley and Klein, I make use of the 
more direct methods of Riemann as I have developed in three earlier papers. t 
A brief resumé of this method now follows. 

Let é 7, '¢ be three real numbers, we say they define a point, whose 
coordinates are these numbers. How the codrdinates are chosen is not speci- 
fied. The metric is defined by 





A> 0, R>0° 


where P==@+7+0, \—=4h?— 27? 
w= 4h? +r, do=+ Vd + di? + de. 
H-straights f are defined by 





è fds =ù. 
To perform the variation it is convenient to introduce a new set of coördinates 
i 28 2, 4h? i 
n= EE Vy == =“ n= + za = R p/À 


Let us also set ‘ 
[ab] T @ıbı + R + laba {ab} = Qabi + Gabe + a303 — Qaba. 


We find the codrdinates 7, - + + æ, satisfy the relation {27} = — R?. 


* Of. P. Barbarin, “Ĥtudes de Géométrie Analytique Non-Euclidienne,” Mém., 
Couronnés, Acad. Roy. Bruxelles, Vol. 60 (1900-1); J. L. Coolidge, Trans. Amer. Math. 
Koc., Vol. 4 (1903), p. 161; J. T. Bromwich, Zbid., Vol. 6 (1905), p. 275. 

, The Amer. Math. Monthly, Vol. 30, p. 425; Vol. 31, p. 26 (1923-4); Proceedings 
of the Mathematical Congress, Toronto (1924); Bull. Amer. Math. Koc., 1926. The last 
two have not yet appeared. 

$ For H-read hyperbolic, for e- read euclidean. 
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A relation [az] = 0 defines a H-plane; H-straights are the intersection 
of H-planes and conversely. 

In order to have a model of our H- -space we will regard é, y, t as rectan- 
gular coördinates of a point in e-geometry as in ordinary analytic geometry. 
Our H-space in this model is represented by the interior points of the e-sphere 
== 0. H-planes in the model are e-spheres cutting A= 0 orthogonally, and 
H-straights are e-circles also eutting à= 0 orthogonally. 

Besides the points so far considered it is necessary to consider the points 
(é 7 ¿) for which à=0. We call these ideal and define their x coördi- 
nates by 

t= a=, Ue—l, t4 —2R; 


hence for ideal points {z?}==-0. We must also introduce certain points called 
imaginary; their codrdinates have the form 


C= ty 2 i, T = ta y i, Tg = tat, ta = tat, 


where tı «+ tą are real numbers such that {1} = R?. Hence imaaginary 
points also satisfy the relation {2?}—— R?. It is understood that when-we 
speak of points we mean in general non-ideal points. 

If a is a point real or imaginary, the locus of the points 2 such that 
{ax} == 0, is called the absolute polar of a. We say x is conjugate toa. Ifa 
iş imaginary its polar is real; if a is real its polar is imaginary. All H- 
straights perpendicular to a real plane pass through its pole. 

The four planes x, = 0 - -> 2,0 form a tetrahedron, the r tetra- 
hedron. Each face 2,==0 is the polar of the opposite vertex which we 
call Ax 

Let a:b denote the H-straight joining the points a, b. If x is a point ’ 
on this straight we denote the length of the segment a, x in the sense a to g 
by (a, x) etc. Then : 

sinh (z, b)/R sinh (a, £)/R 
% — sinh (a, 6)/B * t sinh (a,6)/B 
== Mar + nb k=1--: 4 


The cross ratio of four points (a, b, x, æ’) is n/m: n’/m’; it is harmonic 
when ==— 1. It is important to observe that a bisects the segment z, 2’, 
when (a, b, z, #’) is harmonic and b is conjugate to a. 
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l The linear transformation 


ui = X, js; i j=1 >: 4, Qij Teal 
J 


defines an H-displacement or a motion if ds = ds’ and {2°} = {x°}. In 
particular any e-rotation about A, in our model is an H-displacement. The 
transformation 


Uy =V, Ce= TF, T= Vz cosh 8 — z’, sinh 9, 
T, = — T sinh 8 -+ z,” cosh 8 


defines a rotation about the edge A: Az of the r tetrahedron. — 
Finally the angle 0 between two curves meeting at a point (y ¢) is 
given by 


6R (d de | dy af ae ae 
Cees eae ae ee get gg ae T) 
E da’ 
Š ds T] 


Hence this angle in H-measure is the same as the angle in e-measure between, 
the corresponding curves in the model. 


. §2. Classification. 


Any quadratic relation between w,* ++ @, defines a quadric surface. 
Here we consider only surfaces whose equations are homogeneous, viz. : 


P==> ujt; = 0, ig = Aji, i j=l 


The a’s are real numbers and the determinant | ai; | 340. We call the quadric 
T? -4 t + 2 — g = 0 the absolute, it remains invariant under a dis- 
placement. 

If a= (m ^ + * a) is a point we call 


a,F(@) +--+ H akale) = 0, F,=3 a 


the polar of a relative to F. Thus the plane {av} ==0 which we called the 
absolute polar of a, is the polar of a relative to the absolute. 

Suppose now the point g is such that its polar relative to F coincides- 
with its absolute polar. If g is real, every.chord of F through g is bisected 
by g; that is g is a center of F. If g is an imaginary point, its polar is a 


10 
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plane of symmetry, i. e. all chords perpendicular to this plane are bisected 
by it. Such g points must satisfy the equations: 


(dir — k) gı + 1292 + Gisgs + 14ga = 0 
aagi + (@22—) go + Gesgs + 24ga = 0 

agı + Gs2go+ (dss — FE) + tage = 0 (1) 
G1 91 F Carga + Gass + (des + &) ga = 0. 


We call these the g-equations. For these to hold it is necessary that k satisfies 
the equation i l 
Qa — hb + * Oe 


which we call the H-equation; its roots we denote by a, b, c, d. 
If we subject the surface F to a displacement the new surface will have 
an equation 
F = 5 W'ijtizj = 0 


whose H-equation will have the same roots as (2). By this displacement the 
surface F, the point g and its polar will behave as a rigid body. If g is real, 
imaginary or ideal, it remains such after displacement. This being so; we 
have only to consider the various possibilities that may arise and in each such 
case move the surface relative to its center, plane or axis of symmetry in order 
‘that its equation takes on a simple form.* The following theorems readily 
proved except the last, simplify the work: 


THEOREM 1. To two different roots of the H-equation do not correspond 
the same g. 


THEOREM 2. If ga, go correspond to two different roots a, b of the H- 
equation then {ga, gu} = 0. 


THEOREM 8. Moreover both ga, go cannot be ideal. 
THEOREM 4. If ga is real, no gy can be ideal. 
* Dr. P. D. Schwartz in a paper given at the May meeting of the American Mathe- 


matical Society has shown how conics in H, may be classified by this method. Of, 
Bull, Amer. Math. Koc., Vol. 32 (1926), p. 315. 
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THEOREM 5. The H-equation has at least two real roots.” 
I find now the following types of quadric surfaces, the numbers on the 


right are the types given by Bromwich. 


No g necessarily ideal. Roots of H all real. 


==]. y, arbitrary. 


Roots unequal. — (4 — a) (k —b) (k — c) (k — d) =0 
(1) ga real. bay? + cay? + day? — aa? = 0 I 
One pair of equal roots (k —a) (k —b) (k—c)* =0 
(2) Je real. az? + ba? + e(t? — t) = 0 Th2 | 
(3) go imag., ga real. e(t? + 23") + bao? — ar = 0 Ibi 
Two pairs of equal roots © (k-—a)?(k—b)?=0 
(4)` ga real. Db (a4? + r) + alt? — r) = 0 

or b(t? + a”) + alr? — r) =0 Id 
(5) Ja gu imag. a(t? — 2") + b(t? + r) = 0 
Triple Root (k — a)*?(k—b) =0. 
(6) gè real. a(t? + t? + 23°) — bx? =0 Ici 
(7) ga real. bay? + a(t? + T — z) =0 l Ie? 
(8) ga, go imag. aTi? F bay? + RaT? + Waa st, = 0 IIIb 
Quadruple Root (k —a)*=0 
(9) . Ja real a(t? + 29? + g — 24") = 0 Te 
(10) ga necessarily imag. a (ay? F t? + 2a? + 2292s) =0 IIIc 


(11) Ja imag. or ideal. 
a(x? + Hp") + ATL? + q (Lots N Tot) — RABTA = 0 . IVb 


*T. J. Bromwich, Quadratic Forms. Nr. 3 of the Cambridge Tracts in Mathe- 
matics, Cambridge, 1906, p. 69. The proof as given by Bromwich rests on the theory 
-of elementary divisors. A very simple proof of a generalization of this theorem which 
I have found will be given in another paper. 
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A pair of conjugate imaginary roots. 
Two real unequal roots (4 —a)(k —b)(k—a—ifB) (k —a-+ iB)=0, B40 
(12) ga, go imag. az? + br? + Raz? + 2V a? -4 B® tt = 0 Ila 


(13) a=b. ga imag. a(t? + 22") + azs? + %eVa? + p: Tw =0 IIb 


One g necessarily ideal. Roots all real. 


One pair of equal roots (k —a) (k — b) (k—c)? = 0 

(14) go ideal, ga, go imag. ax,” + bay? F Ret? 4- Rectt, = 0 IIIa 
Two pairs of equal roots (k — a)? (k — b)? ay, 

(15) ga imag., go ideal. . a (2? + m) + 2ba,° + 2cbasx, = 0 IMa 
Triple root. (k —a)*(k—b) =0 


(16) ga ideal, gy imag. 
ba? + aan? + Rat? + n (Wot, _— L204 )— PAAA == 0 IVa 


` We note that Bromwich has no case corresponding to (5). 
We now illustrate on a few cases how the reduction is’ effected. 


Type.6. We move F so that ga coincides with A, = (0, 0,0, R). The 
g-equations give , 
gy = Aan == lag = 0, dag = — Q. : (3) 


We rotate F about A, till gə coincides with A; = (+R, 0,0,0). Then the new 
coefficients satisfy (8) and in addition the g-equations give 


Qa =b, aa = z = U4, = 0. F now has the form 


bt? + loot? + lgsg? — 424? + Rloglota = 0. 
It will not confuse the reader if we omit from the ai; here and in the following 
the accents. We now rotate F about the edge A'A, of the r tetrahedron 
through the angle @ determined by 
Gag 


tan 60 = ~—————- 
l3 — ee 


when go * 33; in the latter case thru 8 — 45°. Then F has the form 


bax? + lzot + Gags" —= aTa? = 0, 


a 
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whose H-equation is (X —a) (%—b) (k — a2) (k — ass) =0. By hypothesis 
H = (k —a)*(k—b)*; hence azs = a, Q33 = b OF doz = b, dss = 0: We thus 
get type 6. 


Type Y. We move F so that ga becomes A, = (ik, 0,0,0). The g-equa- 
tions give de: = @31 = 4a = 0, dia. We rotate F about A, till gj coin- 
cides with Az = (0, iR, 0, 0). Then die == as: == Qa = 0. Qa =b. It is 
easy to show that | 2as4 | < | dss -+ daa |. We can therefore rotate F about the 


`- edge A,: Áz so that as, = 0 if it is not already 0. F now has the form 


av? + bas? -F lasta? -H desta” = 0, 
whose H-equation is (k — a) (k —b) (k — ass) (k + Gas) = 0. Hence either 
(1°) lgs = a, i 4g == — b; or (2°) dss = b, lag = — ae 


The g-equations in case 1° show that go may be taken real, which is contrary 
to hypothesis. Hence only 2° exists and this is type 7. 


Type 10. We move F so that ga coincides with Ay = (iR, 0, 0, 0). The 
g-equations give tu = 4, az = gi = Ma, = 0. The plane zı = 0 cuts F in 
the conic whose g-equations are obtained by deleting the first row and col- 
umn of (1). The H-equation of this system is H, = (k—a)* = 0. 


Suppose now that the g-equations of @ admitted a solution for.k = a, 
to which corresponds a real non-ideal point y== (go, gs, gs), then g’ = 
(0, g2; Ja, g4) is a solution of the g-equations of F for k == a, and F belongs 


‘to type 9. We will suppose therefore that the g-equations of admit only an 


imaginary y, then g’ is imaginary. We rotate F about A, till g’ coincides 
with A, (0, iR, 0, 0), then the g-equations give dip = daz = lu: = 0, 
Geo = 0 and F has the form l 


an? + aTa + azg? + Bau? + RyTaLa = 0 
whose H-equation is 
(k —a)*{k? — (a— B)k + y — af} = (k —a)* =0. 


Comparing coefficients gives a— 8 = 2a, y—aS—a*; hence a= 4 +- ey, 
B = ey — a, & = 1, and F has the form 


ala? + a2") + (a + ey) 2? — (a — ey) t + ytst, = 0. 


=? 
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This surface cuts the edge zı = 0, x, = 0 in two points given by 
(a + ey) 23” — (a — ey) £4? + ZyTst4 = 0, 

one of which is (0, 0, 2eR, 22). Tf the other is P, we rotate F about A` A» 
so that P coincides with A,= (0, 0, 0, R) when a=ey. F now has the 
type (10) 

As further illustration of our method let us investigate the cases which 
arise when 

H = (k—a)*=0 and g is necessarily ideal. (C) 


We begin by rotating F about A, so that ga coincides with L = (0, 0, 2R, 2R). 
_ The g-equations give now Qi == — lia, des = — Gog, Ag, = Q — lsz Oe = 
üss — 2a. The corresponding H-equation is 


(k — a)? tu — k 12 = (k—a)*=0. 


Aye og — k 


‘Comparing coefficients gives a1; = ez = @, Ass == 7, ıs = B, deg = y, hence F 
has the form 
(ay? + 22) + nt? + (q — 2a) ay? + 28 (2123 — 2104) 
, + By (Tata — Vet) + 2 (a — N) Tst, = 0 (4) 
‘This cuts the edge s, = v, 0 in L and in another point determined by 
nts” + (4— 2a)x,” + 2(a— N) Leta t 0. 


Suppose (C, 1) that P =Æ M = (0, 0, — 2R, 28). We rotate F about Ay-Ae 
so that P coincides with A, = (0, 0, 0, R). These coördinates set in (4) give 
ņ = 2a, and F reduces to the form Í 


a(z? +- L?) + Rax? + 2B (at, aes Lita) + Qy (Tots -m L204) — ALa ta eS 0 
whose first two g-equations for k = a give . 


B(9s— gs) =9, v(9s—gs) = 0. (5) 


Suppose (C,1, a) that £ or y is £0, then g= g4. The last two g-equations 
give f 
Pg + Y9 = 0. (6) 


Thus the g-equations for k= a admit the solution 
R 


a == h4 y — opB, 0, 0 — a ee 
Ja = (py, — tp ) P TET 
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This is contrary to our hypothesis (C) that ga is. necessarily ideal; hence case 
(C, 1, a) does not exist. 


Suppose (C, 1, b) that B =y=0. The g-equations for k =a admit 
the solution ga = (iR, 0, 0, 0) == A, which is also contrary to (C). 


Suppose (C, 2) that P—M. In this case a rotation about A,: A, does 
not move M and the foregoing does not apply. We may proceed as follows. 
_ Setting the codrdinates of M in (6) gives ya and F has the form 


a(t? + a2”) + an,” — ars + 28 (483 — T184) + By (Lats — Tata) = 0 


whose g-equations for k = a give again (5), (6). Hence if 8 or y is 4 0 the 
g-equations are satisfied by go = (ipy, — ipê, 0, 0), p as above, i. e. by a non- 
ideal point contrary to (0). Finally if B = y = 0, F reduces to type 9 whose 
g-equations are satisfied by any g, contrary to (0). Thus case (O) does not 
exist. 

In a similar manner all possible cases may be treated. 


YALE UNIVERSITY, 
October, 1926. 





A Class of Functions Harmonic within the: 
Sphere.* 
By H. E. Bray and G. C. Evans. 


1. Introduction. Consider a function u(M) harmonic at all points M 
of the interior 3 of the unit sphere 9 with center O. Let F(e) represent a 
completely additive function of point sets on the surface S and let P and M 
represent points on the unit sphere and on the concentric sphere S, or radius r, 
respectively. Our purpose is to investigate the situation in which u(Jf) -is 
given in terms of a Stieltjes integral by the formula 








=, 1 i—r 
(I u(M) = as —"" dF (e), 
D Wit) = fer FO) 
or in terms of the Poisson integral 
1 1—7? 
IL j= f eres (P ae, 
(I) Wi) — a f, ee HP) 


of which the former is a generalization. 

On account of equation (11) below, and its consequences, we shall deal 
with limits which will generally be given in terms of functions of curves. 
For these a simple class of curves will be sufficient, namely, the class of regular 
curves on the sphere. A regular closed curve is simple and consists of a finite, 
- number of regular arcs. Each regular arc has a continuously turning tangent 
at every interior point; it has a continuously turning forward (backward) 
tangent at the initial (terminal) point. Since we are dealing with closed 
curves on a sphere it will be necessary to distinguish between the two regions 
which they bound, and a curve will be completely specified only by its asso- 
ciation with one of these regions as an interior region. This may be done, for. 
example, by assigning a sense to the curve and putting the interior region on 
the left. A regular closed curve w possesses evidently the property, that, given 
a point P, the superficial metric density, at P, of the points of the region 


* Report presented to the American Mathematical Society, April (1923). In the 
intervening time the authors have been able to simplify the treatment and reduce the 
conditions. See § 2.2 below. 
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interior to w—taken with respect to a Sny of concentric circles about P 
—is equal to the function 


q(P, w) =1, 0, y/2r 


according as P is inside, outside, or on w; y being the interior angle from the 
forward to the backward tangent at P. It is this property which is of chief 
importance for our purposes. The quantity q(P, w) regarded as a function 
of the point P will be seen to be measurable in the Borel sense. 

1.1. The most important of the regular curves is a segment, consisting 
of a curvilinear rectangle or polar cap, with reference to the usual angular 
coordinates on the sphere. We shall use the following notation: 

N represents any fixed point of S whatever. 

(7, 6 p) represent spherico-polar coordinates of a point with regard to 
O, with N as north pole, @ as colatitude, ¢ as longitude. 

s, or more explicitly s(r; 6:, 62; ¢1, ¢2) represents a figure on S, called 
a segment. It is determined by the circles 


8 = b, 0 == ba $ = Qi, $ = $2, 
where ; 
0S4< S73 OS p < $2 < tr. 


The figure is to be regarded as dividing the spherical surface into two regions, 
interior and exterior, mutually distinct; the interior points being defined as 
those whose coordinates (0, $) satisfy the following inequalities (a), (b), (e), 
(d), (e) according as the values of 6u, 02, $1, $z, satisfy the respective rela- 


tions (a), (8), (y); (8), (e). 
(a) 0 <0 < b2; ti <$ < pr (a) 0,540, h Ær; do—di < 2r. 


(b) <9 < be (8) 9.540, hEr; bo— bi = 2r. 
(c) 8 < bz. (y) 8 =0, ba <r; pa— Gi = 
(a) 6 <8. (8) 6, > 0, b =r; pa— pı = 2r. 
(e) 00E. ` (e) b= 0, b2=r; pz— oh = 2r. 


These are the only cases considered in the definition of segments; (a) refers 
to a spherical rectangle, (b) to a zone, (c) and (d) to polar caps, and (e) to 
the whole sphere. “It is to be noted, therefore, that a triangle or lune with 
a vertex at N or at its diametrically opposite point is not to be regarded as a 
segment. of course, a point (6, ¢) on & is not to be regarded as distinct 
from the point (9, ¢ + 27). 

A plurisegment is a finite or denumerable set of segments no two of 
which have an interior point in common. If p, and p, are two plurisegments, 
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pı is said to be contained in p, if every segment of p, is contained in a finite 
number of segments of pə The two plurisegments are identical if each is 
contained in the other.* a 
1.2. The basic instrument in the investigation to follow is the Stieltjes _ 

integral taken with respect to an additive bounded function of segments. 
The function F(s) is an additive function of segments s if it is defined for 
every finite plurisegment and if when p, and p, are two finite plurisegments 
which have no interior point in common, 


F(p) + F(p2) =F(p + pe); 


where pı + pz denotes the finite plurisegment consisting of the segments of 
Pı and of p, The function F(s) is said to be without point values if F(s) 
becomes infinitely small with the diameter of s. 

The positive variation function P(s) for F(s) is defined as the upper 
bound of F(p) for all finite plurisegments p contained in s. This is again 
an additive function of segments and not negative; it is without point values -7 
if F(s) is without point values. Similarly, the function N(s), defined as 
the analogous upper bound of — F (p), is additive and of positive type, with- 
out point values if F(s) is without point values. The same applies to the 
function T (s), upper bound of 3 | F(s:) | where p= 3s: In fact 


F(s) = P(s)—N (s), T(s) =P(s) +N (s). 


The functions N (s), T (s) will be called respectively the negative and total 
` variation functions of F(s). 

The extension of the definition of the function P(s) is unique, if it is 
defined by means of the additive property for an infinite plurisegment p = 3si. 
In fact, suppose p = 3s; = 3s’; and 3 P(s:) £3 P(s’:), say 

> P(s:) =A P(S) +2, €>0. 


Then we can find a finite number n of segments s; of p such that — 


EP(s1) > EP i) +e 


oO foe} n 
But since X s; is identical with X s’;, each s;, and therefore $) s;, is contained 
1 1 * 1 


in a finite number of segments Si. Hence, for some m, 


* A. J. Maria, “ Functions of Plurisegments,” Transactions of the American Mathe- 

' matical Society, Vol. 28 (1926), pp. 448-471. 
t The proof applies which is given in de la Vallée Poussin, Intégrales de Lebesque, f 
Paris (1916), p. 99. 
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> P(s) £ S P(e") ; 


which is in contradiction with the previous inequality. 
It follows accordingly that the extension’ of the definition of F(s), as an 
additive function, to infinite plurisegments p on 8 is unique: 


(1) F(p) =$ F(s) 


and the infinite series in question is absolutely convergent. 

“On the other hand, if F(s) is a function of segments which is completely 
additive, that is, one for which F(p) is uniquely defined, not infinite, for each 
plurisegment p on S by means of (1), it follows that F(s) is a bounded addi- 
tive function of segments, and further that 


F(p + Po) =F (p) + F(p) 


for infinite as well as finite plurisegments.* 

In this résumé of the elementary properties of plurisegments all segments 
on S (with a given pole N) are considered. But it is important to notice that 
the theory also applies to certain subclasses of segments, e. g., to those of a net. 
We define a net H for a segment as follows. We form first a lattice Hn 
which is composed of a finite number of segments s'in (with pole N), called 
meshes, each of diameter < ôn, and such that s = 3,s’i,. The system of lattices 
H, corresponding to a set of numbers 8, with lim 8, = 0 constitutes the net H. 
In particular the net H may be defined for the whole sphere S, and we may 
thus deal with bounded additive functions F(s’) of segments formed from the 
meshes of the lattice. 


1.21. The Riemann Stieltjes integrals. 


k 

(2) SP (P) aF (sp) = lim D A(P:)EF (si) 
i ay 
k . 
(3) Sa h(P)dF (sp) = tim 2 h( Pi) P (s) 
=0 
: k k 

where 8 = X si = Ds, diam s; <8, diam i < 8, 

1 12 


and P; is a point of s; or s’; respectively, are uniquely defined, just as in the 
case of the usual Stieltjes integral, the function F(sp) being additive and 


* A. J. Maria, loc. cit., p. 449. 
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bounded as a function of segments on S (with pole N) and F(s’p) similarly 
as a function of segments of a net H. l 
` The integrals (2) and (3) satisfy the properties (C), (A), (L), (), 
of Daniell’s S-integral.* Hence their definitions may be extended to any func- 
tion h(P) bounded on the sphere and measurable in the Borel sense, the fun- 
damental interval in terms of which measure is defined being the segment; 
‘and if h(P) = lim hx(P) where the hx(P) are bounded and have S-integrals, 
k=00 i 


then the S-integral for h(P) is the limit of that for ha(P). In particular, 
the function g(P, w), already defined with reference to a regular curve w is 
measurable in the Borel sense, being obviously the limit of a sequence of 
` continuous functions [see § 2]. 

If F(s) is additive and bounded as a function of segments on S, the 
quantity nF 
(4) F, (8s) = § ,q(P,8) dF (sp) 


is evidently also a bounded and additive function of all segments on 9; this 
is true even if F(s) is defined merely for the segments of a net H. If F(s) 
satisfies the identity $ l 


P(s) = f,q(P.8) dF (sp) 


its possible discontinuities, in analogy to the case of a function of a single 
variable x, will be said to be regular.t i 


THEOREM. Let F(s’) be bounded and additive on a net H and F,(s) be 
` given by the definition 


(5) l F(s) = S 9(P> 8) dF (sp). 
Then if h(P) is any bounded function, measurable Borel, 
(6) Ss h(P) dF, (sr) = S, h(P)dF (sp) 


and F(s) has regular discontinuities. - 


To prove this, we observe first that if s is a segment of continuity for 
F(s) then, clearly, 


Í a (P> 8) dF; (sp) = Fy(s)'—= SUP; 8) dF (sp). 


* P. J. Daniell, “A General Form of Integral,” Annals of Mathematics, Vol. 19 
(1918), pp. 279-294, 

t F(s) is said to be continuous on s if it is continuous in the Volterra sense, as a 
function of curves. For a given F(s) and pole Ņ segments of discontinuity can be 
formed.only from a certain denumerable infinity of meridians and parallels of latitude. 
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Let h(P) be any continuous function. Consider a net on § all meshes of 
which are segments of continuity for F(s), and let us choose in each mesh 
Sin Of the lattice of order n a point Pin (t= 1, 2,°--, kn), where kn is the 
number of meshes in the lattice of order n. ‘Then it is clear that the function 


ha(P) -È h(Pin) q(P Sin) 
will furnish an approximation to h(P) which, in fact, approaches h(P) uni- 
formly as n becomes infinite. And since 
. Í bn (P) dF (se) = Sin (P) dF (s’p) 
we have, when n becomes infinite, 
| A Sgt) dF, (sp) =f, h(P) dF (sp). 


But by the theory of the S-integral, the identity holds also for h(P) bounded 
and measurable in the Borel sense. 
In particular 
J, (Ps) @Fi(se) = f, a (P, s)dF (9P), 
i. e. l 
F(s) = Sa q(P,s)dF (sp). 


THEOREM. If F(s) has regular discontinuities, its positive negative and 
total variation functions have regular discontinuities on any segment. 
Since F(s) == P(s) — N (s), we have 
F(s) = f ,q(P,s)dF (sp) = f , q (P, 8)dP (se) — f , q(P,s)dN (sp) 
F(p) = f ,a(P, p)dP (se) — f a (P, p) aN (sp) 
. S f, (P p) dP (sr) = f,4(P. 8)aP (sP), 
for every pins. Hence 
a P(s) S f a(P,s)dP (se). 


On the other hand if s, represents the segment complementary to s with respect 
to S, we have similarly 


dod of l P (se) S f, q (P, 8) dP (sp). 
Hence by addition 
P(S) = P (s) + P (se) 
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since q(P,s) + q(P, sc) =1. 
But this relation shows that only the equality sign is possible: 
P(s) = =f, q(P,s)dP(sp) - 


and similarly 

N(s) = S a (P> 8) aN (sp) 

and therefore . 

` T(s) = S (Ps) aT (sp). 

1.22. If F(s’) is additive and bounded on a net H, the function 
F(s) = S (P28) dF (sP) 


has been seen to be defined on all segments, with pole N, and to have regular 
discontinuities. To F,(s) there corresponds one and only one completely 
additive function of point sets F (e) such that the equation 


F,(s) = F (es) 


where es is the set of points interior to s, holds for every segment of con- 
tinuity.* This function, in fact, is given for all sets e measurable Borel by 
the formula : 


(7) P(e) = f,o(P,0)dF, (se) = f $ (P, e) dF (9P) 

where (P,e), the characteristic function for e, is defined by the relations ` 
(8) ẹ(P,e)=1, Pine, 

= 0, P in Ce, 


and is therefore measurable Borel. 
The Stieltjes integrals formed with respect to Fi(s) and F(e) are evi- 
dently the same for continuous integrands h(P), since the approximating 
“sums can be based on segments of continuity. Hence they are the same also - 
for integrands h(P) bounded and measurable Borel. Hence 


(9) Ss h(P) dF (ep) =f; P(E JAER: = Ss MP)AF(#>), 
and in particular, for h(P) = q(P, s) 
(10) — Fa(s) = f (P, 8) dF (ep). E 


We may speak of functions F (e), Fi(s), F(s’), ete. as corresponding if 
they satisfy (9) for all continuous functions (and therefore for all OE 


* G: O. Evans, “ Fundamental Points of Potential Theory,” Rice. Institute eae 
let, Vol. 7 (1920), pp. 252-329. See p.. 268; - 0. f+ ua a d 
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functions, measurable Borel); given F(s’) there is therefore, by setting 
h(P) =q(P,s) in (9), only one corresponding bounded additive function 
with regular discontinuities, and it is given by (5). 


1.3. We shall say that a set of additive functions F(s) [or Fe(e)} or 
F(s’) ] are of uniformly limited variation if their total variation functions 
are bounded in their set. We shall say that a sequence of bounded additive 
functions F,(s) approaches F(s) on the net H, if lim Fa (sin) = F (Sin) 

: =00 


for every mesh sin of the net. 
It is enough to recall now the theorem-of Helle-Bray: * 


If the sequence Fy(s), additive and of uniformly limited variation for 
all k, approaches F(s), additive and bounded, on the net H of S, then 


(11) lim f ,h(P)aFe(se) = f MP) ds), 


where h(P) ts a continuous function of P. Moreover if hm(P) is nes 
and approaches h(P) uniformly, 


(12) lim fa ENR =f h(P)aF (sp). 

is 
In particular, since H is a net for any plurisegment p composed of a finite 
number of meshes of the net, the theorem applies when 8 is replaced by p. 

A similar theorem may evidently be stated in terms of additive functions 
of point sets, replacing Fe(s) by Fx(e), or F(s) by F(e), or both. IÈ 
lim F,(s) exists for every segment s, the limiting function F(s) will neces- 

00 
sarily be bounded and additive. The same is true with regard to lim F,(és) ; 


Ig=00 
the limit will always be a bounded additive function of segments s, but not 
necessarily a function of point sets. 


2. Necessary and sufficient conditions. Introductory Theorem. Given 
the function u, harmonic at every interior point of the unit sphere S, a neces- 
sary and sufficient condition that there exist on the surface of the sphere a 
bounded additive function of segments, F(s), such that 


(iI) -© m=z f i = dF (sp) 


is the following: 





* H. E. Bray, “Elementary Properties of the Stieltjes Integral,” Annals of Mathe- 
matics, Vol. 20 (1919), pp. 177-186. See p. 180. 
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(a) that there exist a sequence of values of f, T1 L Te L Ta °° +, with 
lim r; = 1, such that for any segment s, F(ri,s) approaches a limiting value 
4=00 
as rı approaches 1; l 

(b) that F (ri, 8) be of uniformly limited variation as a function of seg- 
ments for all i where 


P(r,s) = f (i) dit, 


and o(r,s) represents the portion of Sr which is bounded by the projection 
from O of the segment s on 8. 


_ The quantity F(r,s) is a bounded additive function of segments s, for 
a given value of r. In order to prove the necessity of conditions (a) and (b) 
consider the quantity f 


1— r? 
p(P; ras) = = if dM, 
= crys) MP? 





which is continuous in P for every 7, and is bounded as a function of P, s 
and-r. Moreover, as i tends to infinity, it approaches a definite limit for any P. 
‘In fact, P may be surrounded by an arbitrarily small circle, and the portion 
of o(1,s) outside that circle neglected. If the portion of o(1,s) inside the 
small circle is denoted by o’ and a and @ denote the angles of colatitude and 
longitude er referred to OP, we have 


f "  (1—1i)?re sin a da d 


1 
tepe: —lim y T LOCARE 
im. p( STi S s) 1m Pays (1 + 74? — 2r; cos a) 3/2 


4=00 00 Ar 


From this formula it follows immediately that 





: (P outside s) 
(13) = p(P; ti s) =q(P,s) = (P inside s) 
ie (P on s), 
where y denotes the ae from the forward to the backward tangent at any 
point of s. 
But 
F(r%,8) = = ZS ae F 
P(r 2) aris) V 8 TF T (se) 
= f ,P(P; 11,8) dF (sr) 


and since p(P ; r s) is bounded, and q(P,s) is measurable in the Borel sense 
on S, as a function of P 


lim F(r1,8) = 5 ,a(P,8) dF (se) —Fi(s) 
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where F,(s) is therefore the bounded additive function of segments with 
regular discontinuities, associated with F(s) and identical with it except on 
segments for which the latter is discontinuous. 
Condition (b) is established directly. In fact if the s; are segments, 
we have, from the definition of the Stieltjes integral, l 
1 pee, 147 


: F 
t; z < 4 
ZIF is s;) | f dM ; = aT (sp) 


< T(8) 


where T'(s) is the total variation function of F (s). 

2.1. To show that the conditions (a), (b) are sufficient, consider now 
an arbitrary point Me, fixed, interior to the spherical region bounded by 8, 
and express u(Mo), u being harmonic inside S, by means of the Poisson 
integral over S;, the sphere of radius r;; sufficiently large to contain M, as 
an interior point. Thus 








ee ee | 14? — To? f 
(14) u(Mo) DEEA s UP u(M)dM 
1 i ri? ai To? 





T m d a Hae O 


1 a S 
= lim -— f I aF (re su) 
S; 








r;=1 rri MM’ 
1 1— To" 
. | -y S, ee) 


by (12), since F,(s) is of limited variation. 
Corollary. The conditions given are necessary and sufficient that u(M) 
be given by (I), since the integrals (I) and (IIT) are identical when F(s) 
and F(e) are corresponding functions of segments and point sets respectively. 
Corollary. For u(M) given by (I) or (III) the conditions (a), (b) 
hold as r approaches 1 in any way whatever. 


2.2. Removal of condition (a). We shall now prove that condition 
(b) implies condition (a), from which it will follow that (b) is a necessary 
and sufficient condition in order that u(M) be given by (III). With the 
notation already defined for s, we have 


F (1,8) =F (r; 6:5 623 $5 $2) = Í, u(r, 4 $)do 


alr) i ey 


T(r, s) = T(r; biy 925 $1, $2) = f lele, 05) | do < K. 
. olrse i 
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F(r,s), T(r,s) are therefore additive functions of segments s and functions ' 
of the parameter r; of uniformly limited variation in s as 7 ranges over the 
sequence rı < fz < Ta’ +. We wish to prove the following auxiliary theorem: 


THEOREM. If F(ri,s) is of uniformly limited variation for all values 
‘of i, then there exists a subsequence of values of r, {ri’}, of the sequence {ri} 
_ and there exist two sets E’ (0), E” (p) dense in the respective intervals (0,7), 
(0, 2a) such that 
lim F(1;; b, bz; $1, $2) 
OO š 


_ exists provided only that 0., 62, belong to E’ (0) and pı, $2 belong to E” (ẹ). 


Suppose that- 1 <r< 1. Then, from Poisson’s integral, 


1 |, r? — r” 
EF (1, 8) = oJ, u(M) di f TET dM’ 


ocr" ,s) 





where M and M’ represent polits on the apnene of radii r, 7” respectively. 
We can therefore write 


P(r,s) = Í. PUM 31,7; s)u(M)aM ` 
where p is a positive fonction, since r > 7”, and is given by the formula 


72 — r”? . 
p(M; r, 1; 5=f. — dM’ 
ew s) 4ar > MM” 
We will consider various positions for the point M with regard to the bound- 
ary s. ' 


(i) Suppose that M is inside s and that its minimum angular distance 
from s is 8. Then 


ear re ane al aon a f sin a da 
p(M; r,r; te F 


C Aer +r? — 2rv’ cos a)’ 
er = T r(e) 
pg 2r? 2r? (r? + 1”? — 2rr’ cos 8)? 


(ii) Suppose that M is outside s and that its minimum angular distance 
from the boundary s is 8. : Then 


(Saye ry f p a oe, 
e ee t, es oe) < epee 6. P cd 
= (7 — 1?) 10 


re -e &S8" Lee tee = 
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(iii) Whatever may be the position of M with respect to s 


2/2) of 1 1 yea” 
° ra <= (r TE = a hy 
0 < p(M31,7°; 8) Qype r— g" ra g? < l 


We see from the above inequalities, that, given the increasing sequence 
{rg} it is possible to associate with any integer n a quantity 8, with lim 3, == 0 
8 P 


such that if the point M (0, ¢) is inside the segment oe 
(Oa + Sns Oa — Sn; pı + Bn, $2 — dn) 
or outside the segment 
E Gs F 85 aa Ha On) 
then, for all j >in 
| p(AL; ri ri; 8) —g (M8) | < bn 
where g(M,s) represents the function which is equal to 1, 0, y/2m according 


as M is inside, outside, or on s. 
Consequently, 


| Fri; 01, 623 $1, p2) —F (ri; 91, 823 pis pa) | 
as | Sf (99) — p0; rs, ri; 8) (AD at 
J 


=f, g(M,s) — p(s ts, ts; 8) | | (ML) | aM 


= BE + T(r; 61—9n, 61 -+3n; 6 d) 
+HT(ri; Oa — ôn 02+ 8r; c d) 
+2 (153 a, b; pı— ôn, pı + bn) 
+T (153 a b; a— ên pa F Sn) 


where the numbers 6, + 8n, 62 + 8n lie between a and b, and ¢; Æ 8n, Qo £ Sn 
Jie between c and d; OSa<bSn, O0S¢< dS22. We now show that, 
given e > 0, n can be chosen so large that the integral 


F (133 61,023 $142) [dR <e (n<i<j) 





f | F(t; 64, bz; pry $2) 


where R is the region [0 S 0, S r, 0 S 0 Sr; 0S pi Z 2r, 0 £ dr S 2r]. 


We first choose a positive number 7 so small that for all values of i, 7 





Sor | E (ri; 91, 625 pis pa) — F (r3; 1, O23 $1, $2) | dR < 6/2 : 
HOH 
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where R, represents the region 
DSa Srm gE hS 9S ți S wy q S p S an]. 


This can be done because F, by hypothesis, is bounded. The 7 being now 
fixed, we consider only values of n for which ôn < y. For such values of n, 
it follows, that if j >t > n and if (61, 62; ¢1, $2) lies in A, 


| F (ri; 61, 023 pis p2) — F (T45 61, 025 $1; $2) | 

< nE +T (ri; Oa — n O1 + èn; 0, 2m) 
HT (rj; Oa — ôn, 02 + 8n; 0, 2r) 
HT(ri; 0, m; pı — ôn $1 + èna) 
HT(ri; 0, 75 pa — bn p2 + bn). 


Consequently, we obtain, after integrating over Ra, ` 
(15) f, | E (ri; 1, O25 bs, p2) — F (13; 61, 025 dr, $2) | dR 
: 9 i 
ek Soot] A 
< pE Ant + 40 j T (145 Oa — ên 0, + ên; 0, 20) do, + 
" 


TaN 
S nK Art + Ar” f {Z (1; 0, 6, + ôn; 0, 27) 
: ” 
aii T (ri; 0, 6, — ôn; 0, 2r) }d6, + 


where the terms omitted in the last expression are similar to the integral term 
written down. By changing the variable of integration this term can be 
written in the form 


qa. a~q-5n 
e { T (153.0, 6; 0, 2a) dé } 
atin 7n-6n 


7 a —4+6n 7+5n 
=t | f 7 T (r130, 050, 2m)d0 } 


S m-N-ôn N-ün 


l atin 
< 4r? f T(r; 0,0; 0, 2r) dð 
baai T-Å}-Ön 
< 4r? KE + 28; 
since T (r;; 0, 6; 0, 27) is a non-decreasing function of-0, less than K. By 
treating the other terms of (15) in a similar manner we arrive at the result- 
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S| POPs 8s 805 bus ba) — FC 5 BO buy de) | AR 
n $ 
< nK [4r + Br? + 8r? + 4r? + 409] = Sn 4K (r +6) (j>i>n). 


We now choose n so large as to make this expression less than «/2. From 
this it follows that the integral extended over the whole of R will be less than 
e for a sufficiently large value of n; that is to say, the sequence of functions 


F(ri3 01, 023 1, $2) 


` converges in the mean (of order 1) in the region R. 
We can now state the following auxiliary results which are Gaid by 
convergence in the mean, of order 1: 


(A) There exists a subsequence {ri} of {ri} and a function ®(6,, 02; 
ss $2) defined at nearly every point (u, 02; pu $2) of R, such that i 


nm F(t; bi, b2; Pis $2) =F 2 (61, b2; $i 2) 


except for a set of points, in R, of measure zero. 


(B) There exists a subsequence {ri} of {ri} and a function of 0 denoted 
by (0, 0; 0, 2r), defined at nearly every point 0 of the interval 0<6<7n, 
such that 
pe F (1143 0, 0; 0, 2r) = &(0, 6; 0, 2r), 

=% 


except for a possible set of values of 6 of linear measure zero. 


The proof of (B) is similar to that already. given, of (A), but it is less 

complicated and may therefore be omitted. But (A) is valid, of course, if r 
takes on the values in the subsequence {11} of {7:}; hence there exists a single 
sequence {7:1} for which both (A) and (B) are valid. 
_ Let #,(6) represent the set of values of 6, of measure ~, for which 
lim F(7’7i; 0, 4; 0, 27) = (0, 6; 0, 2x). It follows from (A) that there 
exists at least one number a in 2,(6) and a certain subset H.(6) of #i(0) 
of measure r, depending on a, such that the set of points (41, ¢2) for which 
lim F'(1’;; @, 92; pı, 2) does not exist is of superficial measure zero, if 8z 
is a number of the set #.(6). And since 


Fra; 61, 623 dy $2) = F (r4; a, b25 di; $a) — F (ri; a, 015; da, $2); 


_ it follows that if 6,, 62 are any two numbers in F,(0), then there can be 
at most a set of points (¢:, $2) of two-dimensional measure zero for which 
lim F(t; 61, 623 $1, $1) does not exist. 
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Let us now choose a denumerable subset #’(6) of Ea(0) dense in the 
interval (0, 2r) and let us exclude all points (¢:, ¢2) for which lim F(1’:; 
ba, 02; Pı, $2) does not exist; allowing 6,, 02 to take on every pair of numbers 
in Æ (0). We thus exclude a denumerable aggregate of sets of points i, $2) 
each of measure zero. The points (¢:, ¢2) remaining constitute a set 
E,(¢1, $2) of measure 4r? in the region 0 < , S 2m; 0 S ġa S 20. If now 
61, 2 are in H’(9) and if ($u $a) is in B.($s, $2) then lim F(74; 01, 023 
$i, $2) exists. 

There exists a number b, 0 < b < 2r, and a set E” (ẹ) such that meas. 
E” (b) = 2r and such that lim F(ri’; 61, 825 b, d2) exists if $s is any number 
in E” (¢). And, since 





P(r; 01, O25 pas pa) = F (1i; 01, O25 b, pa) — F (1i; 91, 025 b, br), 
it follows that if 6,, 62 are in W (8) and if ¢:, $2 are in E” (¢) 
lim F(t; bi, b2; 1, $2) = (0, b2; $1; $2) = (s) 


exists. The iiey theorem is thus proved. 
We are now enabled to complete the proof of the statement that PE 
(b) implies condition (a), that is, that lim F'(7’i, s) exists for every sogrugu s. 
First, we have 


P(r'es) = tim f pM; t'i, 1i; S)AP (T3, S'u) 
j=00 a 84 
= f,P(P3 1, ti; s)d®(sP) 


where the integrals are formed with respect to any net H of segments s’ deter- 
mined exclusively by the circles 0 = const. in E’(6), p = const. in E” (ẹ). 
For p(M; fi, ri; s) approaches p(P; 1, ri; s) uniformly, and F(r; s’) 
approaches ®(s’) on every segment s’ in H. Evidently &(s’) is a pounded 
additive function of segments on the net H. Hence 


lim F (7i, s) = lim f p(P; 1, ri; s)d®(s’p) 
i=% izo `S $ 


= Sa q(P, 8) d®(s’p) 


by the definition of the generalized Stieltjes integral. For the function 
q(P,s) is again the limit function of the bounded sequence of continuous 
functions of P, p(P; 1, ri; s). Thus condition (a) is satisfied. 

We are thus able to state the following théorem, which summarizes the 
results of these sections. 
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THEOREM. A necessary and sufficient condition that u(M), harmonic 
in X, be gwen by the formula (I), 


(1) u= gf GEE are, 





where F(e) is a completely additive function of point sets, or by (IIL) 


(IIT) gael AS aa) 
4rn Jy MP 


where F(s) is a bounded and additive function of segments is that 
(b) f | u(M) | da 
Sr 


remain bounded as r approaches 1, over a denumerable sequence of values, or, 
in fact, in any way. 

The function F(r,s) has a mit as r approaches 1 for every segment s, 
and i ` 
(16) aan F(r, 8) = pn race 1, r; s)dF(s) 


= S 1 s)dF (s) = F; (s) 


is identical with F(s) on all segments of continuity and has regular discon- 
tinuities; the function F (e) is the corresponding completely additive function 
of point sets. 


In fact, the above relations are true if F,(s) and F(e) are functions 
corresponding to F(s) as described in § 1.22. On the other hand, if F,(e) 
were a completely additive function of point sets, different from F(e), i. e, 
not corresponding to F(s), the corresponding bounded additive function of 
segments F(s) with regular discontinuities would differ from F',(s) on some 
segment and relation (16) would fail. 


2.3. The class of functions given by (I) or (III) within the unit sphere 
may also be characterized in another way. 


THEOREM. A necessary and sufficient condition that u(M) be gwen by 
(I) or (ITI) within the unit sphere is that tt be the difference of two functions 


u(M) = u(M) — (I) 
which are harmonic and not negative within the unit sphere. 


The condition is evidently necessary, since such functions u,(M), u:(M) 
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may be obtained by substituting for F(s) in (IIT) the positive and negative 
variation functions, respectively, of F(s). In order to prove the sufficiency 
we note that 


i | u(M) | aM = f (Mdm ae f. (1) AM 
= dmr [u (0) + ue(0)] < 4r[u (0) + u(0)]. 
Hence condition fb) is satisfied. 


2.4. In §1.21 the reader was allowed to assume that the pole for the 
systems of segments remained invariant, although the formulae there given 
provide convenient means for just such changes of coordinates. Rather than 
- complete the demonstrations in this more general sense let us turn at once to 

the general class of regular curves on 8. i 
i We define a regular net G on S, for a regular curve w as a system of 
lattices Gn corresponding to positive numbers 8, successively decreasing and . 
approaching 0 as a limit. Each lattice represents a partition of w and its 
interior into a finite number of cells win each. of which is a regular curve of 
- diameter, < ôn.. Given a net G for a regular curve w it may obviously be 
extended throughout the complement ws of w so as ais become a net for g 
itself. 
Let F(s) be additive and bounded on a net H of segments, and define 


(17) Fy(w) = f,9(P,w) dF (s’p) 


for any regular curve won S. Then F,(w) is a function of regular curves, 
additive and bounded on S. Moreover we can integrate by means of a Rie- 
mann sum with respect to Fi(w) any function (P) if it is continuous on S, 
and extend the definition of the integral as an S-integral for any h(P) — 
bounded and measurable Borel. Take first h(P) to be continuous. 

Divide S into portions bounded by regular curves w; of. diameter < 8. 
Write . 
hs(P) =, h(Pi)g(P, wi), 


P: a point of w; Then 

5, h(Ps) Fa (wi) = f ,ha(P)dF (s’) 
by definition of F, (w). But the limit of the right hand side is unique as 8 
approaches 0, since m ha(P) =h(P) uniformly. Hence the Riemann- 


Stieltjes sum in tlie ‘eft hand member has a unique limit; it also - satisfies 
2 
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the postulates (C) (A) (L) (M) of the S-integrals.* It follows therefore 
_ that 
(18) S (P) dP (wr) = f h(P)dF(s’r) 
for all functions h(P) measurable Borel and bounded. 
In particular we may take h(P) = q(P, w) so that 


(19) f,.(B, w) dB, (top) =P, (w) 


and the discontinuities of F,(w) may be said to be regular. 

Let P,(w) be the upper bound of Fi(p.) for all finite pluricells pw 
composed of arbitrary regular curves w; contained in w, and let N, (w), Ti(w) 
be defined accordingly. Let P,(s’), Ni(s’), T1(s’) be the functions similarly 
formed on H. We have the following theorem. 


Tarore”. The function P,(w) is given by the formula 
(20) P,(w) = f,¢(P, w) dPs(s’r) 


and is a bounded additive function of regular curves with regular discon- 
tinuities. Corresponding relations hold for N,(w) and T,(w). 


It is necessary merely to prove (20), since the rest of the. theorem is an NE 


immediate consequence of that relation. Let @ be a net of regular curves 
w’in for both w and we and form P’(w’) and N’(w’) as upper bounds, of 
Fi (pw) and —F,(pw') respectively, on G, for curves w’ which are finite 
pluricells on the net. The analysis of §§$ 1. 2, 1.21 shows that these functions 
are bounded and additive for curves w’ and satisfy the relations l 


E(w’) = P(w) — N w") 
(21) P’ (w) = f (P, w) aP’ (wp) 
P’(w) + P’(we) =P (8) S Pi(w) + Pi(we). 
We have, however, from (19), if p is a finite plurisegment in H, 
F, (p) = f, (P. p) dP (wr) | 
= f 1(P, p) dP’ (wr) — f g (P, p) dN’ (wp) 
jo = fa 1 (P> p)aP (wP) S fp a(P, 8’) AP (wp) 


‘when the plurisegment p is contained in the segment s’ of H. Hence 


Pas’) S f g(P, s) AP’ (wr) ; 


* P. J. Daniell, loc. cit. 
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also 
P(S) S S; q(P, S) dP’ (wp), 
and therefore’ j 
Pa (8) = Pi(s’) + Pi(s’c) S S La(s) + a(P, s'e) 14P (wp) 
(22) P (8) = P (8). i 
On the other hand 
F, (po) = f, 9(P, Pw) dP: (s'r) 
= f 9(P, po) 4Ps(s’r) — S , 4(P, Pw) dN (8p) 
. S fy (P, pw) dP. (s'p) = fq(P, w) dP. (sp). 
Hence 
P,(w) = f 4(P, w)dP,(s’p)> 
Pi(we) S S 1P We) dP1(s’p). 


Unless therefore (20) is satisfied we have 
P, (w) + P(w) < Pr(8). 


But this equation is not compatible with (22) and the third of equations ‘(21). 
Hence (20) must be valid. 
Incidentally, we have the fact that 


(23) P,(w) = P’(w). 
Since w is itself a pluricell of G. 
2.5. As an application of § 2.4 we have the following theorem: 


THEOREM. If u(M) is given by (III), and Fi(w) is the additive and 
bounded function of regular curves w associated with F(s) by the equation 


(24) F,(w) = f,9(P, w) dF (sp) 
then ; `y . 
(25) lim P(r,w) = f u(M) aM ) = Faw) = P (w) — N: (w) 


r=1 


iim (Tew) =Í bt [alt ) = Ti (w) =P, (w) + Ni (w) 


where o(r,w) is the projection of the 'region bounded by w on the sphere of 
radius r. 
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In fact 
F(t, w) = lim f. pM; 1’, r; w) dF (7, 8) 
7'=1 r? 
= f P(P3 1, r; w)dF(s), 
by (12), as in §2.2. And therefore 
lim F(r, w) = S 1P w)dEF (s) = Fi (w). 


Since p(P; 1, 7; w) remains bounded as r tends to 1. Thus the first of the 
relations (25) is established. 

For the second relation, we obtain directly from the Poisson integral the 
inequality 


Fon! CHO | aM 5 S BPs 1, r; w) dP. (s) + f,e(P3 4, r; w)dN,(s), 


and therefore 


lim f jean | aM = S, a(P, w) aP: (8) + f, a(P, w) aN, (s) 
or 


lim T(r, w) < P(w) + N, (w). 
. PEL 


On the other hand, since Pi(w) by (23) is the upper bound P’(w) of 
F; (Pw) for all finite pluricells of a net G for w, contained in w, we can find 
such a finite pluricell Pw such that 


Fs (pw) >P (w) —e/4, e arbitrary, positive; 


and if we represent by p'w the finite pluricell of G complementary to pw with 
respect to w, we have 


—F, (pe) > Ni(w) — 6/4. 
We may now choose r near enough to 1 so that 
F(r, po) > Fs(Pw) —«/4 
—F (r, pw) > —Fi(plw) — 6/4. 
' By combining these results, we obtain, 


F (r, pw) — F(t, p'u) > Ps(w) + N: (w) —e 
Hence 
<- P(r, w) =F (r, pw) — F (r, pw) 
> Pi(w) + Ni(w) —e; 


Li 


Bray and Evans: A Class of Functions Harmonic within the Sphere. 178 


or 
ti T(r,w) = P(w) + Ni(w). 
By comparing this inequality with the earlier one, the second of the rela- 
tions (25) is verified. 


3. Behaviour of u(M) in the neighborhood of the boundary. An im- 
portant theorem comes as a consequence of (I) or (III). 


THEOREM. Let A be a point of S at which F(s) possesses a derivative 
f(A),* and My, Ma, > + be any sequence of points, with Jim Mna = A such: 


that, if rı denotes OM; and 6; the angle between OM; and OA, the quantity 
6:/(1—r:) is bounded. Then, if u(M) is gwen by (III) or (1), 
lim u(M:) = f(A). 
ik 4=00 3 
If F(s) has a unique derivative at A, the same is true of the correspond- 
ing function of segments with regular discontinuities. Hence we may assume 
that the discontinuities of F(s) are regular. 
We may write 
a F(s) =of(A) + 9(s) 
where g(s) is a bounded additive function of segments with regular discon- 
tinuities, and has a unique derivative at A which is zero. : 
If a bounded additive function of segments g(s) has a zero derivative 
at a point A, the same is true of its positive and negative variation functions. 
- In fact, if pn. is such a regular family, we can choose f'n iD pn so that’: ` 


P(pn) < F(p’n) + 1/2” (meas. pn), 


and if we let p’’, be the complement of p’n in pn, 


N (pa) <—F(p%) + 1/2" (mens. pa). 


For every value of n, either p’, or p”n is of measure = pn/2. Hence if 
we denote by p’; those p’n of measure = pr/2, and by p” j the p’’, correspond- 
ing to the remaining values of n, we shall have two regular families of plari- 
segments, of which the parameter of regularity is not more than twice that 
for pn. Sees we have : f 


lim F(p:)/meas. p’; = 0 


* The derivative is taken with regard to any regular family: of eee See 
A. J. Maria, loo. cit, p. 459. 0 ors 
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and therefore 


lim -22 < lim £2) + lim 1/2% = 0, ` 
i100 meas., Pi ~ge00 Meas. pP; 400 


where i ranges over this certain sequence of values. 
Similarly for the other sequence of values, 


lim N(p;) /meas. p; = 0 
4200 


and therefore z 


PO) sn FO +N() o 
` jz Meas. pj j=00 meas. pj $ 


Hence for the whole sequence of values of n 


lim P(pn) /meas. pn = 0. 
n=00 


Accordingly we may assume for simplicity that g(s) is of positive type. 
Since the discontinuities of F'(s), g(s) are regular (see § 1.21) the definition 
of these functions may be extended, by means of § 2.4, to all regular curves 
on S, and the integral in (I) or (III) written with respect to F(w). More- 
over since g(s), of positive type, has a zero derivative at A on a regular family 
of segments for which A is an interior point, the same is true at A for any 
regular family whatever of regular curves w. 

Let now a small circle of latitude, C, be drawn upon S with OA as axis, 
and. let a’ be its colatitude; and let a’ be chosen so-small that for any family 
of circles (c) within C and containing A—this would be a regular family 
having the number 4 as parameter of regularity with respect to circles of 
center A—the value of F can be expressed as 


(26) F (e) = [f(A) + a(¢)]o 


where o is the area of c, and 0 5 (c) <e a quantity which approaches 0 
with a’. Otherwise there -would be a sequence of ¢’s constituting a regular 
family on which the derivative of g. would not be 0. 

Since M; is to approach A we may assume that 6; <a’/2. Thus, if we 
denote a’ — 6; by ai, a circle c; of colatitude a; about OM; as axis will contain 
A in its interior and will touch C internally. Now we have 


1 —r;? 


= d 
MP? age. 





+ lim u(M:) = f(A) + lim (1/4) f 
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—7(4) Him (1/41) f aP) "EE dgw), 





since the circle c; ultimately tends to C, and the distance from the projection 
of M; on S to the complement S — c: of c; exceeds a positive number which 
is independent of t. , 

Write now, for circles c with OM; as axis and a as colatitude, 


g(¢) = hi (a) 


which is thus a function of a of limited variation, uniformly for all i. More- 
over 
hi (a) = qi (a) - 2r(1 — cos a) (i SaSau 


hila) S qil): 2r (1 — cos 81) Sas bi, 
in which 7i(0;) approaches zeroʻas 7 becomes infinite. Now the integral may 


be evaluated with respect to any net on S. Hence by an integration by parts, 
we have for the limit to be considered one which does not exceed 


=r? 


lim a/m f rer dh: (a) 
= lim (1/4) [oS as 


+ ri? — 2r; cos a)3/? 


(1— 147); sin a* hi (a) 
+ lim (3/42) T (1 F r3 — 3r; cos a) F i 


_ of which the first term is zero; for at a= a; ‘the denominator has a fixed 
lower bound, and at a= 0 


(1 — ri?) Ai (a) <, (fp. sin? sin? (0;/2) 
(1/4)| z + ri? — 2r; cos a |, ahs) {=r ° 
The second term, when the integral is rewritten as ie -+ f ‘may be 
0 8 
handled directly, and is i 


ni (81) (1 — cos 04) (1 — r:2) 7% 
S lim (1/4r) T (fra 789, 608 a) *F 


a (1— r:?)rı(1 — cosa) sina 


+ (3/2) clim f“ i (ir? — 2r cosa) E Ti 


where fór simplicity the lower limit of integration in the second term has 
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been replaced by 0. The first term has the limit 0, on account of the restric- 
tion on 6;/(1—7;) and the second may be valuated as 


Par =n)? r) 3(1—r) (1r) Feu 
‘elim (1/49) | anng — Ea re da 
Hence 

| lim u(M,) —f(4) | << 


and lim u(Mi) =f(4). 


In other words u( M) approaches f(A) not only as M approaches A along ' 


a radius, but also as M approaches A along any path which may be contained 
in a circular cone of vertex A and axis OA with vertical semi-angle < 1/2 *. 


4. Poisson’s integral and the Dirichlet problem for summable bound- 


ary values. The functions u(M) of the class we have been considering are | 


evidently not determined by their boundary values f(A). In fact it is the 
F(e) which is arbitrary. That is, if lim F(r,s) is an arbitrary additive and 
: r=1 


bounded function of curves, with regular discontinuities, for regular curves 
on J, there is one and only one function u(M) harmonic within S and subject 


to this boundary condition if f |w(2) | dM remains bounded. This is a 
Sr 


generalized Dirichlet problem. 

If however the lower net derivative ł of F(e), (which is f(A) almost 
everywhere), does not anywhere have a positively infinite value (which it can 
have, in general on a point set of measure 0), or the upper net derivative a 
negatively infinite value, the F(e) or F(s) is absolutely continuous, the for- 
mula (I) or (III) degenerates into Poisson’s Integral, and the function u( M) 
is determined by assigning its boundary values, summable in the Lebesgue 
sense, almost everywhere on 8, 


THEOREM. A necessary and sufficient condition in order that u(M), 
harmonic in Z be given by the Poisson integral 


* A generalization of Fatou’s well-known theorem for the circle; “Séries trigo- 
nométriques et séries de Taylor,” Acta Mathematica, Vol. 35 (1906), pp. 335-400, see 
p. 345 and p. 357. 

{The net derivative in the sense of de la. Vallée Poussin, loc. cit., p. 98. 
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(II), u(M) = (1/40) f Ga TA 


in which f(P) is summable in the Lebesgue sense, is 


(c) that the absolute continuity of the integral F(ri,s) be uniform for 
allt. 


The condition (c) implies (a). Hence if u(M) ‘satisfies (c), it is given 
by the formula (III). But 


F(s) == lim F (r4, s) 


being the limit of a sequence of functions whose absolute continuity is uni- 
form, is itself absolutely continuous. Hence, in this case, the formula (TIT) 
reduces to the Poisson integral (II). 

Conversely, if u is given by (II), u is the difference of two harmonic 
functions, Us, uz, which are also given by (IT) in terms of two non-negative 
summable functions fı, fe, where f = fı — fz; wu: and us are therefore non- 
hegative and 
lim u, (M) = f(A); lim ue(M) = f2(A) 


at nearly every point A, with lim (M) = A. 


But the necessary condition that for a non-negative function 


f u(M)am — f. f,(P)aP, 
ali,g) 


o(rg:8) 


is that the absolutely continuity of fu,(M)dM be uniform.* The same is 
true of u,(M) and therefore the absolute continuity of S u(M)aM is uniform. 

In precisely the same way as in the corresponding proposition in the case 
of the circle, the following corollary may be proved. 


Corollary. The condition (c) implies that the absolutely continuity of 


f u(M) dM 


alr,s) 


is uniform over al r,r < 1.4 


* de la Vallée Poussin, “Sur Vintégrale de Lebesgue,” Transactions of the American 
Mathematical Society, Vol. 16 (1915), pp. 435-501. See p. 447. : - 

tG. C. Evans, “Logarithmic Potential. Discontinuous Dirichlet and Neumann 
Problems,” American Mathematical Society, Colloguium Series, (in press). 
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From. this theorem we obtain easily the theorem, which is proved in the 
case of the circle by a different method, by M. Noaillon.* 


THEOREM. A necessary and sufficient condition that u(M) be given by 
the Poisson integral (II) is 
(e) lim f |u (P) — u (P) | dP =0 
Ss k 


i j=0 


where ui(P) represents the value of u at the point which is the projection of 
P from O on the sphere S: of radius rı; in other words the sequence of 
functions ui(P) is convergent in the mean of order 1. 


From the inequality 
f ju(P) [aP< f |u(P) [aP + f (uP) uP) aP, i>i 
6 8 ‘ e 


it is easily seen that the condition (c’) implies (c). For if (c’) is true it 
is possible, given e to take a fixed j so large that the second term of the second 
member is less than ¢/2 for any set e on S; and then to choose meas. (e) so 
small that 


Pora . (t= 1, 2,8,- *, 9). 
e 
Thus, for every i, we shall have J, | wi (P) | dP <e. Hence the sufficiency 
of (c) is established. 

Conversely, if u is given by (II), us(P) approaches FP) nearly every- 


where on S, as we have seen. And the absolute continuity of f ui(P)dP is 
uniform ; the same is true of f |u:(P)—f(P) | dP. But 


J, eP) —uP [aes f. |u(P)— iP) | aP + 
J, bo) — iP) Lar; 


and since the second member of this inequality approaches zero as i and ĵ ` 
“ become infinite, it follows that 


lim Zl us(P) — w (P) 4 dP =0. 


j= 


* Noaillon, Comptes Rendus, Vol. 182 (1926), p. 1371. 
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.We have now the following result: 


TuxrorEm for the Dirichlet Problem. Given f(A) swmmable on S there 
is one and only one function of the class defined by condition (c) or of the 
class defined by (c’), harmonic in X, which takes on (in the sense of the 
theorem of § 3) the values f(A) as boundary values almost exerywhere on 8. 
It is given by the Poisson integral (II). 


If f(A) is bounded on S, or bounded except on a point set of measure 0, 
u(M) is bounded in X and vice versa. In this case condition (c) is satisfied. 
Hence there is one and only one bounded function, harmonic in 3 which takes 
on f(A) almost everywhere on K, where f(A) is bounded and measurable in 
the Lebesgue sense. 


We have already shown that any function which satisfies (c) and is 
harmonic within S takes on boundary values almost everywhere on 8. 

The case just considered is a special case of that where | u(M) |S y(A) 
and y({A) is summable over S. In fact, under this inequality, the absolute 
continuity of f u(M)dM is uniform. Another special case of this same con- 
dition is that where | @u/dr| is summable over 3, a situation where the y(A) 
is not necessarily a mere constant. For we have 


S dr f 2 = ip f u(r, Ma — f” u(ro, MyaM, 
ory) T? or o(ris) o(ro rs) 
sgo that 


|S sew tr Ba | = J... u(ro E) | aM + (1/7) f | a 
| 5 Zs 





the volume integral being extended over the conical region with vertex O and 
base o(1,s). But the right-hand member and fu(M)dM define additive 
functions of point sets on S,. Hence 


f | u(r, M) | au = f | u(ro M) | dM + (1/1 dr 
alr,8) ` 10 (T08) 








Moreover, since the right-hand member is absolutely continuous, and inde- 


pendent of r, it may be written in the form, ¥(P) dP, moe wherever 
o(i,a) 


w(P) is the derivative of its own integral, 
. | u(r, M) |S (1/ro?) ¥(P) , 
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P being the projection of M from O on 8. But since this condition holds 
almost everywhere, if we define y(P) = + co where it is not the derivative 
of its own integral, the function y(P) will still be summable and the inequal- 
ity will hold throughout. 

A further special case, of interest on account of its relation to classical 
treatments of the Dirichlet problem, is that where the integral l 


du N, du \? du \? 
Dee i Ve) (ag) EN fm 
2 
` extended over the interior of X, exists. In fact the existence of D (u) implies 


that (du/ér)? and therefore that | 3u/ðr | is summable over 3. 


THE RICE INSTITUTE, 
Houston, TEXAS. 


Notės on Formal Modular Protomorphs.* 
By O. C. HAZLETT. 


1. Relation to the literature. In a recent paper,t W. L. @. Williams 
has proved several theorems relating to formal modular protomorphs of a 
certain class of binary forms with respect to the general Galois field. He 
considers the binary form 


f (asx) = aom: + (3) tlt A- (3) nity arg? $+ + + f- Ogitat 


where the a’s are independent variables. It is well known that one set of 
algebraic protomorphs of f(#,y) is Cı, Oz, **', Cg where Ci ==, Oo = 
oe. — ay", and in general 


2 2 
Com = Golom — ( ig) Qy@om-1 + ( 7) Qolom-2* ` | 


+4 (—1)m (h Aass + E 1)” (a) An” 


Oom = (a8 = 2a) Com 
where, 0== 1 8/800 + a: 0/ðm +: ` ++ ag 0/ðag-1. 


He then proves that the seminvariants C; (t= 1, 2°, q) and B form a 
fundamental system of protomorphs of the binary q-ic form, mod p, p being 


a prime such that (2) 0, mod p (j= 1, 2,---, q—1). Here 8 == 


4° — ata. Similarly, a fundamental system of protomorphs of a system 
of binary forms, mod p (with similar restrictions on p) is a fundamental 
system of algebraic protomorphs of this system together with one additional 
formal modular seminvariant, namely 8 formed for any one of. the forms of 
the system. He proves a similar theorem for formal modular protomorphs 
with respect to any Galois field, GF[p"], of order p”, with the same restric- 
tion on p. F : 
‘Unfortunately, however, his proofs are such that they hold only for a 


* Read to the American Mathematical Society, Sept. 1926. É 
+ “Fundamental Systems of Formal Modular Protomorphs of Binary Forms,” 
Transactions of the American Mathematical Society, Vol. 28 (1926), pp. 183-197. 
181 
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. form or system of forms for which no binomial coefficient is congruent to zero 
modulo p and hence one wonders if the theorems are true for the general form 
or system of forms. Although any integer < p is admissible as a value of q 
by his theorem, yet for values of p < 20, a rather large number of values 
of g=20 are not admissible, as shown by the following table, in which 
A = admissible values of q, J = inadmissible values of g: 


p=?, I[=2,4, 5, 6, 8—14, 16—20, A= 3, Y, 15; 

p=3, I=3, 4, 6, 7, 9—16, 18 —20,. A =?, 5, 8, 17; 
p=5, I= 5—8, 10—13, 15—18, 20, A=2> 4, 9, 14, 19; 
p=, I=Y— 12, 14—19, 4=?2— 6, 13, 20; 
p=11, I=11—20, A=2—10; 

p=13, I=13—20, A=2—12; 

p=17, [=17—20, A=2— 16; 

p=19, I= 19, 20, A=?2— 18. 


Hence, it may be of interest to observe that his theorems quoted above hold ` 
for a form or system of forms provided merely that we exclude forms whose 
order is divisible by p. 


2. Protomorphs for the algebraic case. Now the theorem about alge- 
braic seminvariants of a binary form f(a; æ) of order q asserts that any al- 
gebraic seminvariant S is expressible in the form aF (ao, Bo, Bs, ++ *, Bg) 
where F is a polynomial in its arguments and p is an integer, positive, nega- 
tive or zero. Here Bo, Bs, ©- +, By is any set of g—1 rational integral 
seminvariants of f which are such that B; is of weight i and actually involves 
a” In classical invariant theory it is usually customary + to use as these B’s - 
a special set of seminvariants C2, C'3,- - -, Ca in which each is of the lowest 
possible degree. Those of even weights are of the second degree and those 
of odd weights are of the third degree. Sometimes, however, one uses the 
coefficients of f in the special form where the coefficient of the next to the 
highest power of z, is zero. If we do not use binomial coefficients (in this 
paper we shall not use binpmial coefficients), then the transformation which 
carries f(a; a) = amt ta! into this special form is £, = T1 — M182 / qlo 


T ==% and the resulting coefficients are Ap = ao, A= 0, A: =; + di 


(i> 1) where each ġ+¢ is a polynomial in the ay, (7 < 1) divided by a power 
of a. Moreover, the coefficients of each ¢; are integers divided by a power 


* Elliott, Algebra of Quantics, first edition, p. 213. 
} Ibid., pp. 214-215. g 
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of q and thus the transformation is admissible for the modular case if q is not 
congruent to zero in the field. Also, any algebraic seminvariant S of a system 
of forms fi(a; s) (i= 1, 2,- ++, k) is such that ao Prao. - + gM § 
is a polynomial in seminvariants of each of the forms f: taken separately and 
in the leaders ao‘ a? — a, ap, ete. of the Jacobians of one of the forms 
f, and the rest.* 


3. Modular protomorphs as algebraic protomorphs. This last theorem 
is of interest in connection with a theorem about the formal modular invari- 
ants of a binary form f(a; s). First, however, we need 


Lemma I. Any formal modular seminvariant of a form or system of 
forms with respect: to the Galois field, GF[p"], of order p” is the sum of a 
finite number of seminvariants which are pseudo-isobaric. 


For it was proved elsewhere { that any seminvariant is annihilated, 
modulo p, by Q’ and its p’th, p? th, >, pY th symbolic powers where 


Of = O+ (1/[n] OM 4+ + ++ (1/[kn] oe" +. - 


in which [im] = pt”, Q is the first Aronhold operator of classical invariant 
‘theory and Of”! denotes the [in]’th symbolic power of Q. The converse is 
also true. Now if operates on any polynomial in the a’s, it decreases 
the weight by 1 and, in general, Q% decreases the weight by p**". Moreover, 
© replaces an isobaric function by an isobaric function and a pseudo-isobaric 
function by a pseudo-isobaric one. Hence, if OQ’ annihilates $ 8; modulo p, 
where each S; is pseudo-isobaric and no two S: have weights which are con- 
gruent, modulo p?— 1, then 0’ must annihilate each ae modulo p: Hence 
each S; is a seminvariant. 

But elsewhere { it was proved that any isobaric formal modular invariant 
C of a system, S, of binary forms with respect to the Galois field, GF[p™], 
of order p” is congruent, modulo, p, to an algebraic invariant of S. In a later 
paper § it was proved that either C was congruent to a rational algebraic in- 


* Ibid., p. 218. 
t Hazlett, “ Annihilators of Modular ivatiante and Covariants,” Annals of Mathe- 
matics, Series 2, Vol. 23 (1922), p. 210. 
+ Hazlett, aN Symbolic Theory of Formal Modular Invariants,” Transactions of ` 
the American Mathematical Society, Vol. 24 (1922), p. 300. Referred to as S. T. : 
§ Hazlett, Formal Modular Oovariants as Algebraic Invariants. (As yet unpub- 
lished) § 5. Referred to as A. I. 
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variant of S or that a suitable power of C is congruent to such a covariant. 
Since” a pseudo-isobaric covariant C of a binary system 8 is such that a 
suitable power of C (or C multiplied by a suitable power of L) is an isobaric 
covariant of an enlarged system, S’, then these results apply also to pseudo- 
isobaric invariants of S. But these theorems, although stated only for invari- 
ants under the total linear group on the a’s, yet the same proof holds without 
change for the invariants of S under any linear group with coefficients in 
GF[p"] and hence, in particular, for seminvariants. Thus we have 


THEOREM I. If f(a;x) is any binary form of order q and if 8 is any 
formal modular seminvariant of f for the Galois field, GF |p], of order p”, 
then w suitable power of S is congruent in the field to a polynomial in the 
algebraic seminvariants of fy =f (a; 2), fı =f (a; s), >+, fi= f(a"; x). 
and in the invariants of the œs under the total linear group on the a’s divided 
by a power of L. Similarly for a system of forms. 


This is equivalent to saying that any such seminvariant S, when multi- 
plied by a suitable power of L is congruent to a polynomial in the algebraic 
seminvariants of the system fo fı ° °°, fam. For those formal modular 
seminvariants which are congruent to rational integral algebraic seminvariants 
of these g -+ 2 forms, a complete system of protomorphs consists of the semin- 
variants do, Az, Ás, * ` +, Ag of fo and also the corresponding seminvariants 
a", Ae", © -> of the other fi together with the leaders of certain covariants, 
viz., the Jacobians Jy = dot?” — do?"Q1, Jo = Aot" — aoa, etc. of fo and 
each of the other forms. But the seminvariants ao", A.®", etc. are positive 
integral powers of ao, Az, etc. and it is readily seen that 


J = (to J + ag?” J) / ao”, 
| Ja = (do J” + a" J1) / a, 
and, in general, that 
J 1 = (do JPF aP” Jia) / ap. 


Thus every J; is expressible as a polynomial in J, and a, divided by a power 
of do. Thus we have the following theorem for those formal modular semin- 
variants of f which are congruent to rational integral algebraic seminvariants 
of fo, f` * * fan 

Turorem IJ. Let f(a;x) be any binary form of order q and consider 
*§. T, pp. 301-303; A. L, §5. 
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its. formal modular seminvariants with respect to the Galois field, GF[p"], 
of order p”. . If q is not divisible by P then a complete set of formal modular 
protomor phs consists of a complete set of algebraic protonvorphs of f, together 
With Agi?” — do?" ay. 


4, General case. To prove this theorem for the general case, we can 
proceed precisely as in the article by W. L. G. Williams cited above, using the 
A; instead of the C;. Or we can proceed as in the proof of the corresponding 
theorem for algebraic seminvariants. 

‘In the second of these proofs, we note that since the formula for A; can 
be solved for a; in terms of A; and the a; (j <i), we can readily express 
any formal modular seminvariant, S, as a polynomial, Sı, in the A; and ao, a 
divided by a power of a. Now S, can involve a, only through the function 
a," — ata, For, since S, is identically equal to S, it is annihilated mod. 
ulo p by & and thus, ‘if . 


Si = do" F (do, ry As, M Ay Ag) 
where F is a polynomial in the ee then 


OF bA; 1 
JA; Odin 


where each C; is a numerical coefficient, where 


8, — = Oye [ oF + 4 2 Oin E 





0 a Sead a d 
= a tar + dol” ra + <... IAS Dal Jadon 
and where i, j range over the values 1, 2, 8, +*+, q. Hence 
OS, =q ut F =0 (mod p). 


In this connection, we need 


Lemma 2. Let F be a polynomial in a, a1, and variables As, As, ete. 
in which a, and a, are the first two coefficients of the binary form f of order q, 
but in which Az, As, etc. may be any variables which may assume any set of 
values, independent of the values assumed by a) and an. Then F is annihil 
ated by the differential operator 8 given above if and only if F is expressible 
as a polynomial in Qo, the Ai and a,””— a,?""1a, dwided by a positwe ogri l 
power of ao. 


Let ty = do" ay% po (Aa © © +, Ag) 
where Ko = ko + leg’ + kop” +++ = 
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be the term of F which is of lowest degree in a, and let k be a non-negative 


integer less than p”. The result of operating on t with a, a is congru- 
zi 


ent to 
(1) : Fo do tot aH $o 


where Kı = (k, — 1) + k'op" + ko” p” +: 


and, accordingly, since F is annihilated modulo p by 8, the F must contain 





a term ż, which is such that, when ż, is operated on by a)? or by 


ð 
bar ™ 
ag?" ce etc. it produces precisely (1) above. Hence (1) would have to 
come from a term whose degree in a, is at most l, — (p” — 1), which is con- 
trary to the definitnon of to Hence ho == 0. . 


But the result of operating on t, with ao” ra is 
I 


(2) ko’ doloa" tho 
where 
K, = (k? — 1)p” + ko” p?” +e 


Since F is annihilated by 8, F must contain a term ta which is such that, when 





ta is operated upon by ao 2 or a?" or etc., it provides (2). But, 


ô 
da, da,2™ 
since t) is the term of lowest degree in a, none of these alternatives is pos- 
sible except the first, and thus 


te Decas ko do!0P"-1 a Tog o 
where l 
Ks = 1+ (to! — 1) p" kopt H 


I Æ k? 0, this means that the term of F which is of lowest degree in æ is 
accounted for by . 


to + (1/ko )ta = (01 — "1 a4) do” a,% ho ; 


whereas, if ko’ == 0, we. proceed to consider the result of operating on to with: 





ao?” 
” fa” 


Now 8[to + (1/ko’) to] = [8 (a1 — ao#-4a,) | [ao ay %ego] 
+ [u — ay? "-1a4) ] 8 [ao toa, Kap, | 
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But ô (a? — a-t). = 0 and 


8 (ao a,go) 
= [ (k? — 1)m iaaii k aslo a, Hap 
H ko” ao gh 4. - + +] do. 


Thus ô operating on to + (1/k)’ Jta gives rise only to terms whose ini in to 
is higher than that of ż and not less than that of ts} Moreover, any such 
term is of the form ; 

= 6 ao + aho 


where l = Ip + p and Ky’ = krp" + kip?” ++ + + +b, p™ or is of the 
form do?""1a,t3. Here i and each of the &’ is a non-negative integer subject 
to the restrictions that 1 Sim and ki” S kP, and C is a constant. 
Note that = (or a)?""la,t,) arises from t+ 1/ho’ tə only by operating 
with a = . 

Since F is annihilated by ê, then the totality F, of terms of F not 
accounted for by to + (1/ko’)t, must be annihilated by & Now proceed with - 
F, as we did with F. Since the degree of F, in a, is‘higher than the degree 
of F in a), then at the end of a finite number of steps we arrive at a pair + 
of terms of the same general type as to + (1/ho’)t2 of which the term of the 
highest degree in'a, is of degree 1 in a. By the foregoing argument, this 
and the pairs of terms obtained by the preceding argument exhaust all terms 
of F except that conceivably it may not account for precisely all the coeffi- 
cient of the term in the highest power of a. But if there were a term in 
the highest power of ao—say ¢t;—which is not accounted for by the pair r, 
then when we operate on ts by è we should get a term, ss, independent of a. 
Now the only way that ss can be cancelled is by — s, arising from differen- 
tiating a term te of F. By the foregoing argument, te must be of higher 
degree than ts in do. Since ts is a term of F which is of the lowest degree 
in a, this is impossible and thus the last pair r precisely exhausts all remain- 
ing terms of 8. Combining results, we see that the totality of terme of F 
which contain a, as factor is divisible by: G1?” — Qta. 

Moreover, since 


(8) 8(a"” — ata, )Q = Q8 (a,?" — ao") + (ae — aga) 8Q , 
= (m — am), 


it follows that the quotient, Q, is annihilated by 8. By induction, F is a poly- 
nomial in a, As, As, ete. and a1?" — a""-1a,, and the lemma is proved. 
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Hence we at once have Theorem II for a single binary form. ` But since 
the protomorphs A; are all expressible as rational functions of the 8; where ' 
the S; form a complete set of algebraic protomorphs of f, we have 


COROLLARY I. Under the hypothesis of- the theorem, a complete set of 
formal modular protomor. phs of f is any complete set of algebraic protomorphs 
and a?” — a" Ta,. 


, Similarly, 1 we have 


TurorrM III. Let f(a;2),g(bs £), h(c;2),+ + > be any system of binary 
forms and consider the formal modular seminvariants of this system with 
respect to the. Galois field, GF[p"], of order p”. If the order of no one of > 
the ground forms is divisible by p, then a. complete set of formal modular 
‘protomorphs. is any complete set of algebraic protomorphs of the system to- 
gether with aap” — aa. 


UNIVERSITY oF ILLINOIS, 
’ URBANA, ILLINOIS. _ 


Irreducible Continuous Curves.’ . - 


By Harry MERRILL Gruman. 


A point set M is said to be an irreducible continuous curve about a point 
sef A, if M is a continuous curve and contains A, but contains no proper 
subset which is a continuous curve and contains A. In‘general, a point set- 
M is said to be irreducible with respect to a property-X, if M has property X, 
but contains no proper subset which has property X. 

In the present paper, we shall first show that a set which is both a 
continuous curve and an irreducible continuum about a point set A,f is also- 
an irreducible continuous curve about A. Since every continuum is an 
irreducible continuum about itself, it follows that if the set A is properly 
selected, every continuous curve is an irreducible continuous curve about a 
set A. We are therefore principally concerned in this paper -with some 
properties of the set A for a given continuous curve (Theorems 2, 3, and 4), 
and with the possibility of constructing a continuous curve which is irre- 
ducible about a given set A (Theorems 5 and 6). Some rather important 
results concerning continuous curves are obtained incidentally (Oorollaries 
4B, 4c, and 4p). 


THEOREM 1. A point set which ts both a continuous curve and an irre- 
ducible continuum about a point set A is also an irreducible continuous curve 
about A. Conversely, an irreducible continuous curve about a point set A 
is an wreducible continuum about A. , 


Proof. If M is an irreducible continuum about a set A, then no proper 
subcontinuum of M contains A, whether the subcontinuum be a continuous 
curve or not. Therefore if Mi is also a continuous curve, it is an irreducible 
continuous curve about A. f 

Suppose the converse were not true, and there existed a sef M which is” 


* Presented to the American Mathematical Society, Feb. 27, 1926. . | 

f This generalization of the notion of an irreducible continuum between two points 
is due to W. A. Wilson, “On the oscillation of a continuum at a point,” Transactions 
of the American Mathematical Society, Vol. 27 (1925), pp. 429-440. See also H, M. 
Gehman, “ Concerning irreducibly connected sets and irreducible continua,” Proceed». 
ings of the National Academy of Sciences, Vol. 12 (1926), pp. 544-547. We shall refer - 
to this paper, hereafter a as I. 0..8.. 
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an irreducible continuous curve about a set A, but is not an irreducible con- 
tinuum about A. Then M contains a proper subcontinuum N containing A. 
Let P be a point of If — N, and let C be a circle about P whose interior 

` contains no points of N. If X denotes the points of M in the interior of C, 
the set K which is the maximal connected subset of M — X that contains N, 
is a continuous curve.* That is, M contains a proper subset K which is a 
continuous curve and contains A, which is impossible since we assumed that 
M was an irreducible continuous curve about A. Therefore, W is an irredu- 
cible continuum about A. . 


THEOREM 2. Every continuous curve is an irreducible continuous curve 
about the set consisting of its non-cut-points.+ 


Proof. In Theorem 4 of our paper I. C. S., we have proved that every 
bounded continuum M is an irreducible continuum about the set consisting of 
its non-cut-points. Therefore if M is a continuous curve, it follows from 
Theorem 1 that M is an irreducible continuous curve about the set consisting 
of its non-cut-points. 


THEOREM 3. A necessary and sufficient condition that a continuous 
curve M be an irreducible continuous curve about one of its subsets A, is that 
A’ t contain all the non-cut-points of M. 


Proof. Any continuum containing A will contain A’. Therefore, if A 
is any subset of M which is such that A’ contains all the non-cut-points of M, 
then the only continuous curve lying in M that can contain A is M itself, by 
Theorem 2. Therefore the condition is sufficient. 

The condition is necessary, for suppose M is an irreducible continuous 
curve about a set A, but some point P which is a non-cut-point of M, is not 
contained in A’. We shall show that this leads to a contradiction. There 
are two cases to be considered, according as P is an end-point of M, or a point 
of a simple closed curve in M. 


*H. M. Gehman, “Some relations between a continuous curve and its subsets,” 
to appear in the Annals of Mathematics. See especially Theorem 6. We shall refer 
to this paper hereafter as S. R. 

y+ If M is a connected point set, and P is a point of M, then if JA — P is not con- 
nected, P is said to be a cut-point of M; if M—P is connected, P is said to be a ` 
non-cut-point of M. See R. L. Moore, “Concerning the cut-points of continuous 
curves, etc.”, Proceedings of the National Academy of Sciences, Vol. 9 (1923), pp. 
101-106. 

If A is any point set, A’ denotes the set consisting of A and all other points 
which are limit points of A. 
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Case 1. Suppose P is an end-point * of M. Let ebe a positive number 
which is less than the distance from P to a point of A’. Then by Menger’s 
definition, there exists a point Q which is such that M can be expressed as 
the sum of two continuous curves + having only Q in common, one of which 
contains P but no point of A’, and the other contains A’ but not P, In that 
case, a proper subset of M is a continuous curve and contains A, which is 
contrary to our supposition that M is an‘irreducible continuous curve about A. 


Case:2. Suppose P is a point of a simple closed curve J of M. Let 0; 
be a circle about P as center, excluding all points of A’, and let O, be a circle 
about P as center whose radius is less than that of C,. Let QR be an arc of 
J lying entirely within C., and let N be the maximal connected subset of M 
in Cz plus its interior, that contains QR. As we have shown before, N is a 
continuous curve, and therefore M — N contains only a finite number of 
maximal connected subsets containing points of A, because only a finite num- 
ber of these subsets can be of diameter greater than the difference in radii of 
Ô, and Ca." Let these be D,,:* +, Dx. By Theorem 7 of our paper S. R., 
the set D;’ is a-continuous curve. Hach of these continuous curves has a 
point in common with N, and every such common point is a point of C2. 
Let P; be a point common to D;* and N, and for each point P; select a defi- 
nite are PQ; in N, such that Q; is the only point that the are has in common 
with QR. The set D+ Dy +: Dr +P + PoQebos s+ 
PQr + QR is a continuous curve containing A, and must therefore be iden- 
tical with M. In that case, the:points of M in the interior of C2 lie on a finite 
set of arcs, and we can select two points X and Y of QR such that there are 
no points of Qı + Qz +: + Q between them. The set (M— XY)’ isa’ 
continuous curve (by Theorem 7 of S. R.) which contains A and is a proper 





* We are using end-point here in the sense defined by R. L. Wilder, “ Concerning 
continuous curves,” Fundamenta Mathematicae, Vol. T (1925), pp. 340-877. For the 
equivalence of Wilder’s definition with a modification of one due to Menger, see 
Theorem 2 of our forthcoming paper entitled, “Concerning end-points of continuous 
curves and other continua.” The modification of Menger’s definition may be stated 
thus: A point P ofa continuous curve M is said to be an end-point of M, if given 
any positive number e, there exists a simple closed curve of diameter less than s 
enclosing P, and having only one point in common with Jf. See Karl Menger, “ Grund- 
ulige einer Theorie der Kurven,” Mathematische Annalen, Vol. 95 (1925), pp. 277-306. 
The theorem that an end-point of a continuous curve If is a non- cut-point of M which 
belongs to no simple closed curve in M is due to W. L. Ayres. 

f This follows from Theorem 6 of our paper S. R. 

+W. L. Ayres, “Concerning the ares and domains of a continuous curve,” (ab- 
stract), Bulletin of the American Mathematical Society, Vol. 32 (1926), p. 37. 
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subset of M. But this is contrary to our pupposinion concerning M. There- 
fore the condition is necessary. 


Definition. If a set M is an irreducible continuous curve about a closed 
set A, but not about any proper closed subset of A, then A is said to be a 
basic closed set about which M is an irreducible continuous curve. 

From this definition and Theorem 3, we have the following corollary. 


CoroLttaRy 34. The only basic closed set about which a continuous 
curve is an irreducible continuous curve, is the set consisting of all the non- 
cut-points of the continuous curve and all points which are limit points of 
non-cut-points. ` 


COROLLARY 38. If a set M is an irreducible continuous curve about a 
closed set A, then M is irreducibly connected about A. 


Proof. By Theorem 3, if M is an irreducible continuous curve about a 
closed set A, then A contains all the non-cut-points of M. By Theorem 2 
of our paper I. C. S., the set W is irreducibly connected about any set that 
contains all the non-cut-points of M, and therefore M is irreducibly connected 
about A. 


THEOREM 4. If a set M is an irreducible continuous curve about a set 
A, then every subcontinuum K of M is connected im kleinen at every point 
not in A’, and if K contains every point of a maximal connected subset B 
of A’, then K is also connected im kleinen at every point of B. 


Proof. Suppose K were not connected im kleinen at a point P of 
M—A’ Then we can construct a circle C about P excluding all points of A’. 
Within C there exists the state of affairs described in R. L. Moore’s charac- 
terization of continua which are not continuous curves,* and by the argument 
given in the proof of Theorem 1 of our paper S. R., it follows that M con- 
tains two ares P'’P”, Q’Q” which have no points in common, are interior to C, 

“and are such that each of them has points in common with each of the sets 
Mf; for + equal to or greater than some fixed number n, each of the sets M; 
being an are. Therefore the set P'P” + QQ” + Mn -+ Mai contains a 

- simple closed curve J which is interior to C. Every point of a simple closed 
curve in M is either a non-cut-point of M, or a limit point of non-cut-points, + 


*R. L. Moore, “Report on continuous curves from the viewpoint of analysis 
situs,” Bulletin of the American Mathematical Society, Vol. 29 (1923), pp. 289-302, 
© R. L. Moore, “Concerning the cut-points of continuous curves, ete.”, loc. cit. 
Theorem B*, f 
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and by Theorem 3, all such points must be points of A’. Therefore A’ con- 
tains J. But this is impossible, as all points of A’ are exterior to C, and J 
is interior to O. Therefore K is connected im kleinen at avery point of 
M — A’, 

Suppose’ K contains every point of a maximal connected subset B- of A’ K 
but is not connected im kleinen at a point P of B. Then there exists in K 
the'state of affairs described in the preceding paragraph, where the continuum 
of condensation W (or M, in Moore’s notation) at points of which K is not 
` connected im kleinen, contains P. Since we have shown that K is connected 
im kleinen at every point not in A’, it follows that W is a subset of A’. Since ` 
W contains P, the continuum W is a subset of B. 

If on the arc P’P” * we select any point X different from P~”, there is a 
point P; of one of the sets M; (i œ> n) on the are XP”. The set P’P; + Mz + 
M: + Q’Q” contains a simple closed curve containing the are P’P;. As we have 
shown above, such an are lies in A’, and since X was an arbitrary. point of 
P’P”, it follows that the entire are P’P” lies in A’. Since the are P’P” has 
the point P” in common with W, the are P’P” is also a subset of B and 
therefore of K. But this contradicts part (2) of Moore’s characterization. 
Therefore K is connected im kleinen at every point of B. 


COROLLARY 44. If M is an irreducible continuous curve about a set A, 
every maximal connected subset of A’ is a continuous curve, and not more 
than a finite number of maximal connected subsets of A’ are of diameter 
greater than any given positive number. o 


Proof. That every maximal connected subset of A’ is a continuous curve, 
follows directly from Theorem 4. 

Suppose that an infinite number of these continuous curves were of dia- 
meter greater than some positive number e. Then let us construct in each 
of these, an arc of diameter greater than e, thus obtaining an infinite col- 
lection of arcs, such that no arc in A’ joins points of any two of them. , From 
this collection let us select a sequence of arcs approaching a limiting set W.} | 
Since M is connected im kleinen at every point of W, there exists in M an 
are P/P” which has only P” in common with W, but which has points in 
common with infinitely many of the arcs of the given. sequence. Then, as 
was pointed out in the proof of Theorem 4, the arc-P’/P” belongs to A’. But 


* The point P” is the only point which this: are has‘in common with W. 
t Compare pp. 40-41 of H. M. Gehman, “Concerning the subsets of a plane con- , 
tinuous curve,” Annals of Mathematics, Vol. 27 (1925), pp. 29-46. ` 
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this contradicts our supposition that the arcs were consimucied so that no are 
in A’ joins points of dny two of them. 


COROLLARY 48. If H denotes the set of all non-cut-points of a continuous 
curve, then every maximal connected subset of H’ is a continuous curve, and 
not more than a finite number of maximal connected subsets of H’ are of 
diameter greater than any given positive number. 


. Proof. The continuous curve is irreducible about H’ by Theorem 3, and 
then the conclusion follows by Corollary 4a. 


The following example shows that if K denotes a maximal connected 
subset of the non-cut-points of a continuous curve M, it is not necessarily true 
that K’ is a continuous curve. ; 

Let M, denote the lines y = 0 and y = 1/2” (n= 0, 1, 2,° - -) between 
z= 0 and v= 1. Let M, denote the lines v = k/2" (n=O, 1, 2,° ++, and 
k= 0, 1, < +, 2") between y=0 and y = 1/2”. Let M, denote the lines 
y = 5/28 and y= 7/23: (n= 0, 1, 2, <) between t—k/2" and 
g= (h/2") +(1/2"8), for k= 1,2, +, 2". The set M = M, + M: + Ms 
is a continuous curve, and every point of M — M, is a non-cut-point of M, 
while every point of M, is a cut-point of M except the points whose 2-coordi- 
nates are (k/2") + (1/2"*8) for the values of n and k given above. If K 
is the maximal connected subset of the non-cut-points of M, that contains the 
_ point (1, 1), the set K’ evidently contains the points (1, 0) and (1, 1/2"), 
for n = 0, 1, 2, +. But no two of these points can be joined by an arc 
in K’ unless the arc has points in common with the line æ= 0. Therefore 
K’ is not connected im kleinen at the point (1, 0), and is therefore not a 
continuous curve. On the other hand, the maximal connected subset of H’ 
that contains the point a 1); is the set M, + Ma which is a continuous 
curve. 


COROLLARY 4c. If M is an irreducible continuous curve about a set A, 
and if every subcontinuum of A’ is a continuous curve, then every subcon- 
tinuum of M is a continuous curve. 


Proof.’ If K is any subcontinuum of M, then K is connected im kleinen 
at every point of M — A’, by Theorem 4. If K is not connected im kleinen 
at a point of A’, there exists in K the state of affairs described in the proof 
of Theorem 4. As we pointed out there, each of the arcs M; (for i greater 
than n) contains a subarc 4:B; which has only A; in common with P’P” and 
only B; in common with Q’Q”. Each of these arcs lies in a simple closed 


Geuman: Irreducible Continuous Curves. 195 


curve in M, and is therefore contained in A’. Since P/P” is also in A’, the 
infinite collection of arcs A,B;-lies in one maximal connected subset B of A’. 
But in that case, some subcontinuum of B is not a continuous curve,* which 
is contrary to hypothesis. ` 


COROLLARY 4p. A necessary and sufficient condition that every subcon- 
‘tinuum of a continuous curve M be a continuous curve, is that every sub- 
continuum of H’ be a continuous se, where H denotes the set of all non- 
cut-points of M. 


Proof. The necessity of the condition is obvious. The sufficiency of the 
condition follows from. Theorem 3 and Corollary 4c. 


THEOREM 5. If A ts a subset of a continuous curve S, then a necessary 
and sufficient condition that X contain an irreducible continuous curve about 
A, is that every maximal connected subset of A’ be a continuous curve and 
that not more than a finite number of the maaimal connected subsets of A’ 
be of diameter greater than any given positive number. 


Proof. The condition is necessary, for if O contains a continuous curve 
M which is irreducible about a set A, then A’ satisfies the given condition by 
Corollary 4a. 

To show that the condition is sufficient, we shall indicate how to construct - 
in S a continuous curve M which is irreducible about a given set A satisfying 
the condition. In our paper, Concerning acyclic continuous curves,t we give 
a inethod (in the proof of Theorem 4) for constructing an acyclic continuous 
curve about a certain subset of a continuous curve. This method bears a close 
relation to the proof of Theorem 1 of our paper, On extending a continuous 
(1— 1) correspondence of two plane continuous curves to a correspondence 
of their planes. If we modify this method so that it bears a similar rela- 
tion to Theorem 2 of the paper just mentioned, we obtain a method for 
constructing in S a continuous curve M containing A. Since the method is 
such that every point of M — A’ is a cut-point of M, it follows from Theorem 
3 that the continuous curve M is irreducible about A. 


THEOREM 6. A necessary and sufficient condition that a bounded con- 


*H. M. Gehman, “Concerning the subsets of a plane continuous curve, loc. cit., 
Theorem V. 
+ To appear in the Transactions of. the American Mathematical Society. An acyclic 
continuous curve is one which contains no simple closed curve. 
£ Transactions of the American Mathematical Society, Vol. 28 (1926), pp: 252- 265. 
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tinuum S contain an irreducible continuous curve about every subset of 8 
is that every continuum of 8 be a continuous curve. 


Proof. The condition is sufficient, because if A is any subset of S, then’ 
8 contains a set M which is an irreducible continuum about A.* If every 
subcontinuum of § is a continuous curve, then M is a continuous curve, and 
therefore is an irreducible continuous curve about A, by Theorem 1. 

Also, the condition is sufficient, because if every subcontinuum of 8 is a 
continuous curve, every subset A of S will be such that A’ satisfies the con- 
ditions of Theorem 5,+ and therefore S will contain an irreducible continuous 
curve about A. 

The necessity of the condition will follow as a corollary of Theorem 7. 


THEOREM 7. If a bounded continuum 8 contains an irreducible con- 
tinuous curve about every closed disconnected subset A’, then every subcon- 
tinuum of S is a continuous curve. l 


Proof. Let K be any proper subcontinuum of S, and let P be a point 
of M—K. The set A’ = K+ P is closed and disconnected, and therefore 
8 contains an irreducible continuous curve about A’, by hypothesis. , Since the 
set K is a maximal connected subset of A’, it is a continuous curve, by Corol- 
lary 4a. Therefore every proper subcontinuum of § is a continuous curve. 
It remains to be shown that 8 itself is a continuous curve. 

If S is an irreducible continuum about a set A’ consisting of two points 
P and Q, then by Theorem 1, S itself is the only subcontinuum. of S which 
can be an irreducible continuous curve about the set A’, Therefore S is a 
continuous curve. l 

If § is not an irreducible continuum about any set A’ consisting of two 
points P and Q, then S is decomposable, and by Theorem 2 of our paper S. R., 
the continuum S is a continuous curve, since we have pred above that every 
proper subcontinuum of S is a continuous curve. 


NATIONAL RESEARCH FELLOW IN MATHEMATIOS, 
THE UNIVERSITY OF TEXAS. 


* W. A. Wilson, loo. cit., p. 433. 
TH. M. Gehman, “Concerning the subsets of a pee continuous curve,” Too. cit., 
Theorem V. i - f fe ase 


t 


The Plane Quintic With Five Cusps.. 


By MARGUERITE LEHR. 


The quintic with five cusps (characterized by the Plücker numbers 
`m = n =k =i = Š; v =r = 0; p—1) has been considered by del Pezzo,* 
Field + and Basset.t Field gives a general descriptive account of the appear- 
ance of the curve under various conditions on the coefficients in its equation ; 
Basset mentions it as the limiting case under quintics with five nodes; but 
neither paper gives a detailed study of the curve. In'such a study the del 
Pezzo work is fundamental. Starting with the fact that a quintic with five 
‘cusps may be obtained by quadratic transformation from a quartic with two 
“cusps, in- and circumscribed to the triangle of reference, hé proves that the 
quintic is uniquely determined by its five cusps. Considering the two cusps 
‘of the qoatie as the two intersections of the line $ #0 with. the conic 


zyz 
> ayz = =0 circumscribed to the triangle of reference ABC,.he shows that the 
TYz 
abe ` 


quartic is an determined by the oiditon for contact with «= 0, y = 0, 
z= 0, respectively, and passage through A, B and ©. By means of a quad- 
ratic r he obtains: the equation of the sear with cusps at 


Xyz = 0, in the ee g 
(1). 16aya (3 az)? — 4(3 az) (3 yz) (3 ayz) — (3 y2)?3 (b — ¢)’s = 0 


where a =— a +b +c; B=a—bt+e; y=a+b—e. au the forms in- 
Torea are symmetric i In &, y, 2 and a, b, c- Write 


* P. del Po s Equazione Buna c curva del quinto ordine dotata di cinque cuspidi,” 
Rendiconti d2? Academia delle Scienze Pisiche e Matematiche (di Napoli), Serie 
2; Volume 3, (1889), pp. 46-49. 

t Peter Field, “On the Form of a. Plane Quintic with Five Cusps,” Transactions 
‘of the American Mathematical Society, Volume 7, (1906), pp, 26-32. 

F.A. -B. Basset, “On Quinquenodal and Sexnodal Quintics,” Quarterly ‘Journal of 
Mathematics, Volume 37, pp. 199-214; “On Quintic Curves .with Four -Cusps,” Rendi- 
conti del Circolo Matematico di Palermo, Volume 26 (1908), pp. 332-335... ag 

§ Slight inaccuracies in some of the forms in the del Pezzo article have ‘been cor- 
rected Heres. 
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S(b—c)?=1 

Sazr=—k 

È yz = $ . 
Boye © 


The equation then assumes the form: 
(2) , 16ryzk? — 4koy — pl = 0. 


Del Pezzo gives also the cuspidal tangents at A, B, C, the typical form being 
the equation of the cuspidal tangent at A: 


(3) y(y +a) =2(B +a). 


This completes the account of results obtained in his paper. 

In the present investigation, which takes as starting point the del Pezzo 
work, it is proved that if five points in the plane are given as cusps on a 
quintic, the curve thus uniquely determined is unipartite, with the five cusps 
and five inflexions occurring alternately. Moreover, it is shown that from 
the five given points the cuspidal tangents, the inflexions, the inflexional 
tangents, as well as a series of ordinary points on the quintic, may be obtained 
by linear constructions. oS l 

The method of treatment is based on a slight modification of the form 
of (2). Replace y and yz by: 


y= ayz + pze + yxy = ap — 2th | 
where h= (c—a)y + (b—a)z 

yz = ġ —e(y +z) = p — ag. 
Then the equation for the quintic Q may be written: 
` (4). (l + tak) — 8eko (h + 2k) + 16kg = 0. 


Here the importance of the system of conics depending on ¢ and xk is sug- 
gested at once. Consequently, setting apart the cusp A, consider the pencil 
‘of conics through BC K,K,. 


The Parametric Treatment of the Quintic. Five given points are to be 
made cusps on a quintic, which is then uniquely determined. Take as BAC, 
. triangle of reference, any set of three cusps adjacent in that order on the 
conic ¢ determined by the five points.* The two remaining points determine 


* For the analytical work, it is not necessary that BAC be adjacent on ¢; -for the 
interpretation, however, such a choice is convenient since it gives a, b, ¢ all positive. 
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-the line K==3ax—0. No restriction is imposed on the curve either by 
such a choice of ABC, or by writing ¢ as 3 yz = 0. 





Fre. 1. 


The equation of the quintic is then equation (4), where a, b, c are all posi- 
tive. The cusps K, K, are given by the lines AK,, AK,: 
by? + ayz + cz? = 0. 
The reality of K,K, depends on a? — 4bc; call this o°. 
Any conic of the pencil S,(A) 
(5) ` Ao — 42k = 0 
has ten intersections with the quintic, of which eight are fixed at the cusps 


BO K,K,; the two remaining variable intersections are cut out on the conics 
. by the singly-infinite quadratic system of lines S,(A’) : 


(6) (7 + 4ak) —2a(h + 2k) + Ng =0 


obtained by direct substitution of (5) in (4). To each A-conic with a given 
A-value there corresponds a A-line, which intersects the conic in two points 
on Q. The lines (6) envelope a conic ©: 


(h + 2k)? — g(l + 40k) =0 
which reduces to 
. (7%) (b — c)? — 4axk = 0. ee 
or "$8 — 4ark = 0 where ô= b — c, 


and is therefore a A-conic,* corresponding to the value A = (b — c)?/a. The 
A-line corresponding to this value is: 


* If BC E,K, are ordinary nodes, the conics through them have eight fixed points 
-of intersection with the Q in question and two variable intersections given by a system 
of lines; this point of view I hope to develop at some other time. The specialization 
in this‘ease is the passage of the envelope of the lines through BC K,K, which are 
therefore cusps. 
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(8a) - bf alt — 2 (88/0) (h + 2k) + (B/0")9 — 0 
or 


(8b) x(4aa — 38?) aTe ita e E 


` The two points which this line 7 cuts out on ® are points on Q; j is tangent 
to @, being a A-line, and is therefore tangent to Q.” 
For all points on © 


l+ tak h42k _ 

h + 2k g RE 
The points of contact of A-lines (6) are given by the value p == AÀ. In par- 
ticular, for the point of contact of the line j 


: I4+4ok h-+2k _ 8 


T h -+ 2k g `a 





The line j is a special line in the system S, (A*) ; it may be expected to 
have a special relation to Q. In (4) write 


1 -+ dak = 2(8?/a) (h + 2h) — (8*/a?) 9. 
The resulting equation 


[(8/a) p — 4rk] {2$ (h + 2k) — 9[(8/a)$ + 4ek]} = 0 


“gives intersections of Q with the line 7. The quadratic factor is accounted 
for-—the line j is tangent to Q on ©. The cubic cuts out the three remaining 
points on thé line. This cubic meets ©, i. e. (8°/a)¢—4ck —0 on ¢ (at 
BC XK,K,) and on the line 


. a(h + 2k) — &g =0 ; 

that is, the cubic passes through the point on © given by: 

h+k è 

g a’ 

This point, however, is the point of contact of j with ©. The cubic, therefore, 
cuts the line j at its point of contact with ©; the line j has three intersections 
with ‘Q at that point. All singularities are accounted for at the cusps; 
therefore the line J is an inflexional tangent of Q, and its point of contact 
with © is an inflexion on Q. The cusp A, then, is associated with‘ orie of*the 
„inflexions by the system of conics through the remaining four cusps. The 
-equation of j, more properly called j4, is: 


(10a) a?x(4aa — 38) + y(o? + ac)? + e(o + ab)?—=0. - - 
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_ The corresponding inflexion I, has coordinates i 
èo o? + a? + 2ac _ 0° +a? + 2ab N 
a ` o + ac * tab 

In the same way, each cusp is connected with an inflexion by the system 
of conics through the remaining four cusps; e. g. jz is given by:' 
(10b) s(a? + be)? + by [468 —3(c—a)?] + z(o? + ab)? =0 
with the corresponding inflexion Iz . 
btb, o—a | ot +B? ab 
Prii coe iy yas ahs eee o? + ab 
The equation of jx, is most easily obtained by transforming the triangle ‘of 
teference to A K,K,, so that the conic $ yz = 0 becomes the conic 3 y’z’ = 0. 


The points K,K, are so named that K, is adjacent to B on ¢; the coordinates 
are 


2: Y: z= 


K, : x: y: z=— be: ely +e) : b(B—o) 
K, : æ: y: g=— be: e(y—o) : b(B +o). 
The equations of transformation are: 


ot’ = ax + by + cz or k 
(11) Ray’ = (y +0)y + (o — 8)z or AK, 
zaz = (—y+o)y+(B+o)2 . or AK, 


The new a’ b’ c’ are the coefficients in the equation of BC referred to the new 
triangle. This is: 


— 40ta + (y— 6) (B+ 0)y' + (y +0) (8—0)? =0. 


’ So the required values are 


Of == — 4o? st a’ = — üa 
(12) v = (8 +0) (y— o) B’ = — 4o (o + 8) 
of = (B—o)(y +e) Y =40(—o +8). 


The equation of jx, is now given by (10b), with a’ y’ z’ and-a’ b’ ¢ written 
for æ yz and ab c respectively, 


z(a”? + vey)? + by’ [4b B — 3 (c —a’)*] + z(o -+ a’b’)? Sat 0 


with equations (11) and (12) as equations of the transformation. The cor- 
responding inflexion Ix, is obtained from Ip by a similar substitution. Then 
jx, and Ix, are obtained from jx, and Iz, by changing the sign of o. 


. o 
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The five inflexions and their inflexional tangents have been found by 
means of the systems of conics through four cusps. The cuspidal tangents 
may be expressed in terms of the same systems. If A, denote the conjugate 
of A with respect to 8,(A), i.e. the common point of the polars of A with 
respect to the conics of S, (A), then ta, the cuspidal tangent at A, is the polar 
of A, with respect to ¢: for:—The polar of A with respect to ¢ is g; the polar 
with respect to zk is av + k; the common point A, has coordinates 


ary: z=8: —2a: 2a 
The polar of A, with respect to ¢ is: 
y (2a + 8) + 2(—2a + 8) =0; 
that is: y(y +a) —2(B +a) =0 


which is t4. 

Application of this method gives the equation of the cuspidal tangents 
at K, and K,. The conjugate of K, with respect to the related system ‘of 
conics through A B Ç K, is the common. ‘point of its polars with SORR to any ` 
two conics of the system; 


e. g. i) z[2as + (y #0)y]=0 
"o ii) y[Raa + RS =0. 
The polar of K, with respect toi) is: 
as- 2b(B—o) + by(B—o) Gasser 20(y +0) =0. 
The polar with respect to ii) is: 
az: 26(y +o) —by -20(B—o) + c2#(y + 0)(B—o) =. - 


The common point has coordinates 


(y+ ¢)(B—o) + 40° , b(B—c)+e(a—c)_. 
f . : bo, 


Ti yiz= ee 


o(y +e) —ola +o) 
The polar of this with respect to ¢ is: l 

Rabe X, az — o X, aa (b Sheet Salt +e)zr=0. 
This is the cuspidal tangent to Q a Ey. The cuspidal tangent at Ka, ob- 
tained by changing the sign of o, is: 


Rabe X az + o Saa(b — e)s — o £ a(b + c)s = 0. 
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The results obtained may be ‘Testated : 

The quintic is traced out by pairs of points obtained as the intersections 
of the conics of the singly-infinite linear system S.(A) with the corresponding 
lines of the singly-infinite quadratic system 8,(A”), all such lines -being tan- 

gent to the conic © of the system 8. aa): For each value of à there are de- 
` termined : 


i) a opts of the peneil Ad — 4ark = 0; 
2) a A-line tangent to ©; 

- 8) therefore, two points (common to 1 and 2) on Q; 
4) a A-point (of contact of 2) on ©. 


Hach point on Q has its A-value and has a correspondent with respect to A, 
i. e. the second point with that same A-value. Similarly it has a p-value and 
a correspondent with respect to B, i. e. determined by means of the conics, 
po — 4yk = 0 through ACK: E>. For a given point 2’y’2’, 





Og ek 4y'k' 
$? $ 
therefore ; i Aipeawiy 


A similar correspondence is set up for each of the five cusps. All investiga- 
tions will be made with respect to the cusp A and then extended to BC K,K.. 
The curve may be expressed parametrically by means of ditect solution 
of 8,(A) with S, (a2). Thé lines through C thus obtained are given by the 
equation : f ; o 


(18) s[—A(8 + a)?— 4a (a — c)? + 408°] + y*[— A(A— a — B)?*] 
i + Ray[a?(B + a) —A(2aa— 3að + b8) — 28 (a — bc) ] = 0. 


These are pairs of lines joining C to, a -varying pair of corresponding points 
P,P,, common tò 4 A-conic and its A-line. Important properties of the curve 
may be obtained from this system of lines without proceeding to the complete 
parametric expression. For the value A= 8?/a, i. e. at the inflexion Ta, 
the two lines coincide, for the A-line given by this value is tangent to its 
conic; thus Ia is its own correspondent. - Similarly, for ~= œ, the A-line 
g = 0 is tangent to its conic ¢, and the cusp A. is its own correspondent. As 
A changes continuously from œ, the two lines CP,, CP,, move from coinci- 
dence at A, the point P, tracing out one branch from the cusp, the point P, 
tracing out the other branch. If this circuit is to be closed, the lines must ` 
again come to coincidence; if another circuit exists, another. position of co- 
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incidence of P,P, is necessary as a transition between imaginary and real. 
values. In other words, the number of values of A which give self-correspond- 
“ing points determines how many circuits the curve has. 
Such values of À are given by the discriminant of the quadratic (13), set 
equal to zero. This discriminant is: 


A =[X (8 + a) — A(2aa— 303 + b8) — 28 (a? — be) ]? 
+ [—A(B + a)? —4a(a— oe)? + 408%] [A(A—a—B)?]. 


Two known zeroes of this expression are X= (b — ¢)?/a, A= 203; the reduc- 
tion is therefore simplified. The reduced form of A is: 


(14) A= 4(8? — a) [A2 (a? — 3bc) — àa (2a? — Bbc) + (a? —be)?]. 


The quadratic factor set equal to zero gives other A-values which determine 
self-corresponding points on @. The reality of such values depends on the 
discriminant of the quadratic in question, i. e. on 


a? (2a? — 5bc)? — 4 (a? — 8bc) (a? — bc)? 
which reduces to 
(15) — 3b?¢? (a? — 4bc). 


Consideration of the relative values of a, a, b, c will determine the sign of 
this discriminant. With ABCK,K, placed as described, a, b, c are all posi- 
tive. The points K,K, are-given as the intersections of k wth ¢, i. e. by the 
lines AK,, AK,: 


(16) by? + ayz + cz? = 0. 
If K,K, are to be real,* 
(17) l a? > Abe. 


Application of (17) to the discriminant (15) shows that the result is nega- 
tive; the two A-values given by the quadratic equation are imaginary. Hence - 
there are only two values for à giving self-corresponding points; there is 
therefore one circuit only. - 

The solution of equation (13) may be written.in the form: 


(18) “Pe=(TIR)y 
where P=—2X(p + a)? — 4a (a — c)? + 4c8? 


= — X? (B + a) +A (Raa — 3a8 + b8) + 28 (a? — be) 
A% = R = + {4(8? — ad) [X (a? — 3be)— aA (2a? — 5be) + (a? — be)*]}%. 


* The present considerations are limited, in the interests of directness of develop- 
ment, to the case of five real cusps. 
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This with the value for x: z obtained from §,(A’) gives a complete para- 
metric representation of the quintic. : 


(19) ety ee Wee BR) ss PO eo 0)" 
: (T + R) (4a — 4aa — 8?) —P(A—a—b)?*. 


The general investigation of properties of the curve derived from equa- 
tion (18) is greatly facilitated if the A-values of special elements of interest 
are found first by direct use of S,(A), S1 (7). 

` Conic : corresponds to the value A = © ; its A-line is g == 0, which cuts 
out A, self-corresponding. The A-point on ®@, i. e. the contact point of g with 
© is A,, the conjugate point of A with respect to the pencil S,(A); for A, is 


e:y:a—8:—2a: 2a 


which lies on ®© and on g; but g is a A-line and therefore tangent to ©. Tts 
point of contact is then A,. So © is determined as the conic of the pencil 
Sa (À) through A,. i 

Conic ®: corresponds to A = (b — c)?/a; its A-line is ja (the tangent at 
the inflexion T4) ; the A-point of contact on © is T4, self-corresponding on Q. 


Conic wk == 0: corresponds to A 0; its A-line is Z+ 40k = 0, which 
cuts out on and on k respectively a point of Q, the fifth point on each, since 
both x and k have already four points of intersection with Q, viz., « two each 
at B and O, k two each at K, and Kz. These are the conics of importance; 
the other line pairs in the pencil are given by A = 2 (a— o) and A = 2 (a +0), 
but as only one line pair is needed, xk is selected for simplicity. : 

Naturally the distribution of the five cusps and five inflexions on the 
single circuit invites discussion. For this purpose, the A-values which give 
BCK,K, are necessary. For a given point on Q, in general, direct substi- 
tution in §,(A) determines the proper A-value and therefore fixes the A-line. 
For the points BCK,K, which are fixed for the pencil S,(A), however, this 
process fails to determine A; these are points of special interest on Q. Here 

` the system 5, (A?) may be used to advantage, for though in general two A-lines 
pass through a point, these points, being on ©, have only one A-line passing 
through them, i. e. the tangent to © at the particular point in question. For 
B, then, 


a(— 4ad + 4aa + 8) + y(A—a—b)? + 2(A—a—c)?==0 
must pass through (0, 1, 0); the A-value for B is: 
A=a+6. 
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The A-conic is (a+ b)¢—4ak = 0 
which has as tangent at B 
ely +b) =z(a +d) 


that is, the cuspidal tangent to Q at B, te. Thus B and its A-correspondent 
are given by the conic of the pencil tangent at B to ts, and the tangent to © 
at B. 

For O, symmetrically, . 
l A=a-+e 
the A-conic is tangent to tg at C 
the A-line is tangent to © at C. 


To obtain the A-values corresponding to K,K;, another method is more easily 
handled. It would apply as well as B and C. Since K, is given on © by a 
` A-value (i. e. as the point.of contact of a A-line), 


(h + 2k)/g =A ` 


must pass through K,, the coordinates of which are known. The A-value 
obtained is: . 
à = (aa — By — 08) /a 


The A for K, (obtained by changing the sign of o) is: 
à = (aa — By + 08) /a. 


For ABCK,K, designated as described, a is negative; 8, y are positive; 
8, which is less than b + c and therefore less than a, may be assumed positive, 
for since only the order BAC on ¢ is of importance, BO may be so-named that 
b >c. The special case b = c will be discussed at the end of this section., 
Now aa — By + cò is negative, for (By — aa)” — od? reduces to 

4a* — 4a (b +c) +a (b + 0)? + 3078? + 2a(b + 0) 8. 

Since 4a*— 4a°(b + c) is —-4a%a, which is positive, and all the other terms 
are positive, ap 
l i | 8&y— aa] > | od | 
so Ax, is negative. The À for K, is negative and greater than Ax, in absolute 
value, oie A g ee 

For poitits on’@ in the neighborhood of A, w is pdsitive and k is positive. 
Since Q is unipartite, consisting of one infinite branch, it lies entirely outside’ 
¢, (it has ten intersections with ¢ fixed at.the cusps and so cannot cross ¢). 
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Consequently, for points on Q in the neighborhood of A, ¢ is negative. Now 
Ad = Aah 


therefore A for such points is negative. 

- As varies from œ at A through negative values, the: TEN of intersec- 
tion of the A-conic and A-line trace out the two branches from the cusp A. 
The A-values for both K, and K, are negative. Further, with BC so named 
that b > c, Ag is negative, for ; 


a > 4be > 4e; |a| > 2c 


soA=a+t cis pa The à for B 
=a + b = (8—o? —a0)/a < è/a 


may be negative, or positive less than 6?/a. On each branch from A, there- 
_ fore, A passes through negative values, zero, positive values to à = (b —c)*/a@ 
the order being A4 Àx, Ax, AcAzA;z,, the two branches connecting at Ia to 
complete the single circuit. This apparently does not determine on which 
branch the: cusps lie; it may be that all the cusps lie on one branch between 
A and I4, and their correspondents lie on the other. The sequence of A values 
does show that whatever the order of B B’ CC’ may be, there exists an arc 
BC. containing no-other cusp, which does or does not contain Ia according as 
BC are on the same or opposite branches; therefore B,C are adjacent cusps’ 
on Q.. But BAC are any three cusps adjacent in that order on the conic ¢; 
BC are any two cusps not adjacent on ¢; the theorem may therefore be 
Stated: l l 
Any two cusps not adjacent on the conic determined by the five cusps are 
adjacent on the quintic determined. by, the five cusps. 
_ Since the quintic is unipartite, and there are only two cusps not adjacent 
to B on ¢, viz. O and K,, the order of cusps on Q is CBK, Repetition of, 
this argument for every pair of non-adjacent cusps gives ‘the order on Q:— 
BKE,AK,C. Any given AÀ value, however, gives two points on Q, e. g. B and 
its A-correspondent B’, which are known to be on opposite branches. Hence. 
consideration of the sequence ‘of A-values Hererminer the following order on Q:: 


BOK, KB’, AK, K’ OB 


where the primed letters denote A-correspondents of the cusps. But the à` 
for I4.is greater than A for B and B’; I4 lies between B and B’. Consequently | 
BC ate separated pra A I 4 in such. & w that on thè arc BI ad Uiers are: 8 NO, 
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other cusps.* Since BC are any two cusps non-adjacent on ¢, and A is then 

the cusp adjacent to both, the same process may be repeated, determining the 

relative position of the other four inflexions. The resulting order on Q is: 
A (C) K: (Kı) B (A) C (K2) Kı (B) A 

where the bracketed letters denote inflexions associated with the given cusps. 

Comparison of the order on Q with the order on ¢ gives the two theorems: 

Any two cusps adjacent on Q are not adjacent on the conic œ determined 
by the five cusps. l 

Any two cusps not adjacent on Q are adjacent on ¢. 

The assumption has been made that b is different from c. The special - 
relations a = or a= c are precluded by the fact that a is negative, so that 
a>b+c. Consequently, b =c is the only specialization which affects the 
foregoing argument. The vanishing of b— c does not interfere with the 
existence of the equations developed, though the system 8,(A*), while still 
involving A?, degenerates into a system of lines through a point; that is, equa- 
tion (6) becomes 

g(A + a— 8b)? + 4ax(A —a + 2b) =0. 
Only in the geometrical interpretation is the specialization noticeable. In the 
preceding development, the following changes appear: 

The A-value for © is zero, so © becomes the line pair xk = 0. The double 
point of the line pair lies on the Q and is therefore the inflexion, since @ 
cuts out Ia on Q. The inflexional tangent ja is the line 1-+4ak with 
b= c, given by A=0 in equation (8). The coordinates for I, reduce to 
@:y:2=—=0:—1: 1, that is, the common point of z = 0, ax + b(y+2)—0. 
But A,, the conjugate of A with respect to S,(A), with coordinates v : y : z=. 
8: —2a : 2a becomes (0, — 1, 1). In this case, therefore, A, is the in- 
flexion Ta, and the tangent to ¢ viz. g = 0, which is the line AA, passes 
through the point (xk). The cuspidal tangent at A, ta, becomes y — z = 0. 
The tangents tg and to become respectively 


a 


.* Analytical proof may be given that B O are separated by AI,. In equation (18), 
call Pox = (T— R)y solution I and Pe = (T + R)y solution II. Points common to 
solution I and the -conics trace out one branch of Q from. A; points of solution II 
trace the other branch; the two solutions come again to coincidence at I a =Substitu- 
tion of coordinates (010), B, gives T—R=0; \=a+b gives T = 2b(o? + ac), 
which is positive; therefore P— R is the desired coefficient, and B lies on branch J. 
The È thus evaluated (for B) is 26(o? 4+ ace). 

For 0, `A=a +c; R= 2e(o7-+ ab). The desirgd line is tangent to the A-conic 
at O and is 'therefore of the form y(a+c) =@(B +c). Now \—=a-+e gives P= 
(8 + ¢) (@—4ae), T+ R= (a -+ ce) (#&—4aec). These coefficients have the desired 
form, so C lies on branch II. Then B C are separated by A I A 


Lene: The Plane Quintic with Fiwe Cusps. 209 


f 


æla +b) =2(— a+ 3b) 
s(a +b) =y(—a-+ 3b). l 
and hence meet on y:— z = 0, that is, on bi The equations for A and tr, 
reduce to 


Peeni) + y[2ab —o(a—b)—o(a+b)] 
+ 2[2ab? + e(a — b) — o(a +b)]=0 
2ax(ab — o°) + y[2ab? + o(a—b)—o?(a+b)] | 
+ 2[2ab? — o(a — b) — o (a +b) ] = 0 
and so meet on ta. The two points of intersection on ta 


(20) v: y: z=—a+3b:a4+b:a+b 
£: y: z= 2ab?—o? (a +b) : a(o?— ab) : a(o? —ab) 
are distinct if no further condition is imposed. 
Conversely, if a pair of cuspidal tangents ¢z, to meet on ta, the condition 
for concurrence gives 


(B+ ¢) (a+b) = (y+) (e+ ¢) 

therefore a = 0 or b==c. With five real cusps a = 0 is impossible, so b = c; 
then tr, and tr, also meet on t4, and Ia is the point common to s == 0, k =0. 
If Ia is known to be the point (sk), then b = c, and the cuspidal tangents 
“meet as stated. Any one of the three conditions brings about the other two. 

If now tg to and tr, te, meet as paired on ta, and (e. g.) ta te, and 
to tx, meet on tg, in other words, if all five cuspidal tangents are concurrent, 
then ABCK,K, may be projected into the vertices of a regular pentagon; 
for T4 is the point (wk), Ip is the point (AK, CK.). Project the line join- 
ing these two inflexions to infinity, and the conic ¢ into a circle. Then g,2,k 
are parallels, so the ares AB, BK,, AC, CK, are all equal. Similarly, the 
tangent to p at B and its parallels give the arcs BA, AC, KiKs, KiB all 
equal, so ABCK,K, is a regular pentagon and the original five cusps were 
such a set as could be projected into its vertices. The five inflexions in this 
symmetrical case are at infinity. ‘ 

Such concurrence of the cuspidal tangents may be obtained from the case 
b =c, a < 0, by imposition of another condition on a, b, such as coincidence 
` of the two points (20) on y—z==0. Proportionality of the respective: a 
and y coordinates gives (for b = c, a? =a(a— 4b)) 


a(—a-t 8b) (a— 5b) = [2b?— (a — 4b) (a +b) | (a +b). 
The resulting condition is: ; - 
` a=b(2 = V5); so a=b(2+ V5) since a> 2d. 


R 
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This is a high degree of specialization and results in much simplification of 
the framework of related lines and points (see Fig. 2); as one result, the 
linear constructions about to be given are not available. 





Fie. 2. 


The Appearance of the Quintic Curve. The curve is unipartite, com- 
posed of one infinite branch. It has five cusps and five inflexions occurring 
alternately, each cusp associated with the inflexion symmetrically placed with 
respect to it and the remaining four cusps. The parametric treatment has. 
given this information. A line having only one real intersection with the 
curve certainly exists, for the line joining two cusps adjacent on ¢ meets the. 
curve in one other point, P. Rotate this line about P through a very small 
angle so that its intersections with the branches from the cusps become ima- 
ginary; since the curve lies entirely outside ¢, such rotation about an external. 
point is always possible. The line in its new position has only one real inter-: 
section with Q. Projection of this line to infinity gives the type of the curve 
with only one real asymptote. Figures 3 and 4, obtained by quadratic trans> ` 
formation of a quartic with two cusps, in- and circumscribed to the triangle: 
of reference ABC, show this form and also the form with five real asymptotes,: 

-The inflexional tangent 74 at Ia divides œ into two arcs, on one of which 
A lies, while B C K,K, all lie on the other arc. The equation of ja is (Aa; 
Let ja cut $ in points J, J2; the lines AJ;, AJ, are then: ` 


Ha are +yz [as 4aa + {a + ac)? a p(t ab)? tar 


ea ea [ee-e 


wt 
+ 
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The discriminant here is: 


[er sap EEO y MEEDET? g EED E aot 


== (38? — 4aa)? + 2 (387 — 4aa) [< sae) i (o? +a) 





(oc? +ac)? _ (o? + ab)? 
T L a? a? T. 
The terms are all positive; the roots are therefore real. The coefficients of the 
quadratic are all positive; the lines AJ,, AJ2 therefore lie outside the meee 


and J,J, separate A from BCK,K, on ¢. 





Fic, 3. ae >. -= - Fie: 4. 


The curve lies j in such a way that tangents to $ at the. cusps -have -each: 
three real intersections with Q elsewhere. For: I= = 0 has intersections with. 
Q Biver bys y = 0 and the cubic 


y'3(@ F 3a) F 9% (98? $ Aaa) E yo*(24a3) + 160%? =, 
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The substitution 4ax/y = w — 28 gives 
w? + w(4aa — 38°) +28 (a? — o°) = 0. 


The derived equation has two real roots wi, w2; the cubic expression evaluated 
at — 0, wy, We, + œ exhibits three changes of sign; three real roots exist; 
therefore g == 0 has three real intersections with Q not at A. 

Since the Pliicker numbers for the quintic with five cusps, or pentoid, 
as it may be called, are m = n = 5; x = i = 5, the reciprocal curve is another 
pentoid. For this curve, corresponding theorems may be stated. The conic 
of the cusps, ¢, becomes x the conic of the five inflexional tangents, 
ja je je, it, jo, with points of contact on x in the order given. The order of 
points of contact on Q is then (A') (K) (B) (C) (Kı). From the point 
of contact of j4 with x, three real tangents may be drawn. Through the 
cusp A there pass two tangents to x which cut off an are of x to which 
je jo jx, jx, are tangents and an arc to which ja alone is tangent. Since any 
pentoid has an equation of the type of equation (4), these properties, which: 
relate only to order on the curve and reality of elements, characterize the 
original pentoid also. 


‘Constructions. 1). The cuspidal tangent to Q at A is the polar of A; 

(the conjugate of A with respect to S2(A)), with respect to ¢ Now 4, 

on g may be constructed linearly; (AA: are harmonic with respect to the 

points (ak) on g); then a linear construction for t4 follows. Similarly, tg 

is the polar of B, with respect to ¢, (where B, is the conjugate of B with 

‘respect to the pencil of conics through ACK,K.). So the five cuspidal tan- 
gents are obtained by linear constructions from the five given cusps. 


- - 2). The five inflexional tangents may be constructed linearly, with the 
help of certain intermediate lines. 


p== %4 x = 0 is the Pascal line for ABC inscribed in ¢; ‘it may therefore 
be constructed linearly. 
h = (e—a)y + (b—a)z is then known: for p meets k in a point P 
on the line AP: 
(b — a)y + (¢—a)z=0; 
then h is the harmonic conjugate of AP with respect to y + z = 0; 


[(6—a)y + (¢—a)z] + [(¢—a)y + (6—a)z] = (y +2) (e—a) 
[(6—a)y + (¢—a)z] —[(e—a)y + (b —a)z] = (y—2)8. 


~ 
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Now h and k are known ; h + 2k is the line through their common point and 


through A,; h + 2k may be constructed. 


ô 


The pencil of lines joining A, to the A-points on @ 
àg — (h + 2h) =0 
is podiv with the pencil of polars of A with respect to S: (à), viz., 
Ata — 48(by + cz) =0. 
In these pencils the rays correspond as follows: _ 


(A, pencil) (A pencil) - 
g(A= œ) corresponds to ta 
h-+2k(A=0) corresponds to by+cz=0 
A,B (à= a + b) corresponds to polar of A,w.r. to conie of S+ (A) 
tangent at B to tp. ` 


All three lines in the A, pencil are constructed; ta, tz are drawn; by -+ cz = 0 
is the line joining A to the common point of 0, k= 0; the polar of A, 
with respect to a conic through four given. points, with a given tangent at 
one of them, may be constructed linearly. Therefore: three pairs of corres- 
ponding rays in the A’ A, pencils are drawn and the correspondent to any other 
ray may be constructed. Since g as a ray of the A pencil corresponds to 


_ A= /a, 


2/a)ta — 48(by + cz) = (3/a) {y[8(2a + 8)— 4ab] + z[—8(2a—8)— 4ac]} 
= (8/2) (y + 2) (° — a°), 


its corresponding ray- (which may be linearly constructed), determines I4 on 
©; ja, tangent to a conic given by five points, at a known point on it, is then 
given by linear construction. For B, a similar process is performed, with 
the system S.() of conics through ACK,K, as basis, and the conic of S: (u) 
through B, in place of ©. Thus all five inflexions and the inflexional tan- 


gents are obtained by linear construction from the five given cusps.* 


3). The intermediate lines necessary in this construction give other 
points on the quintic. ' ` 
* Any of the given quantities a, b, c, e may. be irrational, but the parameters and 


coordinates of all the points in question are built up from these quantities by rational 
operations. 
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The fifth point of intersection on x, k respectively (given by the conic 
of 8,(A) corresponding to à == 0), on the line 7 + 4ak == 0 may be constructed, 
for 1 -+ 4ak = 0 is the tangent to @ at.the point given by -+ 2k (through 
A,) ; a linear construction gives 1-+ 4ak. The fifth point on all lines joining 
two cusps may be obtained by repetition of this process at B, C, Ki, K. There 
are ten such lines, therefore ten points are given. 

The A-correspondent to B lies on the conic of S,(A) ET at B to tp, 
and on the line tangent to © at B; This line and its intersection with the 
conic in question may be constructed linearly; B’ is therefore found. Four 
such points are given for B (correspondents with respect to AC Kı Ka). 
Similarly, four correspondents for each cusp may be found—twenty points 
in all. The series of points obtained by the linear constructions in (3) may 
be extended in this way indefinitely. 


| BRYN MAWR, 'Pa:, 1925. 
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The Convergence of General Means and the 
Invariance of Form -of Certain Frequency 
Functions. 


By Epward L: Dopp. 


Introduction. The problem of choosing for given statistical data the 
most suitable mean or average offers many difficulties. Perhaps for some 
time, the intuition or the judgment of the investigator must be relied upon 
chiefly. However, it seems possible to work out to some extent the relations 
between frequency functions and means so that eventually the choice may be 
more guided. 

To illustrate, suppose that a distribution presents itself that can be fitted 
admirably by the function or curve 


ah 


(1) s y — ian P, 


discussed by Rietz.* In obtaining (1) the assumption made—that diameters 
are normally distributed corresponding to the volumes under consideration— 
suggests that a very suitable mean for (1) is 


(2) © M= [(1/n) Dmis]$, (i=1,23 an). 
Moreover, when for cet measurements m;, the probability that 


x<om,<e+dzx is y dx, as given by (1) > then. the probability that 
Sey eee ae where- ` : 


3 neh grttatl9—4)2/2 
(3) = Bn) l 


And this expression not only maintains the essential form of (1), but 
it shows that with increasing‘ n there is a probability bordering on certainty 
that M will converge to 64, a value that the underlying asatimption suggests 
as the “normal value” or. “true value” of m. . 


This mean given by (2) ; is one of a general class of means st that ¢ can be 
written i in the form 


7 
[S 


Hs Roe Distributions Obtained by Certain Transformations of Normally. 
Distributed Variates,” Annals of Mathematics, Ser. 2, Vol. 23, (1922), pp. 292-300— 
see p. 295. Primes used by Rietz have been dropped. 

{For a more general mean involving weights, see Dodd, “ Functions of Measure- 
ments under General Laws ‘of Error,” Skandinavisk TARRA Vol. 5 Ce 
pp. 133-158. See p. 141. ; 


215 


216 Dopp: The Convergence of General Means and the 


(4) M = GL (1/n) $ fi(m)], 


where each f;(w) is a continuous function of u, univariant over the interval 
in which the m; appear, v= 1/n3fi(u) =F(u), u= G(v). ‘Setting - 
fi(u) =u, log u, 1/u, uw, wu, we obtain the arithmetic mean, the geometric 
mean, the harmonic mean, the root-mean-square, and the cube of the mean 
cube-root in (2), respectively: 

The purpose of this paper is to exhibit certain relations that connect arbi- 
trary frequency functions with the general mean M in (4), relative to the 
convergence of M to a value a, which may be taken as the true value, and 
relative also to the permanence or essential invariance of the form of the 
frequency function, as illustrated by (1) and (3). 


1. Theorems on General Means and Frequency Functions. 


THEOREM I. Let the probability that a measurement m; will take on a 
value less than u be (u), where #(a) = 0 and ©(B) 1. And suppose 
that in the interval from a to B, finite or infinite, ®(u) is an increasing func- 
tion, and—except possibly for a finite number of values of u in any finite 
interval—has a positive derivative &’(w). Let &(v) be a second arbitrary 
cumulative frequency function, defined in the interval from a’ to B’ with. 
` corresponding restrictions, and such that 


(5) (a) = (a) 
6" 7 p 
(6) f v Y (v)dv =a, f v Y (v)dv < K (finite). 
‘ a’ a’ 
_ Then the continuous increasing function 
(7) l A v= f(u) 
‘with inverse u = glu), constructed * by setting 
(8) . ¥(v) = (u), 
is such that if for n independent measurements mi, 
(9) M =g[ (1/7) X f(m)], 


and if « and q are arbitrarily small positive numbers, there is a probability 
greater than 1—n, when n is sufficiently large, that 
(10) : | M—a|<e. 


- * Dodd, “ The Frequency Law of a Function of One Variable,” Bulletin of the Amer- 
ican Mathematical Society, Vol. 31 (1925), pp. 27-31. See p. 30. 
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Proof. -Equation (8) may be written in the differential form : 
(11) W’(v) dv = &’(u) du, 


and each member may be regarded as the probability that both the following 
equivalent inequalities will be satisfied: 


- (12) . U< m <u + du, v < f(m) <v + d, 


i 


noting that f(u) is an increasing function. 

Then, with < >0, 7> 0, it is possible to take n large enough—on 
account of (6) and the Tchebycheff Theorem—so that there will be a proba- 
‘bility g greater than 1 — y that 


(13) a—’é < (1/n) = F(m) <a+eé¢. 


‘But, from (5), (7), and (8), it follows that 
(14)  f(a)—=a g(a) =a. 
And thus (13) may be written, on account of (9); 
(15) a—q—g(a—¢) <M < glate) =at e 
where e, and e, approach zero with ¢’, since g(v) is a continuous function. 


This establishes (10). 


EAEN II. Let the probability that a measurement m; will take on 
a value less than u be &:(w), where in the interval a, S u S Bi, each O;(u) 
is under the restrictions of Theorem I. Suppose, furthermore, that the 
measurements are independent, and that there exist constants a, 8, and k, so 
that if a—8 SuSa + ð, 


(16). (u) >k > 0, (i=1, 2, e, n). 


Then there exist continuous increasing functions filu), defined in (ar Bi), 
so that tf we set 


(17) v—F(u) = (1/1) Z f(u), w= G(0), 
a89 M = GL (1/n) E fi(m)], 


and if we take two positive numbers e and y small at pleasure, there is a proba-` 
bility greater than 1— q, when n is sufficiently large, that 


(19) | M—a|<e. 
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Proof. We can select in an infinite number of ways functions %;(v), 
so that if a—8SvSa-+4, , 
(20) F’ (v) < k, (i= 1, 2, en). 
functions conforming, moreover, to the requirements of Theorem I, in par- 
ticular, (5), (6), and (8); since these merely require that the area under 
wv,’ up to the point v shall be equal to that under ®’(u) up to the point u 
—where u and v reach a simultaneously—and that the first moment or center 
of gravity for Y,’ shall be equal to a, and the second moment shall be finite. 
‘Thus we can write (13) and (14) with f replaced by fi, g by G. Then, from 
(16), (17), and (20), it follows that when a—8SvSa+58, @(v) <1 
Hence, a fortiori, (18) is valid if the middle member is replaced by M; and 
this leads to (19). 


Turorem III. Let the probability that a measurement m; will take on 
a value less than u be ©;(u), where in the interval from a; to Bi, Bilu) is 
under the restrictions stated in Theorem II. Suppose, furthermore, that 


(21) : (a) =} (=La). 
Take 

(3) w= (y= (17%) f ed, y=0tw), | 

03) fa(u) = atona] v=f(u) = (1/n) Shiu), 
(4) w= g(r), ` M= gl(1/n) X fi(m)]. 

Then the probability that 

(25) UW, < M < t, 


when a — ò Sw S Ua S a + ò, is given by 


(26) P(w, the) = O(n% [F (u) —a]} — Ofn*[f(u) —a]}, 


whether n be large or small. Moreover, if e and q are arbitrarily small posi- 
tive numbers, there is a probability greater than 1 — q when n is sufficiently 
large, that i 

(27) | M—a| Le 


Proof. Let us write (23) in the form 
(28) @[fi(t) — a] = &: (t), 
and seek the probability that 
(29) , 8< fi(mi) <s + ds. i 
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Take 

(30) tgs), om felt), 

and as equivalent to (29) write 

(31) - tm <t-+ dé. 

From (22), (28), and (30), the probability for (81) and thus (29) is 
(82) ` © (t) (dt) = (1/r#) eS *ds. 

Hence, by a well-known theorem,* the probability that 

(33) : s< (1/0) È fe(m) <s+ds 

is ! 

(84) (n/r) esa" ds, 

We may now choose’ this s as identical with the v in (24), and write 
(35) (n/r) ern(v-a)* Jay f 

as the probability that ; 

(36) Uu<M<u+t du. 


In (35) we may set v = f(u) from (23), and integrate between u, and uw, 
as required by (25), using a simple change of variable; and this leads to 
(26) on account of (22). 

Furthermore, if we take 0 < «8, we may conclude from (16), (21), 
(22), (23), that 
(37) (a — e) <4—ke, - ila +e) > 4+ ke, 
(38) © f(a—e) <a+O%($—ke), fate) > ator} ke). 


and thus, from (26), P(a— «e, a + ) approaches unity with increasing n. 


Corollary. Under the conditions of the theorem, it is possible to take n 
large enough so that if é is a preassigned positive number, the probability that 


(39) M<z 
is given by Ses 
(40) - p(2) =O{n%[f(2) —a]} +8, oss 


‘Proof. In (37) and (38) take e= ô, and determine n so that in (26), 
P(a—8, a+8) >1—é& Then in (26) take u,—2z, u, =a — ò. 


„2v Illustration. Suppose that for independent measurements m; neces- 
sarily positive, the probability that m; < u is given by 


* Cauber, Wahrscheinlichkeitsrechnung, Vol. I, third edition (1914), p. 304. 
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> ` 


(41) . Q(u, h) = (u) = (h/x*) cue g7 th log t/a? dt/t, 
and that M is the geometric mean 
eo (42) l M = (mm: °: mp)”. 

Then the probability that M < zis given by 

(48) , Q(z, n% h) = O(n% h log z/a), 
‘where ® is the common probability function in’(22).. To show this, use 
in (23), - 

(44) v = f(u) =a + h (log u— log a). 


3. Summary and Discussion. Under rather general conditions, The- 
rem II establishes the existence of means of n independent measurements 
converging with asymptotic certainty to the true value as n increases. 

With an'added requirement that-the probability of a negative error shall ` 
be 1/2, it is shown in Theorem. III that a mean may be constructed subject 
to a frequency law depending in a simple manner upon the usual probability 
integral, The computations here, indeed, involve for the most part simple 
arithmetic operations, to be supplemented by direct and inverse use of a 
‘probability table. This table may be based as well upon e“/? as upon e”; 
since a change of ¢ to ¢V2 in (22) would not involve any change in the 
‘reasoning. The work’is especially simple if all the measurements are ieee 
to the same frequency law. 

The above condition that the probability of a negative error-shall be 1/2 
may be illustrated by the lateral distribution of errors of a golf ball aimed at 
the top of a mound with slopes which may be different on the two sides, It 
does not require any symmetry for the frequency curve. 

Theorem III would seem to be of: special interest in the case where the 
frequency functions f;(w) in (23) undergo a cyclic change yielding f(u) as 
an average. 

That this paper does not clear up all difficulties may be illustrated by 
referring to Rietz’s example in (1). Under this law the arithmetic mean 
tends toward 76, thus creating an error of 12 if 64 is regarded as the normal 
value. But, if in the determination of the parameter in (1) by fitting the. 
data, an error is made so that the parameter is written 4.236 instead of 4, 
then the cube of the mean cube-root, as given by (2) tends towards thé same 76. 
‘An error of 12 for 64 is bad, and almost forces us’to abandon the arithrhetic 
mean. But caution must 'be exercised in choosing a substitute when the 
number of measurements is too scanty to establish within narrow.bounds the 
parameters of the associated frequency curve. 


On the Interpolatory Properties of a Linear 


Combination of Continuous Functions. 
_By D. V. WIDDER. 


1. Introđuction. In his treatment of the mean-value theorems belonging 
to a linear differential equation, G. Pólya * obtained a condition on a set of 


functions i 
(1) a wu (x) (i = E °°"; n) 


which insured that any linear combination of them should enjoy- the more 
important interpolatory properties of a polynomial of degree less than n. He 
designated the condition as the property W. We give the definition with a 
slight modification. t 

Definition. If it is possible to determine constants ci; so that the 
functions i i 


hi (x) DS uj(x), (i=1, 2, Boy n) 
. satisfy the inequalities a 
h(2) a(t) © > hale) Ea 
>0,. (k=1, 2,3, '', n) 


h(a) ha’ (@) >> (e) 


WD (£) hD (z) + hrd (£) 


in an interval (a,b), then the set (1) possesses the property W in that in- 
terval. The functions ui(x) are assumed to have continuous derivatives of 
order n throughout the interval. 


It ‘was shown, for example, that this condition on the functions (1) is 
necessary and sufficient that no linear combination of them, except the iden- 
tically vanishing one, shall vanish n times in (a,b). 

This condition has the disadvantage that it demands the existence of n 


* “On the Mean-Value Theorem Corresponding to a Given Linear Homogeneous 
Differential Equation,” Transactions of the American Mathematical Society, Vol. 24 
(1922), pp. 312-324. 

{This modification is ide in order to make the condition independent of the 
differential equation treated by Pólya. 
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continuous derivatives for the functions in question. In certain problems of 
interpolation these functions are known only to be continuous. A case in 
point is that of the generalized problem of Tschebycheff.* It would be desir- 
able then to impose a condition on the functions u: (£) that will not involve 
the existence of the ‘derivatives, but which will- guarantee that any linear 
combination of these functions shall resemble a polynomial in its interpola- 
tory properties. 

It is the purpose of the present paper to obtain such a condition and to 
apply it to the solution of several problems. 


2. The Property V. Consider a set of functions (1), all continuous in 
an interval a S a <b of the z-axis, 


Definition. If for every value da < d< b, it is possible to determine 
constants cij so that the functions 
N hi(z) = p> cij ùj (2), (i=1, 2, 8,°--, n) 
; ji , 
satisfy the inequalities i 


Via) = V[h (£), h(x), my hu (2) ] = 


ha(#) he(a) rl ee) 
mida) met) vs Beet a) si 
Cai (eH T=») ope ee 


(k= 1, 2, 8,° "ty n)’ 


for every value of x in the interval aS s S d and for every value of è in the 
interval 0 < 8 (b —d) /n, then. the set (1) is said to PAR the property V V 
im (a,b). 


As an example of such a set of functions take 
aas h(s) = u(2) = rH, U E A 
Following the usual notation we set | l 
i a a + Ar 
vane Ha) Aafa > 


= See § 6 
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The functions V(x) may then be written 


"A 
? 


In he Pye S hy 
Yata) | Ad hy Aò he eee A hy 
AS Ad, she ee AS, shi f 
Now 
-i(k —1)!, j=kķk— 1 
ee Vene 
0, j>k—l1 
Hence it is readily verified that 
Vi(w) = (k— 1)! (h—2)!- ++ BE BYE, 


This is positive for any positive value of ô and is independent of v, so that the 
property V holds in any interval of the z-axis. 

It is to be noted that the functions hi(#) may depend on d. As an 
example take the set of functions 


u(x) == sine, u(x) = cosa, 


This set possesses the property V in the ‘interval (a, a+r), a being arbi- 
trary. For, take 


Vi (2) —h,(2) == sin [æ + (r —a— d) /2] 
ha(£) = — cos [z + (r —a— d) /2], .Va(z) = sin 8. 


Vi(z) and V(x) are positive in the interval a & s d < b for all values of d. 
Clearly it would be impossible to find V, independent of d, since every linear 
combination of the two given functions has at least one zero in any closed 
interval of length m. More generally it may be shown that the property V 
holds for the set ; l : 


‘sin v, cos z; sin 2g, cos2g, -+ +, sina, cosnr | 


in the same interval. If a constant not zero is added to the set, the resulting 
set will enjoy the property in any interval of length not greater than 2z. 

It will appear later ‘that the property W implies the property V. That 
the converse is not true becomes evident by an example. Let ¢(x) be any 
continuous monotonic increasing ‘function (not constant in any interval how- 
ever small) in an interval (a,b). Consider the set of functions | 


(2) hi(£) = [¢(z)]*, : (i= 1, 2, 8 t'n) 
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Then F . 
1 (z) ' Lp(a) ]? . © ee ea Pt 


Tele =| * or?) Ber Or see pou 








1 eito [oe FETT F: [pe LEST) 


This is a Vandermonde determinant, and may be expanded. as follows: 


Va(e) = [4(e + —18) — (a+ b—28)] 
[$(a+k—18)—o(e+h—38)]--- 
[o(# + &—18) —¢(#)] -+ [$(e@ +8) —4(2)]. 


This function is defined and positive in the interval a S v&d < b for ány . 
positive 3 at most equal to (b —d)/n. Each factor of Vs is positive since 
¢(z) is monotonic increasing. Hence the property V holds in the interval 
(a,b). If (x), does not have a continuous derivative, the definition of the 
property W is not applicable. Another instructive example is obtained by. 
setting 

(2) = 2° 


in the set (2). The resulting set is one for which the property w does not 
hold in any interval including the origin, since the function 23"-3 vanishes 
more than (n— 1) times at the origin. Yet the property V, on the other 
hand, is seen to hold in any interval since 2* is monotonic increasing. 

The property V insures the linear independence of the functions (1). For, 
if the functions were linearly dependent, constants ci, not a zero, would exist 
such that 


61%, (s) + cau () setae Cnn (2) = 0 

Cyt, (@ -4 8) + Cotte (a + 8) +- + ++ Cnta(o+8) =0 

Cu(s + n— 18) + cote (@ + n— 18) + + + + Cntin(a@ + 2—1 8) = 
for all 8 sufficiently small. Hence we should have 


Y [u, U2, °° "sy un] =0. 


Cir C12 °? Oin 
ior x -J C21 C22 °° * Ce : : r , È 
(3) V [ha ho + ha] = 17 " | V [un tn +, tin). 


Cni Cng * °° Cnn 
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Since V [hi ho, * * +; hn] > 0, it follows that neither factor on the right-hand 
side of this equation can vanish. The contradiction shows that the set (1) is 
- a linearly independent set. 
The following remark will be useful i in subsequent work. If the property 
V holds for the set’ (1) in the interval (a, b), then the set of functions 


Ii (2), ha({2), - ++, a(s), ‘(kSn) 


corresponding to the constant d, also possesses the property in the interval 
(a; d). For in this case the constants ci; of the definition may be taken as 


f - (0 ij 
ij = . . 
Lo t=). 
The functions 


Vh], Y [hr he], = "y Y [hay he, a) hi] 
are all positive in aad, and hence also in any sub-interval. 


8. The Operator L’.. We now define a linear difference operator L° by 
means of the following expression 


L f(z) = = Vit, Un, Us, í ©, Um fl. 


If f(x) is continuous in the closed interval (a,b), then Lf(s) is defined 
and continuous in the closed interval (a, b — nd), supposing ô S (b —a) gn. 
It is well known * that a linear homogeneous difference operator of order n 
can be expressed by successive’ applications of the operator A. “We give a 
new proof of this fact which seems to be simpler than those heretofore given. 

Consider the determinant V[hi, ho, +: +, hn, f] and its adjoint deter- 
minant. Form the following minor from the adjoint: 


Vihi(t +8), +++, Imale t8) f(e+8)] 


H= |Viki(t),  --7, haa(z), f(2)] 
Y[h (s +8), hala +8), <*>, In(a@+8)] 
V [ha (e); de -e e, ` An(2)] 


f 


The four elements of this determinant, H, are the minors of t ha(2) 3 He, 
i cae and OEA in the determinant V [hn ho © - PR f}.. 


qe 


* See, for: eaniptes Guldberg and Wallenberg, 7 Theorie der Emearen: Differenzen- 
gleichungen, p. T6. `.. > f ‘ she 


$ 
? 
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use of the familiar theorem * about the minors of the adjoint determinant we 
obtain 


H= V[h(2 +8), he(@+8), °° +, hnx(2-+8)] 
V [hi (&),-ho(@),° * +, hn(a), f(x) ]. 


Simple computation shows that ł 


Vila, ha, ** "y Ana, fle 


d Y [h he, I Sy hale 


ee | enn ares 
Y [hi he, ante: hale Y [his he, ar hnl as 


This leads at once to the formula 


V [h ho, H eg hats fle 
oak 25 ee Ses l 
Y ih, he, cams a hale Y [h he; eae > Anjos 


By successive applications of this formula we arrive at the desired result. 
First note that L°f may be written as follows: 


Lif = V [uw Ue, © "5 Un, fi = KV [hs he, . - "5 hn, fL K =1/| tij |. 


From formula (4) we obtain directly 


Viha has’ >, halo. V [hu hos + * "5 Indo 
Y [hi hey Tt Ny hn-1]s:8 

V [hay he, ons) haa, fle 
: Vika, ho, nee ’ hale i 
Applying (4) to E AEN na fl, we obtain 
Vale +8) Vale) a Vaalo +8) Vaile) 

Vaals +8) -~ Va(x) Va2(a + 8) 
l Vika, he, eign | ħn-2, fle 
; cae 3.48 Vik, hattet, hile 
Now apply (4) to V{As, ho, ++ +, hn; fle, and continue the process. The 
result is” ; : 


If =K 


A 


If =K 


A 


ia See, for example, M. Bôcher, Introduction to Higher Algebro, a, p. 31. 
“n°: ¥ For brevity we write” 2 
Vik, (æ), h, (a), | h(a), fa = Vhs hy a | + Igy Flas 4 sped 
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(apm Vee t8) Vala) Vor(@ +8) Vaala) 





5 Fna (a + 8) V,(2) Va-2(2 + 8) 
Vila +8) Vilz) «> f(x) 
BESANT ia) Wale) 


Here Vo(z) = 1. The validity of this formal work depends, of course, on the 
non-vanishing of the functions Vi(z), i= 1, 2,° °°, m. 


8. The Mean-Value Theorem. 


THEOREM I. If the function f(x), continuous in the interval asa b, 
vanishes at the (n-+-1) distinct points x; ` 


OS Sa << En <b, 
and if the set (1) enjoys the property V in (a,b), then 

Df(é) = 0, | T, < É< Enr — 78 
for any value of 8 satisfying the relations , 


(6) : : 0<8 < Tin —%, (i=1, 2,°°°, 2) 


o< iae 





To establish. this theorem we make use of the following Lemma, the proof 
of which is easily supplied. 


Lemma. If f(x), continuous in the interval & Ss Sb, vanishes at a 
and at b, and if 0 <8 <b —a, then there eaists a value £ such that 
-AF (£) = f(é + 8) — f (É) =0, a<é<co—s. 

_ . To prove the-theorem we make use of formula (5). Take d= tmn and 
form the corresponding functions hi(z). The functions V(x) are positive 
in the interval aS eS Tna if 0 < 8S (b—any,)/n. Choose a fixed value 
of 8 satisfying the relations (6). Since Vi(#) is positive inaSeS Tras 
it follows that the function f(x) /V1(%) is continuous in that interval, van- 


ishing: at the’ points a; We may consequently apply the Lemma to this 
function. Then 


ATf(Es)/Vilfs)] =0, e< bi < ®iu—d, (¢—=1,2,-° Fis 
The function V.(¢)Vo (ë+ 8) is positive in the interval asses d 80 
that the function Poe 
Vil@-+8) Vila), f(e) 
V.(e) Vole +8) À Vi) 
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is continuous in the interval a & s Æ nı — 8. Moreover the distance be- 
tween two successive zeros é; of this function is greater than 8, so that the 
Lemma is applicable to this function. It follows that 
Vi(2) Vila + è) f(x) OST 0, éi < Ezi < Šri T 8, 
Va(z) Vole F) “ Vile) e= 
i ; (t=1,2,--°,n—1). 


If we continue in this way, building up the formula (5) step by step, we 
see that : nd 
Lf (én) =0, Tı L bni < bua 2 — 8 < Tny — NÒ. 

The theorem is thus established. 

CororLarY. If a function f(x), continuous in a S s Sb, assumes the 

same value as a function 


Cyt (L) + Cotte (%) +> + > + Cntin(@) 


at (n+ 1) distinct points of a= «x < b, and if the set (1) enjoys the prop- 
erty V in (a,b), then Lf (x) vanishes at an intermediate point for any posi- 
twe value of 8 sufficiently small. 
The proof is made by applying the theorem to the function 
Fæ) = f(e) — ets (2) — cst (2) —+ + — ntn (2) , 


noting that 
Lè} (2) = Lf (2). 


4. The Interpolatory Properties of the Functions w(x). 


THEOREM II. A necessary and suficient condition that the vanishing of 
the function ; 


Cta (2) F Cotte (x) +++ + * F Cnn (2) 
at n distinct points of the interval a S æ < b should imply the identical van- 
ishing of this function is that the set (1) possess the property V in (a,b). 
We begin with the sufficiency of the condition. Suppose then that the 
set (1) enjoys the property V in (a,b), and that a function 
b (x) = Cyt, (2) + Cotta (S) H> + ++ Cntn (2), 


not identically zero, vanishes at n distinct points z; : 


ASU Coogee Cand. 
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Determine a constant d greater than £n and less than b, and form the cor- 
responding functions h;(2). Then 


(a2) = ashy (22) + aha (2) + + ` + anha (2). 
Suppose that 
as = 0, Oa, = Own = ` 7 "= n= 0, k&n. 


By ‘a remark in the introduction the property V holds for the functions 
hi(), ho(z), °° +, Ixa(x) in the interval (a, d). We may consequently 
apply the corollary of Theorem I to the difference operator L*,. defined by 
the relation 

DS, sf = V [h he + +, hrf] 


Since ¢(x) vanishes at n distinct points of (a, d), axix(x) assumes the 
value of the function 


= [arhi + deh, et ük-iħr-1] 
at these points. Since n > k— 1, ‘it follows that 
V [hn hat e, hr- arhr], or axVz(a) 


vanishes at an interior point of (a, d) for any value of 8 sufficiently small. 
This, however, is impossible since Vi(a) > 0 in (a, d). The sufficiency of the 
condition is thus established. 

. To prove the necessity of the condition we begin by assuming that no 
linear combination of the functions w: (x), which is not identically zero, van- 
ishes at n distinct points of (a,b). It follows then that the determinant 


W(t) Ult) > U (2n) 
U2 (a) Uz (X2) Saad Us (Zn) 
ul) [= |) 


Un (23) un (2) Sa Un (8n) 


is different from zero, no matter what positions the distinct points s; assume 
in (a,b). Now choose an arbitrary constant d, a < d < b, and choose n dis- 
tinct points a; of the interval b—.(b—d)/n<.a< b. Determine linear 
combinations. of the functions (1), hi (x), satisfying the conditions í 


1 i=j > 
hilz) = 
aa N 
This is possible since the determinant | u: (z7) | 40. Now form the functions 


Vita, het +", hx], (k= 1, 23t, n). 


4 
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-We can show that all of these functions are different from zero in the interval 
aS sS d, ifs S(b—d)/n. For, suppose that V[hı he, +++, ha] van- 
ished at a point z, of that interval. It would then be possible to determine a 
function f : 


Cih (£) + czha( £) + + > + exhn (x) 


not identically zero and vanishing at the points To, to HS, ° +, % +k—18 
.of the interval a= s- b — (b — d) /n. This function would also vanish at. 
the points 

Ti (i =k +1, k+, n) 


of the interval b — (b — d)/n <x <b. That is, the function would vanish 
at n'distinct points of (a,b), contrary to assumption. If the functions V(x) 
are not all positive, we have only to change the signs of certain of the func- 
tions hi(x). The proof is thus complete. 


COROLLARY 1. If the set (1) possesses the property V in (a,b), there 
exists a unique linear combination, of the functions of the set taking on pre- 
scribed values at n arbitrary distinct points of aS x <b. 


COROLLARY 2. The property W implies the property V. 


For, Pólya showed that if the property W holds for the set (1), no linear 
. combination of the functions of the set vanishes at n distinct (or coincident) 
points, unless it is identically zero. 

We point out that it may be desirable to make use of the property V 
rather than the property W even though the functions (1) possess all the 
necessary derivatives. A case, in point is that in which one wishes to distin- 
guish between distinct and coincident zeros. For example, Theorem II shows 
that the function ; 
C, + Coa? ao (a? + e? 0) 


can not vanish at two distinct points of any interval. Yet the function z? has 
three coincident zeros at the origin. 


THEOREM III. If the set (1) possesses the property V in (a,b), ùt ts 
possible to determine a linear combination of the functions of the set changing 
sign at k, [k < n], distinct points of. the intervala < s <b. Moreover, every 
linear combination which vanishes at n—1 points of that interval changes 
sign at each zero unless it is identically zero. 


Denote the k distinct points by 2;: 
ALM LTL L E< D. 
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Choose d > Tu and form the functions hi(x) corresponding. ‘Consider the 
function ; š 
ha(£) hale) +> hwala) 
h h at 
ula) = F(2; ty ay ++, m) = | BG) Taala 


TA h(a) -e Des (ax) 


This function is not identically zero, and vanishes at the points z;. Since the 

property V holds for the set hi, he, © *, him in (a, d), u vanishes at no other 

points of (a, d). Furthermore, if we regard the v; as variables, the, function 

F (2, ti, %,* * +, p) is different from zero if the variables remain distinct. 

F is a continuous function of its (k + 1) variables. Let the points 2, £, 
‘+, a vary, always satisfying the inequalities 


LoL AL mcm <a, 
until they coincide with the points 
To, To + 8, To 28, ` * +, + kd 


respectively, all in the interval a < z < d. F then reduces to Vy(zo), which 
is positive. Hence u(x) is positive if æ < zı A similar proof shows that. 
u(z)<O0ifa,<«“< a. In this way we see that u changes sign at each of 
the points 2. 

If k =n — 1, the only linear combination of the given functions vanish- 

ing at the points s: is the function cF (a, 2, £a, * * ', @n-1), the constant c . 
being arbitrary. Every such function changes sign at the points z; if c 2 0, 
so that the theorem is completely established. 


5. The Remainder Formula. 


THEOREM IV. Let the set (1) possess the property V in (a,b) ; let f(x) 
be continuous in aS 2b; and let tı, £o, ** +, Zn be arbitrary points of 
a<gr<b. Then there exist functions (x) and y(x) nat identically zero 
satisfying the. conditions. l 


$(2) = z cius(z), (ai) = f(a), 
(@=1,2,-°°, n—1) 


y(t) = È ain (2), y(z:) = 0. 
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If v, is any point of a < æ < b, then 


(7) He) = #000 + Bey) u (00) (a<é<b) 


for any value of è penetenals small, Here 
Ty. f = V [hs he + a ents Flo hi = 2 Cis Uj. 


Choose a constant d greater than all the values z, i = 0, 1, 2, © c n — 1, 
and. form the corresponding functions A; The property V holds for the set 
hi, ho, + * *, hn in (a, d), and hence by Corollary 1 to Theorem II we may 
determine. #(x) as a linear combination of these functions: 


$0) = Skike), ye) = È hls). 
Now form the function — 
F(s) = f(x) —¢(z) + Cy(2), 


where Ọ is a constant to be determined. F(s) vanishes at the (n-— 1) points 
Ti i= 1, 2,°°+,n—1. Cis to be determined so that F(a) = 0. This is 
possible since y(a) 40. [Theorem If]. We now apply Theorem I to the 
function F, replacing the operator Lê of that theorem by the operator D5, 
defined by the equation 


Pus f == V [h;, he, Cie im hn-1; f] . 
We obtain in this way the following equation : 
DP, P(€) = 0 = Ln f(E) + O Day (8), a<é<b, 


8 being any positive eonna sufficiently small. This equation determines C 
since 


Iôn y (£) = ln Va (£) 0. 


Va > 0 by hypothesis, and if J, were zero, y would be a linear combination 
of fy, he, * >>, hua, and would be. identically zero since it vanishes at n— 1 
points of (a,d). We are thus led to formula (7) of the theorem. 


6. Applications. As an example of formula (7) take 


hy (2) = ux(2) = oI, (k= 1, 2, 3,-°+,m+1). 
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“A function (a) satisfying the conditions 


(ks) == f (#8), (k = 0, 1, 2, OS n— 1) 
is seen to be i 


O S O HE ETE ta (0). 


A function y(x) vanishing at the points 0, 8, 28,-- +, n— 18 is 


x(a — 8) (x — 28): - - (z—n— 13). 
In this case l 
Ly = Ardy = n! 8)". 


Formula (7) gives us the relation 


s(a — ò): m n — 28) 


F(a) = (0) Fo + fp Aes (0) 


+ Aaf (E) s(a — è): ~ - (v—n — 18), 


n! 8,” 
0< é< (n— 1), É< T. 


This is Newton’s interpolation formula with a remainder which was ob- 
tained by S. Bernstein.* The formula was used by him in order to affirm the 
` analyticity of a real function not known to have derivatives. 

In a similar way we might obtain for Lagrange’s interpolation formula 
a remainder involving no derivatives. 

As a further application we state without proof the following theorem: 


THEOREM V.+ If the set (1) possesses the properpyt V in (a, b), and if 
the functions hi(x) corresponding to a value dina <a < b form an orthogo- 
nal set on (a, d), then the set hi(x) forms a set of oscillating functions; that 
is, hi(x) vanishes just (i —1) times in a < < d, and the zeros of hi(x) 
and of his(«) occur alternately. 

Finally we state the following theorem, the proof of which will te given 
in a later article. 


THEorEM VI.t If the functions w(x), ua(2), ** +, u(x), f(a) are 


*“ Sur la définition et les propriétés des fonctions analytiques d’une variable 
réele,” Mathematische Annalen, Vol. 75 (1914), p. 452. : 

t Compare O. D. Kellogg, “The oscillations of functions of an orthogonal set,” 
American Journal of Mathematics, Vol. 38 (1916), p. 1. 

t Compare A. Haar, “ Die Minkowskische Geometrie und die Annäherung an stetige 
Funktionen,” Mathematische Annalen, Vol. 78 (1917-18), pp. 294-311. 
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all continuous in the interval aS ab, then a necessary and sufficient con- 
dition that there exist a unique function of approximation (in the sense of 
Tschebycheff *) 


o(a) = S aiu(2) 
4=1 


to the function f(x) in an arbitrary interval a S s S d of (a,b) is that the 
. set of functions ui(x) possess the property V in (a,b). 


Bryn Mawr COLLEGE. 


* (æ) is a function of approximation if and only if 
max | f(a) —¢(x) |< max | f(x) — ou, (8) — cpu, (8) —- - -—- Cpp (@) | 
in (a, b), no matter what the constants c, may be. 


‘Note on Tschebycheff Approximation. 
By D. V. WIDDER. 


The problem of the representation of a continuous function f(x) by 
Tschebycheff polynomials has been discussed in detail by various authors. 
The more general problem of the representation of f(a) by a linear com- 
bination of prescribed continuous functions u, (2), w(t), ** `, Un(x), has 
received less consideration. J. W. Young * has discussed the general prob- 
lem, and has imposed conditions on the functions u(x) that guarantee the 
existence and uniqueness of the function of approximation (in the sense of 
Tschebycheff). These conditions are not necessary for the mere existence of 
the function of approximation. A necessary condition for the uniqueness was 
not discussed. The problem was also treated by A. Haar,} and it was found 
that a function of approximation always exists if the functions w(x) are 
continuous. A necessary and sufficient condition for the uniqueness of the 
function was also obtained: The proofs given, however, are dependent, on the 
theory of the geometry of Minkowski. Since the results are analytic, it seems 
desirable that a purely analytic proof be given. It is the purpose of the 
present note to give such a proof and to state the results in a new form. 

In the author’s paper on the interpolatory properties of a linear combina- 
tion of continuous functions f it was found that if the functions u: (x) possess 
a certain property, there designated as the property V, then every linear com- 
bination of them enjoys the more important interpolatory properties of a poly- 
nomial. We shall now show that this property gives a necessary and suff- 
cient condition for the uniqueness of the function of approximation. 


1. The Existence of a Function of Approximation. 


Definition. If the functions 


(1) u(z), Us(%), eS Un(x), 


*“General theory of approximation by functions involving a given number of 
arbitrary parameters,” Transactions of the American Mathematical Society, Vol. 8 
(1907), pp. 331-344, . 

tł“ Die Minkowskische Geometrie und die Annäherung an stetige Funktionen,” 
Mathematische Annalen, Vol. 78 (1917-18), p. 294. 

$ This number of the American Journal of Mathematies, p. 221. 
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and f(x) are continuous in the interval a Sab, then the function 
n ' 
(2) = & m ui(2) 
i=l 
is a function of approximation to f(x) in (a,b) if and only if * 
max | f(«) — $ (2) | S max | f (£) — ets (8) — ozta (8) —* ` *— Crin (£) | 


for all real values of the constants ci, the a; being real constants. 


TuHrorem I. There exists a function of approximation for every function . 
f(a) that is continuous in the interval a S x Sb. 


Set f 
F(x) = 2 c, Ui (2), y =f(x)— F(z). 


Then the maximum of | y | in a S s Sb depends in general on the values of 
ci, and will be denoted by m (c1, C2, ° **, Cn). If f(x) is a linear combina- 
tion of the functions (1), $ (x)-may be taken equal to f(x), and the existence 
of the function of approximation is obvious. Otherwise m (c1, Co, °**, Cn)> 0 
no matter what values the c; assume. Now the function m (c1, Ce, °°, Gn) 
is continuous, since a small change in the c; produces a small change in y and 
hence also in max | y |. 

Let M be the maximum of | f(x) | in a S z Sb, and for the present let 
us confine our attention to those functions F(s) for which i 


| F(x) | £ 2M. 


We may assume, without loss of generality, that the functions w; (s) are line- 
arly independent. For, either they are all identically zero (in which case the 
theorem is true but trivial), or else there is some sub-set which is linearly - 
independent. In the latter case the subsequent developments will apply for a 
smaller value of n. It follows then that the determinant 


A = | ui(2;) | i (4,7 = 1, 2,°°-,) 


is not identically zero in the n variables zj. Choose Tı Z2,° °°, Zn so that 
A+ 0 for these values of the variables. It is then possible to determine 
functions 
si(x) => gij uj (2), (i= 1, 2, ey n) 
J=. 
satisfying the conditions 


` *The notation max | F(s) | means the maximum absolute value of F(x) in 
axa=ob. 
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E p da is 
8:(%j) = { 0 a ; (Lj =1,2,° g k n) 


the constants #;; being uniquely determined. 
We can now express the arbitrary constants c; on which F(s) depends in’ 
terms of the values F (z:) as follows: 


F(a) aa cyus'(#) + Calle (2) + E + Cnn (£) 
= Ea) ete) + F (2) se(2) ae, cot pene) 


= F(z) 5 ajui (£) + F (T2) > asju; (E) +7 

+ F(Gn) > anju; (2) 
= u (2) ž an PE) Jaat >: aja F(E) + 
© tn (2) F ajn F (Z4). 


Hence 

u = S PE), (i =1, 2, in). 
Since IPE) | S 2M it fetta that . 
(2) lal] S aM S | oj, | = Mi, (i =1, 2,° $ n). 


That i is, if we confine our an to functions F (x) in absolute value not 
greater than 2M, then the constants c: are no longer arbitrary, but are re- 
stricted by the relations (2). The continuous function m(¢:, C2, * **, Ca) 
takes on a minimum value in the closed domain defined by: these inequalities. 
If the minimum value is 

Mth, A27 + +, Gn) = p 


we shall show that the function 
$(z) = = aj uj (2) . 
is a function of approximation. By the manner in which p was obtained it is 
clear that 
(3) w==max | f(%) —$(#) | Smax | f(x) —F (x) | = mer, es, °--, en) 
provided that | F(x) |S2M. In particular 
n S max | f(x) |= m(0, 0,---, 0) =M 


It remains to show that the relation (3) holds even if the c; are.not 
restricted by (2). In this case we may have 
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max | F(x) | > 2M 
max | f(x) — F(z) | >2M—M2p. 
Hence (8) holds in all cases, and $(«) is in fact a function of approximation. 
2. Uniqueness of the Function of Approximation. 


TruorEm II. If the functions u(x), u2(%),° > +, Un(x), F(2) are con- 
tinuous in the interval ax b, then a necessary and sufficient condition 
that there exist a unique function of approximation 


$(2) =f ast; (2) 


to the function f(x) in the arbitrary interval a S s d of (a,b) is that the 
set of functions u(x) possess the property V in (a,b).* 

We begin with the sufficiency of the condition. Assuming the property V 
in (a,b) we wish to show the uniqueness of the function of approximation, 
(z), to f(a) in the intervala S s& d. Here dis an arbitrary point in the 
open interval (a,b). Since the function 


(4) ` ‘y= F(@) — e(z) , 
is continuous, |y | takes on its maximum, m, at least once in aS eS d. 
Consider the set of points (x,y) on the curve defined by (4) for which y = 
+ m. We shall say that the set presents a change of sign between (2’, y’) 
and (2, y”) if y = — y” = + m, and if there exists no point (v, y) of the 
set for which a” < s < x”. It will now be shown that the set of points pre- 
sents at least n changes of sign. For, suppose that there were only k changes 
of sign [k < n]. If the set has a change of sign between (q, y’) and (a, y”), 
choose a value 2; such that 2’ < a, < g” We thus obtain k% values 


Ty L Ta << Me. 


It was shown in the author’s paper already cited (Theorem III) that if 
the set (1) possesses the property V in (a,b), then it is possible to determine 
a linear combination of the functions of the set, 


H(t) = > citi (T), 


changing signs at each of the distinct points zi If H (x) has further zeros 
they will all be greater than ax. 

The points 2; divide the interval (a, d) into & +1 sub-intervals such 
that y can not take on the values m and — m in the same interval and takes 


* For the precise definition of the property V, see the author’s paper already cited. 
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on both values in two adjoining intervals. We can now determine a constant 
„ such that the function 

y — nH (2) 
is less than m in absolute value in (a,d). Suppose for definiteness that 
y == + m at some point of (a, s). Then the following relations hold: 


—m+teSyam ` in EEA 
` (5) —m S y S m—e in 4 Sete, 
—m+eSy Sm in mem 


Here e is some positive constant sufficiently small. Determine y so that 
nf (x) > 0 in (a, sı), and such that 


| nH (x) | <e in asesb. 

Then - 
—e<—n7H(x) <0 in aE HY 
(6) 0<—7H (2) <e in tL TLT 
—e<—7H(z) <0 in Tz L E L Ta 


Combining the relations (5) with the inequalities (6) we see that 
—m<y—rH (s) <m in amas. 

Hence (x) + nH (a) is a linear combination of the functions (1) which has 
closer approximation to f(x) than (s). This contradicts the hypothesis that 
(x) is a function of approximation. 

It is now a simple matter to show that (s) is unique. For, suppose that 

` there were another function of approximation ¢(z). Form the function 
v(z) = [f(2) — $(2)] — [F (2) — ¢(2)]. 

When y = m, y(x) = 0 since f(z) —¢(z) is not greater than m; and when 
y =— m, y(x) S0. Since the set of points (x,y) presents at least n changes 
of sign, it follows that y(x) vanishes at least n times in a S v S d. ` This is 
impossible unless y(x) vanishes identically, since it is a linear combination 
of the functions (1)*. The contradiction shows that (a) is uniqué. 
We turn now to the necessity of the condition. We shall show that if the 
function of approximation to f(s) in the arbitrary interval aSaSd<b 
is unique, then no linear combination of the functions (1) vanishes n times in 


* See Theorem II of the author’s paper already cited. 
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ase d, unless it is identically zero, and hence that the property V holds 
in (a,b).* For, suppose that the function 


h(t) = 5 bi w(x), 


not identically zero, vanishes at n distinct points t4 (i= 1, 2,°-°,n) of 
aS vS d.. Then the determinant 

| ws (25) | (i, j= 1, 2,7 °°, 0) 
vanishes. We may consequently determine constants a1, ds, ' **, dn, not all 


zero, such that 
$ u w(u) = 0, (j =1, 2,°°°, n) 
Then if z 
F(s) => Ci ui (Z) , 
it follows that 
(7) > a; F(z) =0 
no matter what value the constants c; assume. We can now show that for a 


suitable choice of the functon f(s) two functions of approximation exist. 
Choose f(x) such that 


F(z) =a/| a | if a 5 0, 
A hea if ui = 0, 
[f(e) | 31. 


Then 

` max | f(%) —F(#) | 2 1. 
For if this were not the case, F(x) would have the same sign as f(a) at each 
of the points z; [for which f(#;) 40], and hence we should have’ 


ior Z ai F(x) > 0. 
i=l 


But this contradicts the equation (7). Hence any function F(a) such that 
| f(«) — F(x) | & 1 is a function of approximation. In particular F (s)= 0 
is a function of approximation since |f(s)| S1. We now restrict f(x) 
further so that ; 7 
| f() —h(e)| S 1 

This restriction is compatible with the foregoing restrictions since h(a) van- | 
jshes at the points s: Then h(a) is also a function of approximation, not 
identically zero, and we have obtained a contradiction. The theorem is thus 
completely established. 


t 
Bryn Mawr COLLEGE. 


* See Theorem IT of the author’s paper alreadv cited. 


Generalizations of Waring’s Theorem on Fourth, 
. Sixth, and Eighth Powers. 
By L. E. Dickson. 


In a recent number of this Journal, I investigated positive quadratic 
forms which represent every positive integer p. The fact that there are so 
many such forms led me to conjecture the existence of numerous forms of 
every degree n which represent every p. The form mg,” -+-+ dm Bm” is 
said to be of order m and weight a+: `am I soon found * all such 
forms M of minimum weight when n== 3, 4, 5, while the cases n= 6, 7 
have been treated in Chicago theses. Most of these forms M have the im- 
portant property that their order is considerably smaller than their weight, 
while order and weight are equal for æ,” +> +++ 4am". The new generaliza- 
tions of Waring’s theorem on the latter form therefore involve a material 
reduction in order. 

The theorems for n = 4, 6, 8 proved here have the like improvement of 
a reduction in order over the known results for Waring’s theorem for the 
same values of n. 

For s=0, 1,007, 10, I prove that every p is a sum of ¢ doubles of 
biquadrates and 37 — 2s biquadrates, and hence p is represented by a form of 
order 37—s. The case s = 0 gives the best known complete result for War- 
ing’s theorem on biquadrates.* Hence there is a reduction of the order by s, 
whose maximum is 10. 

Fleck showed that 2451 sixth powers suffice. Kempner gave a reduction 
to 970, and Baer to 478. My Theorems 2, 3, 4 give reductions to forms of 
orders 223, 277, 190, respectively. 

Hurwitz proved that 36119 eighth powers suffice. By a simple remark, 
Kempner reduced this to 313853. “My final theorem gives a reduction to a ' 
form of order 2690. 


* Teeni numbers of the Bulletin of the American Mathematical Society, American 
Mathematical Monthly, Annals of Mathematics. , 

} Liouville proved that 53 biquadratets-suffice. Reductions were made in turn by 
Réalis, Lucas, Fleck, Landau, and Wieferich (to 37). See the writer’s History of the 
Theory of Numbers, Vol. 2, pp. 717-20. In his. thesis, Beiträge eum Waringschen Prob- 
lem, Göttingen, 1918, Baer modified the Landau-Wieferich type of proof and showed 
that 34 biquadrates suffice for 48k +- 1 and 48% -+ 33. Some computations made in 
that proof are avoided in the present proof (Lemma 8). 
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Part J. LEMMAS on ntm POWERS. 


Iemma i. If s and t are positive, n is a positive integer, and if 
szzg-+t, there exists a positive integer i such that 


(1) gss—t cg tik, R=rt—(r—1)", r= [s—g)/t]™. 


With the understanding that r is the positive real root, we have r >1. 
Write r =i +- f, where 0 & f < 1, and? is an integer =1. Since iser, 


g=s—ttSs— ti, 
as desired in (1). Next, 


s— tr —g—tu,. a (r—f)*, 
R— w = (r—f)"— (r—1)">0, 


since r — f exceeds r— 1, which is 20. This proves Lemma 1. To prove 
that 
(2) Rear, 
write p =r— 1. Then 
n-i 
Ben a ee 
Since p < r, each of the n terms of Q is S 1%1. When g = 0, then 7” S s/t 


and we have 


Lemma 2. If sandt are positive, n is a positive integer, g = 0, and 
s Èg +t, there exists a positive integer i such that i 


(3) gSs—tim < g- n(ts™ t)i, 


l If s < t, then s” < és*1, and s is less than the radical and hence less 
than its product by n. Then (3) holds with g = 0, ¿= 0. Thus Lemma 2 
implies - 


Lemma 3. If s and t are positive and n is a positive integer, there exists 
an integer i = 0 such that 


(4) OSs—t < n(ts™1)1%, 
Hence there exists an integer ù = 0 such that 


OS s,—s—tin < ms’, m = n thn, y = (n— 1)/n. 
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Applying this to s, in place of s, we see that there ‘exists an integer i, = 0 
such that i f 
0S sa — 8, — tig” < MSP < MIY 9”, 


By indùction on r, we obtain 


Lemma 4. If s and tare positive and n is a positive integer, there exist 


integers i1,°* +, ir, each = 0, such that 
(5) s == ty +t: +--+ +H"+ Sr v = (n—1)/n, 
(6) OSs, < (nimes, e=1 tytepe to, 


PART Il. FOURTH POWERS. 


We write [b, d] for a sum of b biquadrates and d doubles of biquadrates. 
Our goal is - 


THEOREM 1. Every positive integer is represented by [17,10]. 


The main part of the proof appie to all integers exceeding a limit just 
‘under 954. We first prove 


Lemma 5. Every positive integer s S 95* is represented by [17,10]. 
By Lemma 4 with t== 2, n = 4, r= 5, we have 


(7) sit +++ it +s, OSs < od, 
c= 24, d= 95f, f= 39/44, ` e= 3.050781. 


But d < 78 since 95°49 < 78°55, and c < 2%. Hence ss < 9984. We next 
prove * that every positive integer pS 9986 is represented by [17,5]. If. 
p =z 27t = 4802, p= 2+ q, 0S q S 5184—4-6*. Subtracting 2-6" 
from q when possible, we see that it remains to prove that every positive 
integer <S 2-6* == 2592 is represented by [17,3]. It is either S 2-5* — 1250 
or exceeds the latter by an integer u 5 1342. If u21250, u S 2-54 + 92. 
If 2-44 = 512 S u < 1250,u Z 2- 4t -4 738. Hence it remains only to show 
that every integer £ 738 is represented by [17,1]. While a direct proof is 
not tedious, it has been verified in several ways.+ 


* Hence Lemma 5 holds when 95 is replaced by 108.756, and therefore for s <- 
, 1.899 X 108. See Lemmas 10, 11. 

7 Since [17, 1] is a partition of all the forms in Bulletin of the American Mathe- 
matical Society, Vol. 33 (1927), pp. 319-27, in particular of that in § 8. 
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Lemma 6. If p is odd, 6p? is represented by [8,4]. For any positive 
integer k, 6k? is represented by [6,3]. i 


It is known that every positive integer p, which is not of the form 
= 4" (16s + 14) is represented by a* + b? + 20”. The identity 


(8) 6(a® +b? + Rc*)?== (a +b)“ + (a—b)t + (Ret) +2(a + 0)* 
-H2(a—ce)t + 2(b + c) + 2(b —¢)* 


shows that 6p? is represented by [3,4]. Next, 16s + 14 is congruent to 6 
modulo 8 and, is known to be a sum of three squares. If we multiply all 
their roots by 2", we see that g is a sum of three squares. Thé identity 


(9) 6(a? +0 + e)? == (a +b)* + (a—b)* + (a+ 0) + (a— e)" 
+ (b-+-c)*-+ (b—c)* + Rat + 264 + 2ct 


shows that 6g? is represented by [6,3]. Since any positive integer k is either 
a p or a q, and since representation by [8,4] implies that by [5,3] and hence 
by [6,3], with one biquadrate zero, Lemma 6 is proved. 


Lema Y. Every positive integer 24k +6 is represented by [15, 10]. 
Every 24k + 12 is represented by [12,11]. 


For, every positive integer 4k +1 or 4k +2 is a sum of three squares, 
exactly 1 or 2 of which are odd, respectively. We apply Lemma 6. Since 
6 (4% + 2) = 6r?.+ 6s? + 6p, where r and s are odd, it is represented by the 
sum [12,11] of [3,4], [8,4], and [6,3]. Similarly, 6(44-+1) is repre- 
sented by the sum [15,10] of [8;4], [6,3], [6,3]. 


Lemma 8. Every positive integer 48k + 1 or 48k + 33 is represented 
by [10,12] if it exceeds r* — 480, where r = 95 or 93, respectively. 


For a = 12n +1, a*—1 is the product of 
ax i=12n, atl=2(6n+1), a +1 —2(72n? + 12n + 1). 


Hence : 
1— at = — 48g, g=n(+ 144? + 18n + 1) =n(2n +1) 
j (mod 16). 


We readily prove that q ranges with n over a complete set of residues modulo. 
16. For, if c(2¢ + 1) =n(2n +1) (mod 16), evidently v==n (mod 2), 
whence 2%? == 2n? (mod 8). Then the initial congruence gives r =n (mod 8) 


and therefore also g= n (mod 16). 
Since n = 16 —m implies n(2n +1) ==m(2m—1) (mod 16), the. 


` 


on Fourth, Sith, and Eighth Powers. 245 


values of n(2n + 1) forn—0,1,---, 7, and the values of n(2n—1) for 
n=], + +, 8, together form a complete set of residues modulo 16. The 
corresponding a’s have the maximum 12-8 — 1 = 95. 

` Hence there exists a positive integer a 95 such that`1— at == 48a 
(mod 48°16), where « is any prescribed residue modulo 16. Take g = 6 — k, 
where s == 48k +1 is the first integer in Lemma 8. Then there is an integer 
h such that i 


1— at = 48 (6 — k) + 48-16 h, s— at= 48 (6 + 16h) = 2*-6 (8 h + 3). 
` Since s > 954— 480, we have h > — 1. Thus h = 0, and 8h + 3 is a sum 
of three odd squares. Lemma 6 shows that 6(8h + 3) is represented by 
[9,12]. Since the same is true of its product s— a* by 2*, s is represented 
by [10, 12]. : ' 
Second, let s = 48k + 33. For a = 3t, t=4m +1, 


83 — at= 480, Q=— 1—27 (16m* + 16m? + 6m? + m), 
Q= (Ym = 1) (2m + 1) =n (2n 51) .(mod 16), 


where n =m gẹ”. 
As in the first case, the values of n(2n + 1) for n = 8, : > +, 15 and of 


n{2n—1) for n= 0, — 1, - - -, — 7 together form a complete set of resi- 
dues modulo 16. For the former, m = n — Y = 1, -, 8; t= 4m — 1 = 
8,7, -+ ++, 81. For the latter, m = n + 7 = 0, 1, -, 7; t= 4m + 1 = 
1,5,- °°, 29. Hence * when ¢ ranges over the 16 positive odd integers < 31, 


_@ ranges over a complete set of residues modulo 16. The proof now proceeds 
as in the first case. 


Lemma 9. Every positive integer s = 48k +9 or 48k + 25 is repre- 
sented by [13,11] if it exceeds rt — 456, where r = 93 or 95, respectively. 


Since s — 24 = 33 or 1 (mod 48), the proof of Lemma 8 shows the exist- 
ence of a positive integer a such that 


s— 24 — at = 2t- 6 (8h +3), s— at= 24 (161 + 13), 


. where h is an integer = 0, and I = 2h. Since 167 -+ 13 is = 1 (mod 4), it is 
a sum of an odd and two even squares. The odd one is ==1 (mod 8) and 
„hence is == 1 or 9 (mod 16). An even square is = 0 or,4 (mod 16). Hence 


* A second proof follows from the fact that t'=7', r= te (mod 16") imply 
at= 1 (mod 16°), whence æ = + 1] (mod 64). 


. 
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any sum of two even squares is = 0, 4, or 8. One of the latter increased by 
1 or 9 shall give 13 (mod 16), whence the summands are 4 and 9. Hence 


161 +3 =u +v 4w, Weed, vs=4, w=0 (mod 16). 


We may take u, v, w all 20. Since u= in +1, 9= + 8n -+1 (mod 16) 
and n is odd. Thus u==3 or 5 (mod 8). Next, v is the double of an odd 
integer. Hence both u and v are sums of three squares. The identity 


(10) 24(a? + b? + ¢?)?==2(a+0b+¢)*+2(¢+56—c)* +2(a—b+¢)* 
+ 2(a—b—c)* + (2a)* + (2b)* + (2c)* 


shows that 24u? and 24v? are both represented by [8,4]. Since w = 2m, 
24w? = 2*-6m? is represented by [6,3] by Lemma 6. Hence s — a* is repre- 
sented by 

[8, 4] + [8, 4] + [6, 3] = [12, 11]. 


Proof of Theorem 1. Any integer 24n -+ 1 is of one of the forms 48% + 1, 
48% +25. Hence Lemmas 8 and 9 together state that every positive integer 
24n +1 or 24n-+9, exceeding 95+ 456, is represented by [13,11] and 
hence by [15,10]. By Lemma 7, every positive 24n + 6 is eee by 
[15,10], and every 24n + 12 by [14,10]. 


By adding 1* or 1* + 14 to these types 24n + 1, 6, 9, 12, we get 24n a 2 
or 8, 24n +7 or 8, 24n + 10 or 11, 24n + 13 or 14. Next, 


24n = {24(n —%) +6} + 34+ 34, 
24n + 4 = (24(n — 1) + 12} + 24, 
24n + 15 = {24(n — 3) + 6} + 34, 
24n + 17 = {24n + 1} + 2, 
24n + 18 == {24 (n — 3) + 9} + 3$, 
24n +- 20 = {24(n—1) + 12} + 2t + 24, 
24n + 21 = {24(n— 3) + 12} + 34. 


The numbers involved are all positive if n27% Those with n <7 are 
< 24:6 + 23 = 137. By adding 1* to 24n + 4, 15, 18, 21, we get 24n + 5, 
16, 19, 22. Hence the latter may be obtained by adding just two biquadrates 
to numbers of the types 24f + 6, 9, 12. We have now reached all the types 
24n +0, 1, ++, 22. Every such number N exceeding 95*—— 294 is repre- 
sented by [17,10]. For it was obtained by adding at most two biquadrates 
with the maximum sum 3‘ + 3* to a number p= 24k + 1, 6, 9, 12. Since 
NS p+ 162, p exceeds 95456 and hence is represented by [15,10]. 
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Hence N is represented by [17,10]. Finally, j = 24n + 23 is obtained by 
adding 2 to 24n + 21 and hence by adding 34 + 1*-+ 14 to 24(n —3) + 12. 
Thus j is represented by [8,0] + [14,10] == [17,10]. 

We have now proved that every integer exceeding 95*— 294 is repre- 
sented by [17,10]. The same is true of those = 95* by Lemma 5. Hence 
all are represented, as stated in Theorem 1. 

The form [17,%]. Since this probably represents all positive integers 
when k = 1, it is desirable to find the largest integer Ly for which we can 
prove by Lemmas 1-3 that every integer < Ly is represented by [17, k]. 


Lemma 10. Every positive integer p < 7848 is represented by [17,1]. 


This is known for p= 4100 (Bulletin, l. c., §8). We apply Lemma 1 
with n = 4, t= 2, g = 1249, and write p=-2r—i1. Hence if s Z 1251, 
there exists a positive integer 7 such that 


(G1) 1249 So < 1249+ +p, c—s—2it, 2rt— s— 1249. 


The table of Bretschneider * shows that 1248 is the last integer < 4100 which 
is not a sum of 17 biquadrates. Hence o will be such a sum if the upper 
limit in (11) is 4101. Then 


p? + p= 2852, p= 14.1578, rt == 8299.32, s= 7847.6. 


Lemma 11. Every positive integer < In is represented by [17, k], 
where Ly = 20226, Ls = 14425, L, = 421450, Ls = 4148791, Le = 85388000. 


Taking the upper limit in (11) to be 7848, Lə, Ls, ' ++, we get 


Pte p r : 7“ s 
6599 18.7391 9.8695 9488.13 20225.26 

18977 26.66075 13.83038 386587.8 744324.6 

73176 41.8190 21.4095 210100.1 431449.2 


420201 74.896227 837.94811 2073771 4148791 
4147542 160.66623 80.83312 42693500 85388000 


Part II. SIXTH POWERS. 


We write (17, 82) for a sum of r sixth powers and the products of s sixth 
powers by 8. f 


Tuzorsm 2. Every positive integer is represented by f = (Lus, 8108) 
in sixth powers. 


*Journal fiir Mathematik, Vol. 46 (1853), pp. 1-23. 
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We employ the identity due to A. J. Kempner: * 


(12) 120(a? + 6? 4+ è + a) 
= Z (a+b £ c + d)° +> (2a) +8 F (a $b)". 


Hence the product of 120 by the cube of any integer 2 0 is represented by 
(liz, Sis). Any positive integer p is a sum of nine cubes. Hence 120p is 
represented by (1x, 8r), k= 9-12. It is readily shown that any integer is 
congruent to a sum of 7 sixth powers with respect to 3, 5, or 8 as modulus, 
and hence with respect to their product 120 as modulus. Hence if A is an 
integer = 7-119°, A =o + 120p, where p Z0 and o is a sum of 7 sixth 
powers. Hence A is represented by f. 

It remains to prove this also when A < 7-119% Note that 7 < 28, 
119 < 128 = 2". We shall prove that every positive integer s SS 2* is repre- 
sented by (14s, 816) and hence by f. 

We apply Lemma 4 with t == 1, n = 6, r= 15, Si v = 5/6. The 
inequalities (6) still hold if we increase s to 2*5 and increase e to 6 by ex- 
tending the geometrical progression to infinity. Thus 


OS ss < 692", m—45(5/6)* < 3, 





t 


since 
15 log 1.2 = 1.187718 > 1.176091 = log 15, (6/5)" > 15. 


But 6° 2% < 9° since 2? < 3%. Hence by (5), s is a sum of 15 sixth powers 
s Z 0 and an integer m, where OS m <.9% Then m= 3% + 8,054 38. 
083°. We shall show that « and 8 are each represented by (114, 8s), 
whence m is represented by (les, 816). For, 8° < 12:64. When u, v, w are 
chosen from 0, 1, -> -, Y, u + 8v + 2%w is represented by (17, 87, 17). When 
uv=0,1,°-°°, 7 and z= 1, 2, 8, u + 8v + 2°(8 +2) is represented by 
(1;, 87, 8:1, 13). . 


THEOREM 3. Every positive integer is represented by (117s, 899) in siath 
powers. 


In the proof of Lemma 6 it was shown that every positive integer k is 
represented by at least one of a? + 6° -+ 2c? and a? + b?-+ c°. In the re- 
spective cases we apply (12) with d = c or d = 0 and see that one term van- 
ishes, whence 120%° is represented by (liz, 8:1) or (lu, 812), and hence 
always by (lis, 811). The rest of the proof of Theorem 2 applies here. 


* Uber das Waringsche Problem, Dissertation, Göttingen, 1912, p. 47. Extract in 
Mathematische Annalen, Yol. 72 (1912), p. 396. 
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THEOREM 4. Every positive integer S is represented by g = (lio, 2s0, 
B72, 418) in sixth powers. 


We employ facts proved by Baer, J. c., pp. 41-51. For at least one of 
the values 273 and 281 of ø, S—o is congruent to a sum © of 7 sixth powers 
7 


modulo 360, each < 860° < 29-° Assume first that S = 2°. Write 
S=> +1. Then J > 298 — 7-254 > 2968 — 257 > 2997, and J==o( mod 360). 
T 


By an intricate proof, Baer showed that every such 7 is a sum of three sixth 
powers together with the product by 1440 of the sum of the cubes of six 
doubles of positive odd integers. Hach such double is a sum of three squares. 
The identity ` 


1440 (a? + b? + c*)8 
=? È (Rat bec)? +2 X (2a) +8 E (Rat b)°+ 430° 


employed six times shows that J is represented by (1s, 296, 372, 418). Hence 
S = Xr + l is represented by g. l 

We next prove that S is represted by g if OS SS 2°. Write 8 = 
k®+ 2s, where k= 0 or 1 according as S is even or odd. Apply Lemma 4 
with t= 1, n= 6, r = 40. The inequalities (6) still hold if we increase s 
to 2°°7 and increase e to 6 by extending the geometrical progression to infinity. 
Thus 


40 y 
s= Di + sao OS Ss < 662m, m = 967 (5/6). 
j=1 = 


But i x 
625 = 5* < 84 2% = 648, (5/6)* < 4, 27° — 1024 > 967, m <1; 


4-66 4-926 
g= 280 < £6, o= 3a tp, OSB<3, a< PG 





` < 86. 


Now «@ is a sum of 63 sixth powers, which are all 0 or 1 if « < 64, while one 
is 2° if a= 64. Hence 3°-3a is a sum of 63 triples of sixth powers. Next, 
B=p-3°+8, p=—0,1 or 2,058 < 3% Also, 8=3-2% + e, q= 0, 1, 2, 
or 8,0 Se < 8-2% Evidently e = A, 2° + d or 2:2” +A, where 0 SAS 63. 
An even À is 2u, where u S 31, and is a sum of u doubles of sixth powers, 
all unity. An odd Ais 1+ 2u. Hence every A, ¢,-8, 8, o is represented by 
respectively (1,. 231), (1s, 231), (1s, 2s 32), (1s, 251, 3s), (1s, 231 366). 
Hence every S < 2° is represented by (1e, 271, 366) and therefore by f. 

7 
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Part IV. EIGHTH POWERS. 
A. Hurwitz * gave the identity 
5040 (a? +b? + e + d?)*= X (2a +b = 6)? 46X (2a)® 
48 4 
+63 (a+b+ce+4) +603 (a +b)’ 
8 12 
Any positive integer is of the form 5040 Q + R, where 0S RS 5039. Since 
Q is a sum of the fourth powers of 37 integers (Part IL), each a sum of four 
squares, 5040 Q is represented by 37 sums of (lis, 612, 6012). Each R is of 


the form Bu +v, OSuZ 19, 0S v S 225 = 2—1. Hence R is repre- 
sented by 1zr4 


We obtain a better result as follows: + 


R == 6-28 + f, e= 0, 1, 2, 3; Of < 6:28; 
f= 2g +h, 05953, OS <2; 
h = 607 + k, OSjs4 0k < 60; 
k == 61 +m, OSIS89, Sms. 


Hence k, h, f, R are represented by respectively 
(1s, 69), (1s, 65, 604), (lio, 69, 604), (lio, 612, 604), 
the last being of order 26. This proves 


THEOREM 5. Every positive integer is represented by (1izse, 6456, 6O48) 
of order 2690 in eighth powers. 


* Mathematisohe Annalen, Vol. 65 (1908), pp. 424-7. 


} Avoiding 60, we may use h = 6n + p, n < 42, p< 5. Hence R is represented 
by (lis, 6s:), of order 55. = 


On Complete Systems of Irrational Invariants 


of Associated Point Sets. 
By CLYDE M. HUBER. 


" Introduction. The theory of invariants of algebraic forms has been 
developed to a great extent by the symbolic methods of Aronhold and Clebsch 
along the line of rational integral invariants, rational in the domain of the 
coefficients of the given form. In the early days expressions in terms of the 
‘differences of the roots were used and the English writers (as in Elliott’s 
treatise) developed the theory to a well organized form but more particularly 
‘from the standpoint of obtaining rational integral invariants of a binary 
form in terms of irrational invariants (rational in the domain of the roots 
of the form). The products of the differences of the roots of a binary sextic 
were used by Joubert * and Richmond + to obtain rational integral invariants 
of the sextic-but not to prove the completeness of the system. The complete- 


oe of the system was established from this point of view by A. B. Coble f l 


in a paper to which reference will be made frequently. Miss Whelan, in 
American Journal of Mathematics, Vol. 48 (1926), p. 73, obtained rational 
integral invariants (rational in the domain of the coefficients) of the binary 
octavic in terms of the irrational invariants. 

"In several papers, references to which are given in an address § at a 
meeting of the Chicago Section of the American Mathematical Society at 
Cincinnati, December 28, 1923, Professor Coble points out the connection 
between linear systems of irrational invariants of two types of point sets in 
. 8, and Sp, respectively and the solution of the equation of degree 2p + 2. 
Numerous geometric and algebraic applications of the irrational invariants 


are made in these papers as well as the outline of their connection with hyper- , 


_ elliptic modular functions of genus p. 


i Joubert, “Sur Péquation du sixiéme a 2 Comptes Rendus, tome 64 (1867). 

+H. W. Richmond, “Note on the Invariants of a Binary Sextic,” Quarterly Jour- 
nal of Mathematics, Vol. 31 (1899), p. 57. 

+A. B. Coble, “ Point Sets and Allied Cremona Groups,” Transactions of the Amer- 
ican Mathematical Society, Vol. 16 (1915), p. 155. 

§ A. B. Coble, “The Equation of the Eighth Degree,” puteti of the American 
Mathematical Society, Vol. 30 {1924), p. 301. ” 
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It is the purpose of this paper to investigate the linear systems of irra- 
‘tional invariants with the object of determining complete systems of such 
invariants. In §1 a résumé of some of the elementary notions and defini- 
tions used throughout the paper are given. . Section 2 gives a method of 
expressing irrational invariants of a class called polycyclic in terms of a class 
called monocyclic and in case of the even degree equation the polycyclic in- 
variants are expressed in terms of products of the differences of the roots 
linear in each root, that is, in terms of linear invariants. In §3 it is found 
that if all invariants of degree 4 are expressible in terms of invariants of 
degree 2 for an odd degree equation, the invariant of any degree for the odd 
_ degree equation may be expressed in terms of those of degree 2; i.e. a complete 
system is made up of a number of. linearly independent cyclic invariants. 
The main object of the paper is then somewhat interrupted to give applica- 
tions of this theorem to the quintic and septimic in §§ 4, 5 respectively as well 
as a discussion for the casé of the septimic of a general mapping problem., 
In § 6 the principal aim of the paper is accomplished, namely to prove that 
for the set of points P'»p+2 defined by a binary equation of even degree, a com- 
-plete system of irrational invariants is made up of linearly independent linear 
invariants. For odd it would appear that a complete system is made up 
from the cyclic invariants; however, the writer has succeeded in establishing 
this for specific cases only. A comparatively simple method of exhaustion 
is given whereby the conjectured theorem can be verified in any specific case. 
_ In the last section invariants of a linear system on,a set of points in Sp are 
expressed in terms of the linear invariants of a set of points in S,, each set 
.defined, to within projective modification, by the binary equation of degree 


2p +R. 


1. Preliminary Definitions and Remarks. The general form of a 
rational integral invariant of a set of points P*, on a line, which may be 
regarded as the roots of a binary form of order n, has been generalized by 
Professor Coble ł as follows: A rational integral invariant of the point set 
P,* of n points iw S, is-a rational integral function of the n/(x -+ 1) deter- 
minants P(t, ia, ‘**, %:) which is (A) homogeneous and of the same 
degree in the coordinates of the n points and (B) unaltered in value however 
the points be permuted. An irrational invariant of P,“ is a function which 
satisfies all of the requirements of the foregoing definition except (B). An 
incomplete integral invariant (rational or irrational) of P,“ is one. which 
satisfies the proper requirements for a set Pw" (n’ < n) contained in P,*. 

For a set of n points in S; such a form is in general 
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(1) I= TD (12) (13) (14)e- + - (nI n) 


where (ij) is an abbreviation for the determinant pinpj2— piopj1 and Pir, Piz 
i(i==1, 2,- ++, n) are the coordinates of the points of the set P*a, and the 
a:;s are positive integers, or zero such that 


(2) S aj=N, (§—1,2,-°-, n), lij = lji Qi =O. 
j=l 


N is the degree of the invariant in the coordinates of each point. 

In the same paper it is shown that for every invariant of any type of 
P,* there is obtained àn invariant J of the same type of the associated set 
Qn"-*® and the two are equal to within a factor which is a power, whose index 
is the weight, w, of I equal to nN/(x-+1) of an undetermined constant. 
To a complete system of invariants J, there corresponds a complete system of 
invariants J. i 

To find a complete iter of irrational invariants of the set of points 
P*, and hence of its associated set Qn"%, we have then to solve the system 
of diophantine equations (2). The different possible types of independent 
solutions of this system then yield the different types of products m entering 
- into the invariant J. 

Now it is known that in the case of Pt, and P'e complete systems of 
irrational invariants are made up of certain elementary products. For Pt, 
a complete system is (12) (34), (13) (24), (14) (23) only two of which are 
linearly independent. For the set P's we shall find later ($4) that the 
_ complete system is made up from the invariants of degree two, called cyclic 
‘invariants, which are of the following types: 


(3) (49) (gle) (el) (Im) (mt) 5 
(09) (el) (lm) (mk). 
All products m entering into the invariant I of Pt, are expressible directly as 
products of factors of the type (3). 
The first product of (3) we designate as monocyclic, that is consisting 
of one cycle. The general polycyclic invariant with & cycles for the set Pta 


is an invariant of degree two in the coordinates of each point Lari has the 
following form: 


(4). “{ (diz) (4203) °°: (@a-ita) (aati) } {(b1b2) (bobs) Re (bgb1) } * 
{ (keke) ear (fakes) b 
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where g -+ 8- --+A=n. The number of types of cyclic invariants for 
Pta is then the number of different partitions of n, including of course the 
number n, and exclusive of the number one, since from the definition we 
must have the coordinates of at least two points in any single cycle. 

A linear invariant we define as a product linear in the coordinates of 
each point and hence of the form (ij) (kl): - - (rs). Such linear invariants 
clearly exist only in the cases in which n is even. Moreover it is evident that 
for n odd we can have no invariant of odd degree, since the sum of all the 
aips in the system (2) is even and on the right the sum would give an odd 
multiple of N, hence N itself would have to be even. The treatment of the 
two cases will be different and the results are of a different character. 

The complete systems for Pte and P®, have been determined.* For Pte 
the product + can be expressed rationally and integrally by the use of the 
binary determinant identity (12) (84) = (18) (24) + (14) (32) in terms of 
the fifteen products of the type’ (ij) (kl) (mn) of which only 5 are linearly 
independent. 

2. Expression of Piai Invariants in Terms of Monocyclic Invari- 
ants in General. We now show how to express the general polycyclic invariant 
on any number of roots in terms of monocyclic invariants. Such a polycyclic 
invariant may be written in the form (4). It is sufficient to show that two 
adjacent cycles may be combined into a sum of monocycles, since this process 
could be repeated as long as two or more cycles are left in any single term of 
the expression for the original polycyclic invariant. Consider any two adja- 
cent cycles without any restriction as to the number of roots occurring in 
either cycle (save that the number in both shall not exceed n) as the fol- 
lowing: 


{ (did) (a203) ` ` * (Qa-10a) (Gat) } {(b1b2) (babs) ` > - (bg-1b8) (bgb1)}. 
Now apply the binary determinant identity to the product (aaa) (bib2). We 
then form a sum of two cycles as follows: 


(diz) (azas) (Gas) * * * (la-18a) (Gabi) (bibg) * © ` 
(bsb2) (b201) + (diaz) (a203) ` °° 
` (ara) (Gabe) (babs) ` ` + (bg-1bp) (b gb1) (b101). 
Proceeding in this way as long as two adjacent cycles remain we eventually 
obtain only ‘monocyclic products. 
We now show that in case is even, that the general cyclic invariant 


can be expressed in terms of linear invariants. We first express the cyclic 


Invariant in the above manner in terms of: monocyclic invariants containing 
P; 


* See “Point Sets” paper of Coble, referred to above. 
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an even number of roots. It is evident that every monocyclic invariant con- 
taining an even number of roots can be expressed as a product of two linear 
factors as follows: 


(arao) (azas) (asa) (asās) errs (G2p-142p) (Gop@ops1) (@ops1@2ps2) (Gaps2M: ) = 
{ (ata) (asta) IETA (dop-1đ2p) (a2p:142p:2) } 


{ (dds) (sds) * © © (Gopdepsr) (azp+241) }- 


Hence the general cyclic invariant on an even number of points is a rational, 
integral function of the linear invariants. 


Treorem I, The general polycyclic invariant (4) for the point set P'n 
can be expressed as a sum of monocyclic invariants by use of the binary 
identity. If n—=2p +2 the general cyclic invariant can be expressed ration- 
ally and integrally in terms of the linear invariants. 


3. Conversion of any Invariant Product a into a Reducible Product x’. 
Consider now any product + of degree N, for any value of n. If any ai, 
say without loss of generality ai2, equals W the indices 1 and 2 will not occur 
again in r and the remaining product will be an invariant for a set of points 
contained in Pt, Then if the invariants of the set P*,. are reducible, the 
invariant product r for P*, is reducible. We can easily verify that a com- 
plete system for the set Pt, is the single variant (12) (23) (31) by a direct 
solution of the diophantine system (2) for the value n=3. Moreover we 
know that all invariants of the set Pt, are reducible as referred to previously. 

-If then we can take any product + and carry out on its exponents a series of 
operations which modify them so that eventually one exponent becomes equal 
to N, then, by induction, the modified product x’ is reducible. 

Suppose then that every ai; is less than N, and let ai; and a'i; be any 
two solutions of the diophantine system 


Gyo + tra tte ++ Han =N, 
: Ger EE fear 
(6) Qs1 F Ose + deg bts + den =N, 


eT Ie oe cenit = NV, 


for the same value of N. 
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‘Set 3 = aij — aij, so that the 6s satisfy the system 


Sie + 81g + S14 + eS + bin = 0, 
: 8e1 + bzs + 824 + ++ + + den = 0, 
(7) 831 + 832 + 834 + ENTA + 83n = 0, 


bna + Sue + Bas + Sng Ft Sand = 0. 


Adding the last n— 1 equations and subtracting from this result the first 
equation, we have 

(8) B23 + B24 + 825 °° + Ban H Bsa H * ; 

+ ban + Bass + Sana = 0, 


which we may write as 


(8) 8, + 8 + acai + 8 (n-1) (n~2)/ 2 = 0. 


It is evident that all solutions of, this equation are compounded from 
these elementary solutions 


& = 1, ô = — 1, (i, j=1, R02 (mn —1)(m—2)/2), (Gj), 
all other şs = 0. 


But these are not all independent since from n(n —3)/2 like & = 1, 
& = — 1, [j =2, 3, => +, (n—1)(n—2)/2] the remaining elementary 
solutions can be obtained. These solutions lead in (8) to two distinct types 
of solutions, namely the types ê: = 1, 8s, ==— 1 in which the 8s have a 
common subscript and the type 82s = 1, 84; == — 1 in which the 8s have no 
common subscript. Hence for the solutions of the system (7) we obtain the 
two types 


| Type I: 8s = 8a = 1 \ all other əs = 0, 


(9) t Òi == O33 == — 1 
Type II: 825 == 844 = 815 = 1 \ : 
all other 8’s = 0. 
845 == 8,2 = 843 = ~—- 1 ` 


The difference between the exponents of like factors of any two products 
x for the same value of N can then be expressed in terms of elementary dif- 
ferences of two types. Each of these types of elementary differences then 
leads to an operation on the exponents which we denote by O, and O} Oi 
is an operation which reduces ai; and ax: by one and increases ai, and aj: by 
one. OQ, is an operation which reducesai;, kit, arm by one and increases ayes rj; 
dim by one. : 
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We observe that the operation O; can be expressed as a product of opera- 
tions of type 01, which may be shown as follows. The operation of type 01 
replaces the product (ij) (kl) by the product (ik) (jl) ; the operation of type 
O, replaces the product (ij) (kl) (km) by the product (ik) (kj) (Im). Let a 
specific operation of the type O, be Oix,j3. which replaces (ik) (jl) by (ij) (#1). 
If we operate upon (ik) (jl)(km) with Oiz;xı we obtain the product — 
(ik) (jl) (km). Now we operate with Oj1,xm upon the resulting product and 
obtain (ik) (jk) (lm), which gives the same result as if we had operated on 
the original product with the operation O4j,xz,xm of type Oz, or 


Oijnirum = Oije Oj1nm- 


Tuorem II. Operations of type Oz can be replaced by products of 
operations of type Oj. 


Since however only positive or zero values of the dij’s are in question, 
‘these operations are to be applied only to such products as will yield products 
with positive or zero exponents. 

For a given value of N let + be the product 


(12)9(13)?(14)%- +. (n—1, 2)”, 


where we now assume «, 8, -°,o¢<N. Now the indices 1 and 2 must 
occur again in the product and suppose that each occurs with a different 
index, say with 3 and 4 respectively. We can by an operation of type O1 
-increase the exponent of (12) and at the same time decrease the exponents ` 
of the factors (138) and (24). We may then by repeated applications of 
operations of type O, increase the degree of the factor (12) and decrease the 
degrees of the other factors containing the indices 1 and 2 so long as 1 and 2 
each occur again in factors with different roots. . We can by a finite number 
of applications of operations of type O, come to the stage where either (a) 


the degree of the factor (12) is N, or (b) we have 1 and 2 each occurring 
with the same index, say 3. 


° 


In case (a) the ptoduct 2 would then be feducible. 
If case (b) occurs we will have a product of the form 


(12)"(18)8(28)*- - - (n1 n)”, 


where r -+ s= Ñ, and f -+ t= N, froin which it follows that t= s, but we 
iiay not have s + t =N. If the latteř weře true we would have the cyclic 
‘factor (12)°(23)*(81)* and the fetialiiing factor Woiild be an invariant on 
ñ —3 of the poitits and we Would then be lèd to a teducible prodiict x’. This 
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clearly can occur only in case W is even. Suppose then that s+t< WN. 
By means of the operation O1s,2s,2m We can decrease the exponents of the fac- 
tors (13) and (23) and at the same time the exponent of some other factor, 
say (45), containing none of the indices 1, 2, or 8. Now such a factor must 
clearly be of degree greater than s + 7%, or there must be at least s -+ £ such 
factors that do not contain the indices 1, 2, or 3. Hence at no time will 
there be negative exponents introduced by s applications of the operation 
O1s,03,45- At the same time we will be increasing the degree of the factor 
(12), until eventually its degree, a2, will be equal to N, the degree of the 
_invariant r. Hence by previous argument, the resulting product 7’ is ex- 
pressible in terms of the cyclic or linear invariants, or x’ is reducible. 


TuroreM III. Every invariant product m for the point set P*, can be 
converted by means of the operations of type O, into a sequence of products 
a, TP, n, + OD, a" == aw’ in which x is a reducible product. 


If further we can show that the reverse of the above series of operations 
applied to a reducible product always leads to a reducible product, then the 
original product upon which we operated must have been reducible. We have 
shown that any operation of type O+ can be expressed as a product of opera- 
tions of type O,. Moreover the reverse of an operation of type O, can be 
applied to a single cyclic invariant, or to a product of two cyclic invariants; 
also to a single linear invariant, to a product of two linear invariants, or to 
a product of a linear and a cyclic invariant. That is, the operations of type 
0, can affect at most in a single application an invariant product of degree 
four. If then we show that all solutions of the system (6) for NV equal to 3, 
and 4 are reducible, then the product w is reducible for any value of NW. 

This proceedure can be further shortened by a separation of the cases in 
which n is odd or even. We first consider the case in which n is odd giving 
two methods of proving the reducibility of any product m for the set P+, for 
this case. We defer the treatment of the even case until §6. It is evident 
that the reverse of an operation O, applied to a single cyclic product yields ` 
such a product; moreover, there are no invariants of degree 3 for n odd. 
(1) Hence it is sufficient to show that the reverse of operations of type O01 
applied to a product of two cyclic invariants always yields a product of cyclic 
invariants. For in that case in recovering the original product m we would 
pass back through a sequence of reducible products at each operation and 
hence the original product + would be reducible. (2) It is sufficient to show 
that all invariants of degree 4 are reducible, as in that case the application 
of the reverse of operations of type O, would always yield invariants of degree 
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4 which by hypothesis are reducible and therefore by the first alternative the 
original product + must be reducible. Both of these conditions are obviously 
necessary. 


Turorem IV. A necessary and sufficient condition for the reducibility 
of any invariant product v for the point set P', when n is odd is that all 
invariants of degree 4 shall be reducible. 


It will be observed that the above two methods are each equivalent to 
Theorem IV, however the proceedure for verification in the two cases is quite 
different. In the following two sections we shall apply the first of the above 
methods to determine the complete system for the set P*; and the second 
method to determine the complete system for the set P', We shall show in 
each case that the cyclic invariants form a complete system of irrational 
invariants. è 


4. Complete System for P';. For the set P's we have two types of 
cyclic invariants, namely, . (tk)” (Jl) (Im) (mj) and (ik) (kj) (jt) (lm) (mi). 
The reverse of an operation of type O, has the effect of interchanging two 
roots one of which we assume occurs in the first invariant of a product of 
two cyclic invariants, and the other in the second invariant factor. Such-an 
interchange sends the product (ik) (jl) into the product (77) (kl). With 
respect to such an operation the product of two cyclic invariants may be 
affected as follows: i i 


(1). (th)? {tstats) > (J) jajaje)> 
(2). (th)? (tstats) > (jaja)? (ifs), 
(10) (8). (th)? (stais) ` (Jljajefs)> - 
(4). (tats)? (tkis) ` (jaja)? (itis) 
(5). (tats)? (this) - (jljajzjs)> 
(6). (ikisisis) > (jlhijafs), 
where (tiimin) = (irim) (imin) (inti). 


The effect of the interchange of the indices j and k may be observed in 
each of these products, noting that the resulting product is reducible in each, 
case. We illustrate the type of verification for the first case. 

We: may without loss of generality ‘take (ik) (jl) as the product (12) (34). 


(1). (12)? (istgis) (84)? ( fajods) goes. by the aboye.. “interchange into the 
product (13) (12) (ista) (tis) (isis) (24) (84),( juin) Geja) (jsj:)- Now the in- 
dex 3 must occur in the second cycle of the first factor and similarly the 
index 1 must occur in the second cycle of the second factor. _We may take each 
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of these indices in the leading position in the cycle, so that the modified product 
has the form (13) (12) (3%s) (isis) (438) © (24) (84) (172) (Jags) (js1). The fac- 
tor (isis) must be either (45) or (54) and (j2j,) must be either (25) or (52). 
In either case we have the cyclic factor (12) (25) (54) (43) (31), so that the 
remaining factor must necessarily be cyclic, and hence the product is reducible 
after the application of the reverse of an operation of type O.. ` 

The argument may be carried out in a similar manner fof the remaining 
cases as the reader may verify and need not be given here. The reverse of 
the operations required to modify r so that it becomes a product x’ which we 
know to be reducible then yields reducible products at each stage, so that the 
original product must have been reducible. A complete system of irrational 
invariants.for P's is made up from products of the types 


(11) (a). (tj) (ge) (el) (Im) (mt) 5 
(b). (a7)? (X1) (Im) (mk). 


The invariants of type (b) are expressible by Theorem I as sums of invariants 
of type (a), and conversely. It is shown in the “ Point-Sets” paper of Coble 
(p. 190) referred to above that there are just six products. of either type that 
are linearly independent. 


THEOREM V. A complete system of irrational invariants for the set P's 
consists of six linearly independent products of the type (11, a). 


These six linearly independent products map binary quintics and thus 
points of the plane upon a quintic two way in Ss. This is a fairly well-known 
surface being also the map of the plane by a linear system of cubic curves’ 
with simple points at four base points in the plane. 


5. Complete System for P*;. In this case we show that every invariant 
of degree 4 is reducible and hence by Theorem IV the general invariant must ` 
be zeducible. 


Consider the product r for the set P*, of degree 4. If any ai; = 4, then 
the product m is reducible, since the remaining factor would be an invariant 
on the set P+; contained in the set Pt, which we have shown to be reducible 
in §4. Let us assume then that no exponent in the product m is equal to 4. 
We tow list the possible types of products x in which we have three and no 
thore exponents equal to 3, two exponents equal to 3, etċ., showing in every _ 
case that m contains a cyclic factor, and hence every invatiant of degree 4 
for P*; is reducible as required. It may be easily verified that these are the 
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only types, and that all other products obtained are either excluded (because 

` of coming under a previous classification), or impossible (i. e. a case in which 

the factor (ii) would have to be introduced in order to complete the degree 

of the invariant in the coordinates of the point whose index is i). This 

method of verification we illustrate, the process being similar for other cases. 

‘Let three exponents of m be equal to 3, we must then have a factor of 

the type (12)°(384)5(56)%. We then consider the different possible ways of 

-completing the product m in the coordinates of the point whose index is 1 
to the required degree, then the point whose index is 2, etc., as follows: 


34)3(56)*| (18) | (24) (57) (67) requiring the factor (77) to complete; 
| (27) | (45) (67) requiring the factor (77) to complete; 
(47) (57) (67) has the cyclic factor (12)*(34)*(56) (57) (67 
(17) | (23) | (45) (67) an impossible type; 
(47) (57) (67) has the cyclic factor (12)? (34)? (56) (67) (75) ; 
(27) | (35) | (46) impossible type; 

i (47) (67) has the cyclic factor (12)? (34) (47) (76) (65) (58); 

(87) (45) (67) has the cyclic factor (12)*(34) (45) (56) (67) (73). 


In a similar way we could find the remaining types of products all of 
which contain a cyclic factor and hence are reducible. Now every product of 
degree four which is an invariant of the set Pt, must come under some one 
of the above types. But each product of any one of these types is reducible, 
‘therefore all products m of degree four are reducible. Hence, by Theorem IV 
it follows that any invariant product m for the set P+, is reducible. 


Tusorem VI. Every invariant product x for the point set Pt, is redu- 
cible, that is, can be expressed as a product of the following types of cyclic 


‘invariants: - ; 


(12’) 860 of type (ij) (jl) (kl) (Im) (mn) (no) (ot) ; 

(12) 252 of type (ij)? (kl) (lim) (mn) (no) (ok) ; 
(12) (12) 105 of type (47)? (kl)? (mn) (no) (om) ; 

(127) 105 of type (ij) (jk) (ki) (Im) (mn) (no) (of). 


By Theorem I each of the cyclic invariants of the last three types may 
be expressed. rationally and integrally in terms of invariants of the first type, 
that is, the monocyclic type. -A reduced complete system of irrational in- 
variants for Pt, is then made up from certain linearly independent products 
out of the 860 products (12’). We now determine the number of linearly 
independent invariants in the complete system. 
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If in the 105 invariants of the third type in (12) we set 6 = v, Y =y 
we obtain the following types of irrational covariants of a binary quintic: 


(a) 10 of type (xy)? (12)° (84) (35) (45) ; 
(b) 16 of type (wy) (12) (1y) (25)2(34)?; 
(18) (e) 20 of type (17)*(2y)*(34) (35) (45) ; 
l (d) 60 of type (1y)? (4s) (5x) (23)? (45). 


These forms can be expressed in terms of powers of the determinant (ay) 
whose coefficients are elementary covariants and invariants arising from polars 
of the given forms in a unique manner.* In the expansion of the above forms 
there arise aside from numerical coefficients i 


(a’) 10 invariants of the type (12)? (34) (35) (45); 
(b’) quadratic covariants of the types (1xr)?(25)?(34), 


(1a) (2a) (12) (34) (35) (45), 
(1a) (2a) (18) (24) (35) (45); (1s) (2a) (18) (28) (45)?, 


(c’) quartic covariants of the types (1%)? (2s) (3a) (23) (45)?, 
(12)? (22)? (84) (35) (45), (12) (2x) (32) (4x) (15) (25) (34). 


There are six linearly independent invariants of the type (a’) as noted 
above. : 

By use of the six functions of Joubert { subject to the relation 
A+B+C+D-+H-+F=0, the quadratic covariants can all be expressed 
in terms of the 15 products of the functions A, etc. These products are all 
linearly independent so that there are in all only 15 linearly independent 
quadratic covariants. i 

The quartic covariants can all be expressed in terms of the 30 quartic 
covariants of type (1x) (2a) (3x) (4a) (15) (25) (84), which we designate as 
Ys4,s- ‘These are grouped in five sets of 6 each according to the root that is 
isolated, as in the set qis.s3 Qis.53 aes 923,53 q24,53 Qs4,s. The q’s in each set 
are subject to three relations of the type qs4,5 + qa1,s + q13,5 = 0, analogous to 
the relations on the six differences of the four indices 1, 2, 3, 4 from which 
_we conclude that.in each set of six covariants there are three linearly inde- 
pendent ones. 


* A, Clebsch, Theorie der binären Formen, Leipzig, Teubner (1872), § 7. 
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There can be no other relations existing containing covariants from dif- 
ferent sets of six for suppose there were some relation such as 


(14) M (Ber) (Bx) (42) (Bar) + àa (12) (Bx) (42) (52) + - - 
-HAs (12) )22) (Ba) (42) =0, 


where the \’s represent ahy coefficients whatever. Now let «1 and all 
terms but the first in relation (14) vanish. Since in general the five roots 
are distinct, à —0. Similarly we may show that the remaining \’s must be 
zero, that is, no relation of the type (14) could exist. The only linear rela- 
tions satisfied by the 30 quartic covariants are those arising from the rela- 
tions within the sets of six with one root isolated, hence there are just 15. 
linearly independent quartic covariants. 

Furthermore there can be no relations existing among covariants of dif- 
ferent order. Hence there are 36 linearly independent invariants and co- 
variants. Since the 105 covariants are expressible in terms of these ele- 
mentary ones we conclude that there are 36 linearly independent covariants of 
types (18). 

Now replacing x and y by the roots 6 and 7 we have 36 linearly inde- 
pendent invariants of the type (12’”). These are all expressible in terms of 
those of type (12’) and conversely, hence the number of linearly independent 
invariants in the two systems is the same. 


TuuorEM VII. The simplest reduced complete system of irrational in- 
variants of the point set P*, consists of 36 linearly independent invariants 
from the set of 360 invariants (127). 


It would seem that in general the invariants of the odd degree equation 
are expressible in terms of the monocyclic invariants. The methods sketched 
above will suffice to verify this in any particular case. We now give for the 
particular case of Pt, a map determined by the irrational invariants. 

The 36 linearly independent cyclic invariants for P'; map binary sep- 
timics upon a four way in Sss- We now determine the order of this spread 
which is invariant under the linear transformation group of order 7! in Sss 
corresponding to the apenas group of the permutations of the roots of the 
binary septimic. 

Let. ¢, a root of the binary septimic, be transformed to infinity and 
t-+t,+:--+%,—=0. Every binary septimic determines a point in 84 
after the above transformation, which is then mapped upon the spread in Sss 
by the 36 linearly independent invariants. In S, we have certain spreads 
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defined by the, cyclic invariants themselves. These spreads evidently have 
“multiple points at the points of a set P,* as follows: 


“§ 1i 1 1i 1i í 
1—5 1 1i 1i BL 
1 fb 1 1 FL 
Eo ie “eae i T 
1 i 1 1 —5 2, 
1 1i 1 i 1 8 


The multiplicity is of order 3 at each of these points, the order of the spread 
being 5. We then have quintic three ways in S,, four of which intersect in a 
finite number of variable points, the number of which gives the order of the 
invariant spread in S,;.. A line on two of the points of P,* would cut the M5 
in six points hence the M,’ would contain the entire line, i. e., Ma’ contains 
the 15 lines joining the points of P,* as a fixed part. 

Three of these M,°’s would intersect in a curve of order 5* with multiple 
points of order 3 at the points of Pet, but the 15 lines are fixed, hence the . 
order of the variable part will be 5°— 15 with multiple points of order 22 at 
each point of Pt. A fourth M,° would cut this variable curve in 5(5°-— 15) 
points of which 6-22-3 are fixed at Pet, hence there remain 154 variable 
points of intersection which gives the order of the invariant spread in Sas 


Turorem VIII. The 36 linearly independent invariants of the com- 
plete system for P’, map projectively distinct binary septimics, and hence 
points of the linear space K, upon a spread of order 154 and dimension 4 in 
Bss which is invariant under the linear transformation group Gry which cor- 
responds to the permutation group of the roots of the binary septime. 


6. Complete System for Pzp. By Theorem III the product r, an in- 
variant product for the point set P*z;,2, can be converted by a sequence of t 
operations described in §3 into a product w’ which is reducible. We have 
then a sequence of r-+1 products m, r®, +++, a =z such that a’ 
factors into a product of cyclic and linear invariants. Moreover Theorem I 
enables us to express each of the cyclic invariant factors of z’, by use of the 
binary determinant identity, as a sum of products of linear invariants. The 
product x’ is then equal to a rational integral function 3/, of linear invariants 
like (ij) (kl) + ++ (rs). We are thus led from the original invariant product 
a to a rational cee function ¥ of the linear invariants. 

Now to recover from the product w’ == ¥ the original product m, we’ 
should apply the reverse of the operations necessary to convert ~ into the re- 
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ducible product x’. These operations by Theorem II are all expressible as 
-products of operations of type 01. If we show that the reverse of an opera- 
tion of ‘type O, applied to 3 always yields a rational integral function of 
linear invariants, we would then have a sequence of the functions $ such that 
m == BY, aD =e BOY, + | ap == 3. Hence the original product m would 
then be expressible as a rational integral function of linear invariants. 

The operations of type O, have the effect of merely interchanging two 
indices j and k in a pair of factors of given type. In the application of the 
binary determinant identity to the cyclic invariant products in a’ we can fol- 
low any pair*of indices j and k and determine their position in the function 
3.. The interchange of the indices j and k in a given pair of fdctors of a’ 
would then be equivalent in 3’ to the interchange of two definite indices, j 
_ and k of each and every term of 3’. In any term of 3” such an interchange 
may occur within a single linear invariant, in which case a linear invariant 
would clearly result so that the reverse of O, would turn a rational function 
of linear invariants into such a function in this case. Or the indices may 
occur in different linear factors of the same term, in which case the resulting 
product will appear either as two linear factors or as a cyclic invariant which 
may be further expressed as a function of linear invariants by the method 
-of §2. Hence in any case the result of an operation interchanging a definite © 
pair j, k in x’; when carried out on the function 3 yields a new 3») which 
is again a rational integral function of linear invariants. We then haye the 
equalities 

a =X, 


PD aa YO-D , 


Now from r-)) we go to r™-® by an interchange of indices as déscribed l 
above, hence from 3 -)) we get a new 3°), etc., finally we get back to the ` 
original invariant product m = 3. Hence every invariant product x~ for the 
. even degree equation is. equal to a. rational integral function of the linear 
irrational invariants. a ‘ 


Txzorem IX. A complete system of irrational invariants of the point 
set P'zp2 consists of a set of linearly independent products like (ij) (kl) ->> 
(2p +2)! ; 
(rs) out of the CEEE such products. l 
The number of such linearly independent invariants, which we call in- 


: : is 1 2 2\ .* 
variants ‘of type (A), is ( pr ) i 
p+? \p+1 
* A. B. Coble, “The Equation of the Eighth Degree,” Bulletin of the American 
Mathematical Society, Vol. 30 (1924), p. 302. 
‘8 
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Y. Expression of Invariants (B) in terms of Invariants of Type (A). 
The binary (2p + 2)-ic defines three sets of points Pep. on Si, Q”zp+2 on a 
rational norm curve N? in Sp, and Hert on V??-1 in Sapı The two extreme 
sets are associated sets,* and hence the invariants of Hert are proportional 
to the invariants formed from the complimentary determinants of the set 
P'ap. The set Q?ep2 gives rise to invariant products of the type 


(1, 2,° ++, p-+1)(p+2,°°-+,2p-+2), where 


EaP 421 1 
eae s ti tar! E E 
(15) (irtots aad tps) = : 
-1 e.. 
Baa ima 5 


which we designate as an invariant of type (B). This determinant may also 
be expresseđ in the form 


(16) (ixtets * i ip) = [I (iris); Ts s=], 2, een) p+i; TLS. 


In this form we see that an invariant (B) is equal to an invariant of degree 
p of the set Pzp, which by Theorem IX of the preceding section is equal 
to a rational integral function of the linear invariants (A). We now give a 
method for expressing the invariants (B) in terms of the linear invari- 
ants (A). l 

The determinant product (isisis' ` *ipı) can be arranged according to 
the following scheme: 


(iriz) (tats) (tts) (tats) (ste) °° (ixip-2) (tatp-a) (trtp) (tripe) 
(nia) (Gate) (izis) (izio) * +> (txip-a) (izip-1) (izin) (data) 
(tats) (tats) (tate) *-* (tatp-2) (tatpa) (isip) (totper) 
(tats) (tate) ` °° (tatp-2) (tatpa) (tty) (sipar) 
(ists) "++ (totp-2) (tsîp-1) (isip) (tet per) 
(17) Se ark ee a ie on 
(%p-stp-2) (%p-stp-1) (%p-atp) (tp-stps1) 
(tp-2tp-1) (tp-ztp) (tp-2tps1) 
(tp-atp) (tp-atpe2) 
(ipin). 
Consider the product of all the factors on a diagonal beginning with the 
upper left and proceeding downward to the right. If we combine the first 
diagonal product with the last, we have a cyclic invariant, say C,, since each 


* See “Point Sets” paper of Coble, referred to above. 
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index occurs twice and only twice. Similarly, the second diagonal product 
with the next to the last one together form a cyclic invariant, etc. We now 
distinguish two cases, p odd and p even. . 

If p = 2k + 1, we have an odd number of diagonal products, the middle 
one of which in the above scheme is clearly a linear invariant on the p + 1 == 
2k +2 points. The remaining diagonal products combine in pairs to form 
cyclic invariants, so that we have 


(18) f (ixtets 2 ipn) == 0,0, Doe R Cy $ L. 

If p= 2k we have an even number of diagonal products which combine 
as above in pairs into cyclic invariants giving 
(18) (hisis + + totes) = 0102 + > Cx. 

Now the remaining determinant factor of the invariant (B) may be 
expressed as above in each case respectively as 

(Jajaj eat jokse) = C/C/ 7 + Of: DT’, 
or (jsjojs -e Jone) == 0V0 > + Cy’. 

Any one of the 0’s multiplied by any one of the C”s gives a cyclic in- 
variant on the set Paps which by the method of section 2 can be expressed 
rationally and integrally in terms of invariants (A). .Similarly the remain- 
ing factors may be paired and expressed in terms of invariants (A). In case 


p = 2k + 1, the product L-L/ is an invariant (A) so that the method ‘holds 
for any invariant (B), giving in either case 


(intets* © * ipa) (Jrfeage* | jon) == f(A). 


URBANA, ‘Txrnors, 
June 1, 1926. 


Regular Maps and Their Groups. 


By H. R. BRAHANA. 


The geometrical representation of a finite group by means of fundamental 
regions, due to Dyck,* leads to a map that is transformed into itself by every 
operation of the group. ` The group may be represented transitively on sym- 
bols for regions, but in general it may not be represented transitively on 
symbols for edges or vertices. On the other hand it is well known + that the 
polyhedral groups may be represented transitively on symbols for regions, for 
edges, or for vertices of the regular polyhedra or the corresponding maps on 
a sphere. In the one case the number of regions of the map is equal to twice 
the order of the group and in the other the number of regions is equal to 
the order of the group divided by the number of sides of a region. Maps of 
the latter type we have called regular maps. 

"The polyhedral groups are the only ones that may be represented on 
regular maps on a sphere. There has been no attempt to determine the kinds 
of groups that may be represented on regular maps on surfaces of higher genus. 
Heffter f showed that the metacyclic groups may be so represented. In a 
recent paper § all the maps of twelve five-sided regions with a group of order 
120 containing an icosahedral subgroup were exhibited. In this last cited 
investigation the surfaces were allowed to be one-sided or two-sided and when 
the surface was two-sided a transformation of the map into itself in such a 
way as to reverse the sense of the boundary of each region was permitted. 
Lastly, the maps on a surface of genus one and the groups connected with 
them were considered.* It was shown that any such regular map must be 
made up of triangles, of quadrangles, or of hexagons and their groups must 
be generated by two operators of orders two and three with product of order 


* “Gruppentheoretischen Studien,” Mathematische Annalen, Vol. 20 (1882), pp. 
1-44, 

t Klein, Vorlesungen ueber das Ikosaeder, I, § 13. 

4“ Ueber metacyklische Gruppen und Nachbarconfigurationen,” Mathematische An- 
nalen, Vol. 50 (1897), pp. 261-268. 

§ Brahana and Coble, “Maps of twelve countries, etc.”, American Journal of Mathe- 
matics, Vol. 48 (1926), pp. 1-20. 

* “Regular Maps on an Anchor Ring,” American Journal of Mathematics, Vol. 48 
(1926), pp. 225-240. i 
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six, or by two operators of order two and four with product of order four, 
and conversely that to every such group there corresponds a regular map on an 
anchor ring. 

In § 1 we recall a condition that has been stated previously as necessary 
that a given group be the group of a regular map and prove that it is sufli- 
_ cient by giving a method of constructing the map corresponding to the given 
group. In § 2 we note four classes of groups that satisfy the given condition 
and determine the genera of the surfaces on which the corresponding maps lie. 
In $3 we apply the earlier considerations to determine the regular maps on 
a surface of genus two. 


1. The Group of a Regular Map. A map is a finite set of distinct 
0-cells, 1-cells, and 2-cells which constitutes a closed, connected, two-sided, 
two-dimensional manifold. We shall hereafter use the terms vertices, age 
or lines, and regions for 0-cells, 1-cells, and 2-cells. 

If the interior of a region of the map is imaged continuously on the 
interior of a circle there will be a finite * set of points on the boundary of 
the circle which correspond to the vertices of the map that lie on the boundary 
of the given region. The number of points in this set is the number of ver- 
tices of the region. The number of vertices of a region is the same as the 
number of sides or edges of the region. 

A map of & n-sided regions will be said to be regular if the number of 
ways in which the surface can be put into (1—1) correspondence with itself 
So that regions correspond to regions, edges to edges, and vertices to vertices, 
‘without reversal + of the sense of the boundaries of regions is kn. 

The operations of transforming a map into itself in such a way as to 
preserve the sense of a region obviously constitute a group; this group will 
be called the group of the map. A map of k n-sided regions will be regular 
if its group is of order kn. 

It is immediately evident and has been noted otherwhere * that the group 
of-a regular map may be generated by two operators, viz.: S which leaves a 
given region fixed permuting its edges cyclically, and T which leaves an edge 
of this region fixed interchanging the two regions which have the edge in 


* We exclude the case of a map defined by designating a single point on a sphere 
as the boundary of the remainder of the surface. 

f It is well-known that the regions of a map on a two-sided surface may be sensed 
alike in two distinct ways, cf. Veblen and Young, Projective Geometry, Vol. TI, p. 495. 
We require that there be kn ways of transforming k positively sensed regions into the 
same k positively sensed regions. 

* Brahana and Coble, loe. cit., p. 5. 
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common. T is of order two. By means of these two operations and com- 
binations of them any region of the map may be transformed into any other 
region with a particular vertex of the first.going into any vertex of the second. 

In demonstrating the sufficiency of the above condition, we shall dis- 
tinguish two cases: (1) T is not permutable with S or any group generated 
by a power of S; and (2) there exists a group generated by a power of S 
which is permutable with T. The tetrahedral, octahedral, and icosahedrol 
groups come within the first category and the dihedral groups are in the 
second. 

We consider a. group G generated by two operators © and T, the latter 
of order two and not permutable with any group generated by a ‘power of the 
former. We distribute the operators of G in k right co-sets with respect to 
the subgroup H consisting of S and its powers and denote each co-set by a 
letter. Multiplication of all the operators of G on the right by any operator 
of G interchanges the co-sets and so determines a substitution on the k letters. 
The resulting substitution group will be transitive and will be simply iso- 
morphic with G. We note for future use that the only substitutions which 
omit the letter corresponding to H are those which correspond to ‘operators 
of H. : 

Let Sa, Tav, and Sp be the substitutions corresponding to S, T, and TST 
respectively, b being the letter into which a is transformed by Ta. The letter 
b appears in a cycle of Sa, otherwise Sy would omit a contrary to the hypo- 
thesis that T is not permutable with any subgroup generated by a power of &. 
The cycle C of Se which contains b is of degree n, otherwise some power of ` 
Sq lower than the nth would leave b fixed; this would imply that ST- 8" = 
S'T or 8S™ = TMT which is impossible for the same reason. 

We may now construct a regular map corresponding to G. A polygon 
of n sides may be denoted by a and bounded cyclically by n n-sided pelygons 
named from C. The transform of a and C by Tæ gives b and its boundary. 
Continuing this process we get k bounded n-sided polygons. Since there are 
n substitutions leaving a fixed there will be n substitutions leaving b fixed — 
and 6 will appear n times in the conjugates of C. Therefore, each region 
appears on the boundaries of n other regions. We may join the & polygons 
into a simply connected polygon in a plane with its edges paired in the ordi- 
nary manner. ‘The two dimensional manifold so defined is two-sided, for any 
operation leaving a fixed is a power of Sa and so leaves C unchanged making 
it impossible to transform a into itself with its boundary reversed. Hence, 
to every group in the first class there corresponds a regular map. : 

The groups of the second category will be examined in two distirict classes 
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according as (a) T is permutable with S, or (b) T' is not permutable with 
S but is permutable with a group generated by a power of 8. 

` The groups of class (a) are cyclic and of even order if T is a power of 8. 
A map corresponding to such a group is obtained by taking a polygon of n 
_ sides and joining opposite sides so as to give a two-sided surface.* Anex- 
ample of such a map is a four-sided region on an anchor ring; it contains one 
region, one vertex, and two edges. 

If T is not a power of S the group is Abelian and of order 2n. If there 
exists a regular map corresponding to it and containing an n-sided region it 
must contain two such regions. We may také two n-sided polygons and letter 
their sides (abe -- + f) and (aßy'' £) respectively. We join them to- 
‘ether along a and a, making b*correspond to £, cto y, and so on, the mem- 
bers of a pair being oppositely sensed with respect to the double polygon. 
Such a map admits the operations (abe --- f)(a@By -> €) and (aa) (bf) 
~ (ey) ><- (f0). It may be readily verified that the number of vertices is 1 
or 2 according as n is odd or even and that the genus of the resulting surface 
is (n—1)/2 or (n—2) /2. 

In the groups of class (b) the subgroup 1, T is not invariant and we may 
represent the group as a substitution group on symbols for the co-sets with 
respect to this subgroup by the method used for groups of the first category. 
‘If a is the letter corresponding to the set 1, T the substitution corresponding 
` 1 g g2 gei 
T TS Pate PE 
are all distinct. If we denote the order of G by kn as before, we see that the 
substitution group is of degree kn/2. The number of letters in C and its 
conjugates is kn so that each of the letters appears twice. We may construct 
a map corresponding to G by taking an n-sided polygon for each of the con- 
jugates of C and bounding it according to the letters of the conjugate. This 
time we name edges on the boundary instead of regions across the boundary. 
The polygons may be joined into a single two-sided surface by coalescing like- 
“named edges with the usual precautions as to the senses of corresponding 
edges. X l 

We note that the dihedral groups are contained in this class. If T trans- 
forms § into its inverse the group is dihedral. The resulting map contains 
two n-sided regions and lies on a sphere. It may be obtained by drawing an 


to S contains a in a cycle C of n letters, for the n co-sets 


* The only requirement is that the pair of corresponding sides @ and a’ be oppo- 
sitely sensed on the boundary of the polygon and that they be then joined so that the 
two senses coincide. See Brahana, “Systems of Circuits on Two-Dimensional Mani- 
folds,” Annals of Math., Vol. 23 (1922), p. 146. ` 
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n-sided polygon on a sphere. T may transform S into some power of itself 
other than its inverse in which case the group is again of order 2n and the 
map consists of two n-sided polygons not on a sphere. If neither of the above 
conditions obtain the map still resembles the dihedral maps in that each 
region touches some other region along more than one edge. To see this let 
Sa and Sg be generators of the groups leaving the neighboring regions a and 8 
fixed, and let Tag So Tag = Sp, where Sa and Tag are the substitutions cor- 
responding to S and T respectively. Since 7S” T — (8")7 for some m less 
than n, then Tag Sa” Tap = (Sa) = (Sg)™ leaves both œ and 8 fixed and 
since mr 54 n Ka must transform an edge common to « and £ into another edge 
common to & and £. 

We return from the digression of the last paragraph to state the principal 
result so far obtained in the following theorem: 


A necessary and sufficient condition that G be the group of a regular map 
is that G be generated-by two operators of which one is of order two. 


.2, Some Types of Group that Give Regular Maps. The Symmetric and 
Alternating Groups. It is well known that the tetrahedral, octahedral, and 
icosahedral groups are simply isomorphic with the alternating and symmetric 
groups of degree four and the alternating group of degree five. We extend 
the above result by means of two theorems, of which the first is: 


. To the symmetric group of degree n there corresponds a regular map of 
(n— 1)! n-sided regions on a surface of genus 


p=1-+ (n—2)! (n?—5n-+ 2)/4. 


The existence of the map follows from the theorem of §1 and a theorem 
due to Moore * that the symmetric group of degree n is generated by two 
operators of orders n and two whose product is of order (n — 1). In order 
that we may determine the genus of the surface on which the map lies we 
shall recall a theorem that was used in Regular Maps on an Anchor Ring. 
In that paper it was proved (p. 227), though not explicitly stated, that 


If S generates the group leaving a region fixed and T is the operator 
leaving an edge of the same region fixed, then ST generates the group leaving 
a vertex of the region fixed. 


* Proceedings of the London Mathematical Soc., Vol. 28 (1896), pp. 357-366. See 
also Carmichael, Quarterly Journal, Vol. 49 (1922), p. 235. 
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From this theorem is follows that the number of regions at a vertex in 
a regular map is equal to the order of ST. In the maps under-consideration 
there are thus (n—1) regions at a vertex. The number of vertices is 
. n(n—2)!, the number of edges is n!/2, and the number of regions is 
(n— 1)! From the Euler formula we obtain the genus p=1 -+ 
(n— 2)! (n? —5n + 2)/4. We give in the following table a list of the 
maps described by the theorem for n = 4, 5, 6, and 7. 


k p n k p 
6 0 6 120 49 
5 24 4 t 720 481 


The first of these maps is the cube; the second is one of the maps described 
in Maps of Twelve Five-Sided Regions, etc. (1. c., p. 19) and is the doubly 
coyered figure II of that paper. 

The alternating groups of degree greater than three are among the groups 
that give regular maps, for each group is generated by two operators one of 
which is of order two.* The generators may be chosen to be of orders 2 and 
(n—1 ) with product of order (n--1) if n is even, and of orders 2 and 
(n—-2) with product of order n if n is odd. When n is even we have- 
n(n — 2) 1/2 vertices, n!/4 edges, and n(n— 2) !/2 regions. The Euler for- 
mula takes the form 


n(n —2) 1/2 —n!/4 + n(n —2) 1/2 = 2(1—p), 
whence ; . 
p= 1 +n(n— 2)! (n—5)/8. 


When n is odd we.have (n — 1) !/2 vertices, n!/4 edges, and 


l n(n — 1) (n — 3) 1/2 
regions. Hence, 


: p= 14 (n—1)(n— 3)! (n?— 6n + 4)/8. 


We have the following theorem: 


*It may be shown readily that S=(@,, @p ---, Ca) and T= (a,¢,) (a,0,) 
for n even, and § = (a, G++ +, S and F = (aana) (a,¢,) for n-odd, generates 
the alternating group of degree n. 
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To the alternating group of degree n( > 3) there corresponds a regular 
map of nin—?)!/2 (n—1)-sided regions or a map of n(n — 1) (n — 3) !/2 
(n—2)-sided regions on a surface of genus 1+ n(n—2)!(n—5)/8 or 
1+ (n—1)(n— 8!) (n? — 6n + 4) /8 according as n is even or odd. 


It is of some interest to note the genera of the maps for small values of n. 
In the following list n’ is the number of sides of each region of the map given 
by the theorem above. ; 


n w k p n n k p 
3 4 0 6 5 72` 19 
5 8 20 0 7 5 504 199. 


’ The first two are the tetrahedron and the icosahedron respectively. 


Every regular map determines a second regular map which we shall call 
its dual. The dual of a map is obtained by taking a point within each region 
and joining the points of every pair of neighboring regions by an are across 
their common edge, or by an'arc across each common ‘edge if more than one 
exists, the arcs being chosen so that no two intersect. The resulting map has 


‘a region for each vertex. and a vertex for each region of the original map; 


the number of edges is the same in both. The cube and the octahedron are 
dual to each other, as are also the dodecahedron and the icosahedron. The 
dual of the tetrahedron is a tetrahedron; such a map will be called self-dual. 
If S and T are the generators of the group from which a given map is 
obtained by the methods of § 1, the generators of the same group which would 
give the dual map are (ST) and T. The number of sides of a region of a 
map is equal to the number of regions at a vertex of its dual. Hence, a neces- l 
sary and suficient condition that the map corresponding to the generators 5 
and T be self-dual is that the orders of S and ST be the same. 
- We have immediately the following theorem: : 


The maps given by the theorem concerning alternating groups are self- 
dual whenever n is even. 


Subgroups of the Metacyclic Groups. The metacyclic group Gpp1) of 
degree p (p must be prime) is generated by an element 3 of order p and a 
cyclic element 5 of order (p—1).* The element = generates an invariant 


- * Netto, Substitutiontheorie, § 125. 
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subgroup and the remaining operators’are the transforms of powers of S by 
3 and its powers. S and 3 satisfy a relation S138 = X", where m?1==1, 
mod p, and m satisfies no relation of the form m? = 1, mod p, where s< p — I. 
Since p is a prime (>'2) S is of even order and S%-9/2 is of order 2. 

If p— 1 contains any even factor p and p— 1= pà then S^ gener- 
ates a cyclic group of order p which contains an element of order two. S* and 
Z generate a group of order pp. . We shall show that this group Gpp may be 
e by S’ == © and any of its elements of order two except (,S’)?/2, 

g. by T’ = 3-* 92/2 3k, From the fact that S238 = 3", we have 3S = 


8 3”, and 38’—= 8’ 3". Hence : 
T? = Z> (87) 0/2 hme (90/2 yem PLD se (97) 0/2 DW, 
This last relation is due to the fact that oo: 
met — 1 == (mP-P/2—1) (m92 +1) =0, mod p- 


The invariant subgroup is generated by any power of Z except identity and 
hence [8’, T] contains 3. Therefore to every group Gpp there corresponds 
a regular map. 

In order to’determine the genus of the surface on which the map cor- 
responding to Gpp lies we must find the order of S’T’. From considerations 
similar to those used above we see that 


YT = (8’) £(e/2)+ 1] 52k 


(YT)? = (97) 20/2) + 1] pike (mm [00/2410 +1) 
= (8) 20 (p/2) + 1] Sek (— mà +1) 


(VT)? = (87)3 (0/2) +1) Sth (m? A mà +1) 


and in general, 
(S/T?) = (PEPEN YE Hm mA fee E (L E m ODA 


If we set (S’2”)*==1 and seek the smallest value of n that will satisfy the 
relation, we shall have to find the smallest value of n that will satisfy the two 
congruences 


(a) An[(p/2) +1] =0, mod p—1, and 
(b) 26(1—~— mè p m2&—m p- (—1)™1 mA) = 0, mod p. 
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; 1+ ma T 
If n is odd (b) takes the form ane ==0, mod p, the 2k being dropped 
because p is prime. This implies m™——1, mod p, hence n= p/2 satisfies 


the congruence provided p/2 is odd. This value also satisfies (a) since 
(p/2) +1 is even and n[(p/2) +1] is a multiple of p. If.n is even (b) 


{— me 
takes the form IF m 


n==p. This value obviously satisfies (a). Therefore the order of S’Z” is 
p or p/® according as p/2 is even or odd. f 

The corresponding map will have p regions, pp/2 edges, and p or 2p 
yertices. From the Euler formula we find the genus of the surface. We 
state the result in the following theorem : 


= 0, mod p, in which case m = 1 mod p, and 





To every group of even order pp which is contained in the metacyclic 
group of degree p there corresponds a regular map of p p-sided regions on a 
surface of genus 1-+ (p/4)(p—4) or 1+ (p/4)(p— 6) according as p/2 
is or is not a multiple of 4. 


Since when p is a multiple of 4 8’ and S’T” are of the same order, we 
have l 
The maps corresponding to Gop are self-dual whenever p is a multiple of 4. 


When p = 2 the groups are dihedral and the maps lie on a sphere. When 
p = p — 1 the groups are the metacyclic groups themselves and the maps are 
those given by Heffter (cf. the reference above). When p= 4 or 6 the maps 
lie on an anchor ring (cf. above). 

It is worthy of note that of all the maps whose existence we have proved 
very few lie on surfaces of low genus. The Buler formula V — E -+ F = 
2(1— p) shows that if p is to be small V and F must be as large as possible, 
which for a group of given order requires that n and v, the orders of S and ST, 
be small. If we seek a map on a surface of low genus whose group is a sub- 
group of a metacyclic group the degree of the group or p or both must be 
small. If the genus is to be greater than 1 p must be at least 11 and p must 
` be at least 8., The metacyclic group of degree 11 gives a map on a surface of 
genus 12; the map on the surface of lowest genus corresponding to a group. 
Gsp is made up of 17 octagons on a surface of genus 18. The smallest map 
of decagons corresponds to a Gsip and lies on a surface of genus 32. We note 
in passing that whenever p is of the form 40h + 1 there exists a map of p 
octagons and a map of p decagons each on a surface of genus p-+ 1. The 
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more interesting maps, i. e. those on surfaces of low genus, are all missing 
except some of the. maps on an anchor ring. 


Subgroups of the Modular Group. The two-rowed unit matrices with 
integer elements constitute a group simply isomorphic with the modular 
group.* If the elements of each matrix are reduced modulo n there is ob- 
- tained a finite set of matrices of determinant 1, mod n, which constitute a 

‘group isomorphic (1— œ) with the modular group. This group, Gen, 
n— 1 
0 
available for the group of a regular map. If, however, we make the further 


reduction of considering ( 2) to be equivalent to (a a b ) we obtain 
Gucn) Which is in (1— 2) isomorphism with nae The group Qpem is gen- 
erated by the two operators f 01 1) and E Sig J which we denote by 
Sand T. The order of S is n, the order of T is 2, and the order of ST is 3. 
The order of tha group is given by the equation 


p(n) = ee © where n= qi% qat + > 


: : A 0 x 
contains a single element of order two, viz.: 1)? and so is not 
m — 


and the q’s are distinct primes. 

The group Gwn) determines a map of p(n)/n n-sided regions, p(n) /2 
edges, and p(n)/3 vertices. Using these values in the Euler formula we 
determine the genus of the surface. The result is the following theorem: 


To every group Gun) there corresponds a regular map of p(n)/n n-sided 
regions on a surface of genus 1+ (1/6 —1/n) p(n). 


It is evident that the maps associated by Klein-Fricke with the groups 
Guin) haye a close resemblance to the regular maps we have obtained. Their 
maps consist of 2u(n) triangles in which the subgroups of order n are repre- 
sented by the 2n triangles that come together at a vertex of one type, the 
subgroups of order three by the six triangles at a vertex of another type, and . 
the elements of order two by the four triangles at a vertex of a third type. 
We represent a subgroup of order n by a single n-sided region, which amounts 
to combining the 2n triangles at a vertex of the first type into a single region. 
If this combination is made at each of the vertices of the first type their 


* The facts of this paragraph are to be found in Klein- a Theorie der Hllip- 
tischen Modulfunktionen, Leipzig (1890), Chapter 7. 
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maps will obviously become regular maps in the sense in which we are using 
the term. . 
For certain composite values of n Gum) will contain distinct elements of 


the form ( °) ;: for example, in addition to (5 1) we have, when 


n= 8, C s) and, when n = 15, (i 7 ) . These elements will constitute 


an invariant subgroup of Gyn) and if this subgroup is of order m we obtain 
a group Gycny)/m in (1— m) isomorphism with Gyn) by considering the oper- . 
ators of this invariant subgroup as equivalent. The groups Gycn)/m satisfy 
the condition of § 1 and so give regular maps. 

The following is the list of maps corresponding to groups Gyn) for small 
values of n; it is essentially the combination of two lists given by Klein- 
Fricke. 


k n p k n p 
4 3 0 24 vd 3 
6 4 0 24. 8 5 
12 5 0 36 9 10 
12 6 1 36 10 18 


The first four are regular polyhedra and a map on an anchor ring. 

The subgroups of Guen) for n prime are described by Klein-Fricke. Every 
such subgroup, and the metacyclic groups are among them, which is generated 
"by two operators one of which is of order two gives a regular map. We shall 
not pursue this question further but shall note two groups of low order that ` 
give maps on surfaces of low genus. The group already mentioned obtained 
by taking Gpe) and considering Q o) and (5 : ) to be equivalent 
gives a Gog which corresponds to a map of 12 octagons on a surface of genus 3. 
If we take Gy:s) and consider G > G `) . l ) and (i 3) 

' Noa 4 1 0 3 4 3 


equivalent we obtain a Gss, which corresponds to a map of 6 octagons on a 
surface of genus 2. (Klein-Fricke, p. 652.) To see that the map is made 


up of octagons we note that S == Q 1) is still of order 8, since E ) = 
( : implies a==0, mod 8. We note for a later reference that S*7 = T'S*, 
fo i i 0 1 e aG o- 
where 7—( o) > for THT = (7 0) J yo 41)” 
(o 1) 1 4N. 
0 1 4 1 
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3. The Regular Maps on a Surface of Genus Two. Our method of 
investigating this question is first to determine from the Euler formula the 
‘possible maps and then to examine the possibility of the existence of groups 
having the characteristics required by the maps. From the maps we are able 
to determine the order of the group, the orders of two generating operators, 
‘and the order of their product. Since the existence of a map implies the 
existence of a dual we may choose the generating operators of the group in 
two distinct ways whenever the proposed map is not self-dual. This is of 
appreciable advantage whenever the map is such that the generating operators 
of the group may be chosen so that S is of prime order, for it assures us that 
the order of the group must be twice the order of S if T is permutable with a 
group generated by a power of S, or else, in the opposite case, the group may 
be represented on symbols for regions of the proper one of the two dual maps. 
Having the ofder and degree of the group we are able to make use of the 
work that has been done in listing groups of low degree. 

We shall consider first the cases of maps of one and two regions respect- 
ively. For a map of one region on a surface of genus two the Euler formula 
takes the following form (n/v) — (n/2) + 1 = — 2 where v is the number 
of regions at a vertex and n is the number of sides of a region. This equation 
may be written in the form (n—6)(v—2) =12. (v—2) is a positive 
integer, (n —6) is therefore positive and is an integer because n is an integer. 

` The possible solutions are 


n=, 8, 9, 10, 12, 18 
v==14, 8, 6, 5. 4 8. 


The sides of the region are to be joined in pairs and so n cannot be odd. 
Ii n=8 & is of order 8 and T—S*. Then ST = S* and is of order 8. 
Since this is the value of v it follows that there exists a map of a single octa- 
gon on a surface of genus two. 

If n= 10 we have S°—1, T = 6°, and ST = S® is of order 5 E 
is the value of the corresponding v. Hence, there exists a map of a single 
decagon on a surface of genus two. 

Ii n= 12 we have 8! = 1, T= 8°, and ST = 8’ is of order 12. This 
is not the proper value for v, and hence there is no map. If n= 18 we have 
88 = 1, T = 8, and ST = 8" is of order 9. There is no map in this case.* 

If the map contains two regions we get in the same manner as above 
(n— 4) (v—2) ==8. The possible solutions are 


* The last two groups give maps on surfaces of genera 3 and 4 respectively. 
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v = 10, 


The dual of the map of a single decagon above corresponds to the case 
n= 5. Thus, there exists a map of two pentagons on a surface of genus two. 
We note that the second map given above is self-dual and therefore we do not 
expect to find its dual again. Since the group of order 10 is either cyclic or 
dihedral and since the map corresponding to the latter group is on a sphere 
there is no other map of two pentagons on a surface of genus two. 

If n= 6 we note that the group must be Abelian and S and T must be 
independent generators, for TOT — 8S” where m? = 1, mod 6. The only solu- 
tions are m==1, or 5. The latter gives a dihedral group and the map lies 
on a sphere. Hence, S and T are permutable and ST is of order 6 which is 


the corresponding value of v in the table above. Therefore, there exists a map ` 


of two hexagons on a surface of genus two. The map ts self-dual. 

If n = 8 we have TST = 8S” where m?==1, mod 8. The solutions are 
m = 1, 3, 5, and 7. The last gives the dihedral group of order 16 and need 
not be considered. The first gives ST of order 8 which is not the proper value 
for v. For m ==3 we may take S = (abcdefgh) and T = (bd) (cg) (fh), 
whence ST = (adeh) (bgfc) which is of the proper order. Hence, there exists 
a map of two octagons on a surface of genus two. If m= 5 we may take 8 
to be as above in which case T will be (bf) (dh) ; their product is (afgdebch) 
which is not of the proper order. Hence, there is just one map of two octagons. 

Finally, if n = 12 TST == S” where m? == 1, mod 12. The possible solu- 
tions are m == 1, 5, 7, 11. The first and last are impossible as in the preced- 
ing case. For the other two cases we may take S to be (abcdefghijkl) and T 
and T” to be (bf) (ck) (et) (hI) and (6h) (dj) (fl) respectively. The orders 
of ST and ST” are 4 and 6 and therefore the groups give maps on surfaces of 
genera 3 and 4 respectively. Hence, there exists no map of two dodecagons 
on a surface of genus two. 

We have now considered all the possibilities when k, the number of re- 
gions, is less than 3. We tabulate the remaining possibilities in the following 
list, 

In making out this list we may proceed according to values of k as we 
have done for the cases k==1 and 2. To see that k cannot be greater 
than 28 we may put the equation given by the Euler formula in the form 
2/v + 2/n + 4/kn = 1. Since k >28 and n=3, 1/v+1/n2 10/21. 
Neither v nor n can be less than 3 and hence both must be less than 7, and 


if one of them is 4 the other must be less than 5. Possible pairs of values 


for v, n are 8, 3; 8, 4; 8, 5; 8, 6; 4, 8; 4, 4; 5, 3; 6, 3. The corresponding 
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values of n/2 — (n+ v) /v are — 1/2, — 1/4, — 1/10, 0, — 1/3, 0, — 1/3, 
0. Nore of these values are positive as they must be to satisfy the Euler for- 
mula, since & is necessarily positive. Hence there is no map of more than 28 
regions on a surface of genus two. 

The columns headed 7 and g give respectively the number of vertices and 
the orders of the groups. The list contains just one of a pair of dual maps, 
the one given being the one with the smaller value of k, for example, the first 
map would contain 8 10-sided regions coming together 3 at a vertex and its 
dual which is not listed would be made up of 10 triangles coming together 10 
at a vertex. The only exceptions we have made are in the cases where the 
dual map would contain 1 or 2 regions. 


k n v r g k n v r g 
1. 8 10 3 10 .30 7. 6 8 3 16 48 
2 38 4 12 1 12 8. 6 3 18 1 18 
3. 4 9 3 12 36 9. 8 5 4 10 40 
4, 4 6 4 6 24 10. 8 3 12 2 24 
5. 4 5 5 4 20 11. 12 7 3 28 84 
6 4 4 8 2 16 


We may dispose immediately of nos. 2, 6, 8, and 10. Since there 
does not exist a map of one 12-sided region or one 18-sided region on a surface 
of genus two there exists no map corresponding to no. 2 or no. 8. There 
exists a map of two octagons and no map of two dodecagons, hence there 
exists a map of 4 4-sided regions and there does not exist a map of 8 triangles 
on a surface of genus two. 

A brief consideration shows that there can exist no regular map of 4 
pentagons corresponding to no. 5. No regiorı can touch itself along an edge 
unless it touches itself along every edge, in which case the map would consist 
of a single region of an even nt iber of sides. If a given region of a regular. 
map touches another region more than once along an edge it must touch each 
of the regions on its boundary the same number of times and hence if the 
number of its edges is a prime it can touch but one other region. Such a map 
can’contain but two regions. Hence there exists no map of 4 pentagons on a 
surface of genus two. 

For the remaining possibilities we examine the substitution groups. of the 
proper order and’ degree, all of which, with one exception, have been listed.* 


* These groups are to be found as follows: ` 
Degrees 4-8, Miller, American Journal of. Mathematics, Vol. 28 (1899), pp. 287-338; 
Degree 10, Cole, Quarterly Journal, Vol. 27 (1894), pp. 39-50. ' 
Degree 12, Miller, Quarterly Journal, Vol. 28 (1896), pp. 193-231. 

9 
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The degree of the group may be taken to be either k or r, since r is the m 
ber of regions of the dual map. The exception is that of a possible grout 
order 48 and degree 6 or 16 corresponding to no. 7 of the list. It is evid 
that if such a map exists its group cannot be represented on symbols 
regions, but may be represented on symbols for regions of the dual m 
Thus we would seek a substitution group of order 48 and degree 16. ' 
groups of degree 16 have not been listed. 
We take up the romining cases in order. 


1. We seek a group of ai 30 and degree 10. No such group ex 
and hence there exists no map. 


` 3. There are five groups of order 36 and degree 12. 

The first two groups contain (abcdef: ghijkl) 1, which is simply isomory 
with (aBy) all (8) cyc. Gi, thus contains operators of orders 2, 3, anc 
The two groups are obtained by combining Gs with T, = (ag-bh-ci-dj- ek: 
and T, = (aj-bl-ck-dg-ei-fh) respectively. T, is permutable with every o} 
ator of Gis, but Ta is permutable with Gis without being permutable vw 
every operator. Neither of these groups contains an operator of order 9, : 
since 7,ST,—=S and TST, = S for every S where 8 and S& are in | 
(Ese) = 1 would imply 7,8° = 1 and (7.8)* = 1 would imply T,5(9’ 
== | which are impossible since neither T, nor T, is in Gy. 

The third and fourth groups may be managed in the same manner. 
third is {(abcdef) cye (ghijkl) cyc} pos and R, = (ajdg-bkeh-clfi) wh 
square is in Gis. The fourth is {(abcdef), (ghijkl)«} pos and R: = (aj 
bifh-cket) whose square is also in the corresponding Gis. The first Gis € 
tains operators of orders 2, 3, and 6; the second contains operators of orc 
2 and 3 since (abcdef), is simply isomorphic with the symmetric group 
degree 3 and the products of the type (ad) (bf) (ce) (ght) (jkl) are not in ( 
An operator of order 9 would have to be outside Gig in either case and he 
of the form RS where R is either R, or R, and S is in the corresponding ( 
Since ROR = R*+- RER = RPRSR = R8” == 8’ where S” and S are in ¢ 
(E8)? =1 would imply RS(S’S)*—1 which is impossible since R is 
in Gis. 

The fifth group is (abcd-efgh-ijkl) pos which is simply isomorphic w 
the alternating group of degree 4, and (aei-bfj-cgk-dhl) which is permute 
with every operator of the Guz- G12 contains operators of orders 2 and 8 ¢ 
Gss contains operators of orders 2, 3, and 6. Hence, there exists no mag 
twelve triangles on a surface of genus two. 


r 
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4. We seek a group.of order 24 and degree 6. There are three transitive 
roups of the proper order and degree. The. first two (+ abedef)2q and ` 
+-abcdef).s, are simply isomorphic with the symmetric group of degree 4 
nd so contain no operators of order 6. Hence, neither of these can be the 
roup of a regular map of six 4-sided regions coming together six at a vertex. 

The third group is (abcdef) 2s, which is simply isomorphic with the direct 
oduct of the alternating group on four letters and an operator of order two. 
‘ts operators are of orders 2, 3, and 6 and so it could not be the group of a 
nap of 4-sided regions. 


.7. We seek a map of 16 triangles coming together 8 at a vertex. The 
ual map is composed of six octagons coming together three at a vertex. 
‘ince in the dual map n > k each octagon would have to touch just four or 
wo others and it would be impossible to represent the group on symbols for 
egions. Therefore we have no hope of finding the group among those of 
rder 48 and degree 6. The groups of order 48 and degree 16 have'not been 
sted. However, the group generated by S and T which satisfy the relations 


S=], T?—1, (ST) =1, and (S&T) =1 
; of order 48.* To see this we note that §, 


Sı = TST, Ba= 8 SS = ST, 8;—S*8.S = STS, E 
Sa = 88,9 = TSS, and S; = TIT = e 


onstitute a complete conjugate set, S transforming Sı, S2, 83, Sa cyclically 
nd leaving S, fixed and T transforming S, S», and Ss into Suy Ss, and Ss 
»spectively. S§ represented on symbols for its conjugates is of order four, 
"is of order two, and ST is of order three transforming S, S,, and S, cyclic- 
ily and S2, Ss, and S3 likewise cyclically. The group represented on symbols 
or conjugates of S is the group of the cube, or the octahedral group, being 
enerated by two operators of orders two and three whose product is of order 
nur. Hence, the group generated by S and T is of order 48. Therefore, 
vere exists -a map of six octagons coming together three at a vertex on a 
urface of genus two. 


9. We seek a group of order 40 and degree 8 or 10. There is one group 
f order 40 and degree 10, viz. (abede-fghij)o, and T = (af:bg-ch-di-ej) 
hich ‘is permutable with every element of the Gz. The Go is simply iso- 
.orphic with the metacyclic group of degree 5. The elements-of-Gz. are of 


‘* This group is among the groups of genus two given by Burnside. It is also the 
coup described at the end of § 2. ` 
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orders 2, 4, and 5 and the elements outside of Goo are of orders 2, 4, and 10. 
The elements of order 5 with identity constitute a cyclic subgroup which is 
invariant under Gey and so under Gyo. “Let S and 3 be elements of orders 
4 and 5 respectively of Go.. Gao is generated by S and an element of order 
two outside of Gzo which must be of the form 7'-3-* §°3* =— T”, for the group 
[S,Z’] contains S°7” = TO? 3+ 8? 3% == TS", sinceS* 3 S = 37. T g is of 
order 10 and its square is a power of 3, hence £ is in [S,7’]. The order 
of ST’ is not 5 since all the operators of order 5 are in Goo. Hence, the map 
corresponding to such a choice of generators would not lie on a surface of 
genus two.* The generators might he chosen to be S = ST and T” = 
3 §? 3% the first being any operator of order four outside of Goo and the 
‘second being in G. The above argument shows also that their product is 
not of order 5. Noting that there exists no group of order 40 and degree 8, 
we have the result that there exists no regular map of ten 4-sided regions on 
a surface of genus two. 


11. This case is readily disposed of by observing that there exists no 
group of order 84 and degree 12. 

Collecting our results we see that there exist just 8 regular maps on a 
surface of genus two. They are made up of l 


1 octagon, a self-dual map; 

1 decagon and the dual map of 
2 pentagons; 

2 hexagons, a self-dual map; 

2 octagons and the dual map of 
4 quadrangles; 

6 octagons and the dual map of 
16 triangles, 


* For neither choice of generators could S7' be of order two since G,, is not di- 
hedral; ST must therefore be of order four and the may lies on an anchor ring. See 


- Regular Maps on an Anchor Ring, p. 234. 


‘The Groups Belonging to a Linear Associative 


Algebra. 


By ARTHUR RANUM 


1. The present paper may be considered a generalization and extension 
of the ideas contained in a paper on “The Group-Membership of Singular 
Matrices ” in the American Journal of Mathematics, vol. 31 (1909), pp. 18- 
41; but no knowledge of the earlier paper is here presupposed. Whereas there 
the algebra treated was that of all n-ary matrices whose elements belong to the 
field of all complex numbers, here we shall take a more general viewpoint and 
consider any linear associative algebra whatever-in any field whatever. . 

Frequent references will be made to L. E. Dickson’s Algebras and Their 
Arithmetics, University of Chicago Press (1923), and to G. Scorza’s Corpi 
Numericit e Algebre, Messina (1921). i 


2. Groups and semi-groups * will be defined as follows. Given a set 5 
of elements and a law of combination of the elements, under which they satisfy 
the associative law, then if the result of combining any two of the elements 
of S is an element of S, © is called a semi-group. If in addition S contains 
a unique identical element (identity) and for every element a unique inverse, 
then 8 is called a group. 

Any algebra (and indeed any linear set) is evidently a group under addi- 
tion, and any associative algebra is a semi-group, but not a group, under 
multiplication. It may be possible, however, to select certain sets of elements 
of an associative algebra, each of which is a group under multiplication. The 
present investigation is concerned with precisely these groups and with the 
relations existing between them and the remaining elements (if any), namely 
the non-group-members. We assume, therefore, that every algebra considered . 
is associative. 

The only case heretofore studied is that in which the algebra A has a 
modulus m, and the group concerned has m for its identical element and so 
consists either of the totality G of those elements æ of A that have inverses 274 
such that at = m, or of the elements of a subgroup of G. 


3. But it is evident that whether the algebra A has a modulus or not, 
any element u of A for which 4? == u, that is any idempotent element or zero, 


* See’ H. Hilton’s Theory of Groups of a Fimite Order (1908), p. 51. 
: 285 
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can be chosen as the identity of a group belonging to A; and conversely, any 

` group belonging to A must have for its identity either an idempotent element 
or zero. Moreover, if u is any idempotent element, Scorza (Art. 160, p. 266) 
shows that an element x of A will satisfy the condition us = vu = v, if and 
only if, it belongs to the sub-algebra wAu, having the modulus u. Hence any 

` group having u for its identity must belong to uAu. 
~ We shall use the term entire group for the largest such group Gu, of 
which all the others are sub-groups; Gu is then the totality of the elements 
v of udu having inverses 21 in uAu such that cat == u; moreover Tig = u, 
and x uniquely determines 7-1, in uAu and therefore also in Gy. Now this is 
equivalent, as proved by Scorza (II, Art. 109), to saying that an element x 
of the sub-algebra wAu will belong to the group Gu, if and only if, it is neither 
zero nor a divisor of zero, in uAu (it may be a divisor of zero in A). Among 
these divisors of zero there may, of course, be other idempotents and therefore 
other groups. 

It is clear that the element zero is the identity of an entire group Go, to 
which no other element of A belongs; that is, G0. Since a nilpotent 
algebra contains no idempotents, it contains'no groups except Gp; all its other 
elements are non-group-members. 

We shall use small. Greek letters to denote scalars, or numbers of the 
field FP in which the algebra is defined, and small Roman letters to denote 
elements of the algebra. It is clear that if æ is any group-member, belonging 
to the group Gy, then «s (a= 0) also belongs to Gu; its inverse is (1/a)a7}. 
Moreover, every element au, where u is idempotent and «= 0, is obviously 
invariant in the group Gu. 

If the identity u of an entire group Qu is a principal or a primitive idem- 
potent of A, we shall call Gu a principal or a primitive group of A, respect- 
ively. Hence, if u is any idempotent whatever, Gu is the principal group of 
the sub-algebra udu. 


4. We define the left (right) characteristic (Scorza II, Art. 104) of an 
element « of an algebra A to be the order of the linear set sA (As). It may 
be mentioned in passing that when we introduce the left (right) matrix or 

linear transformation corresponding to v, or in Dickson’s nomenclature 
(§ 58), the first (second) matrix of v, then the left (right) characteristic of 
x is equal to the rank of its left (right) matrix (Scorza II, Art. 193). 


Tarore: All the elements of a group Gy belonging to an algebra A 
have the same left characteristic and the same right characteristic; and if æ 
and y are any- two such elements, then 
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(1) ` tA=yA=ud,  Ac=—Ay—Au, ~ 


and therefore 
(2) cAy = udu. 


Proof: Let z be the element of Gu for which gz = y, s = yz. Then 
since A © zA, tA =azA=—yA; and since A=2tdA, yA Z yrtA = tA; 
hence zA == yA, and the rest of the theorem follows immediately. 

Corollary: If x is any group-member belonging to A, then 


| (8) eA —=a?A (Ag = Aa). 
5. Tuxorem: Any two entire groups are mutually exclusive; they 
cannot have any element in common. 


Proof: It will evidently be sufficient to show that if two entire groups 
Gu, and Gy, have an element v in common, their idempotents u, and ws co- 
incide. Since cu, = V = Luz, therefore k 


(4) T (u — uz) = 0. 
Let B denote the sub-algebra vA; in view of (3), we have 
(5) 7 l zB =B. 


Since (1) shows that vA = uA = u:4, we see that rA (= B) contains the 
elements ui, uz, and therefore u, — Us. But it is known (Dickson, p. 30, 
lemma 3, and p: 45, 2nd paragraph) that in view of (5), any equation of 
the form z= y, where y is an element of B, has a unique solution, in B, 
for z? Hence (4) implies that u, = uz, and the theorem is proved. 


6. THEOREM: If the algebra A has an invariant sub-algebra B, any 
group Gy belonging to A either has no element in common with B or belongs 
entirely to B. That is, an invariant sub-algebra either pays no attention to 
a group or swallows it whole., - 


Proof: Let æ be an element common to Gu and B. Since B is invariant, 
the identical element u = sot of Gu will belong to B. For the same reason, 
any element y = uy of Gy will belong to B. That is, Gu belongs entirely to B. 

Now consider an algebra A of index r (Dickson, § 29), so that 


A>A?> sesse > Ar= AI =. 


Let. x be. any group-member contained in 4, and Gu the entire group to which 
it belongs. Then g” will belong to Gu and also to the sub-algebra A”. The 
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latter, however, is obviously invariant in A, and so, by the last theorem, con 
tains the entire group Gs and therefore the element a. 
Hence every group of an algebra A of index r belongs wholly to its sub 
agebra AT; that is, every element belonging to A but not to A” is a non 
group-member. , 


7y. Since a division algebra has a modulus m and no divisors of zerc 
all of its elements are group-members and the entire algebra is exhausted b 
two groups, namely Go and the principal group Gm. The question arises a 
to whether there exist other algebras that are exhausted by their group-mer 
bers. The answer is given by the 


THEOREM: <A necessary and sufficient condition that an algebra A con 
sist entirely of group-members is that A be either a dwision-algebra or 
direct sum of division-algebras. If t is the number of division-algebras in A 
then 2¢ is the number of entire groups exhausting the alegbra. 


Proof: Let A consist entirely of group-members. Then it contains n 
nilpotent elements and therefore no exceptional (maximal nilpotent invari 
ant) sub-algebra. Hence (Dickson, §§ 37 and 40) it must be semi-simple 
and either A or each of its irreducible components A; must be a simple algebr. 
with a modulus. But by Wedderburn’s theorem (Dickson, § 51) A, is a direc 
product of a division-algebra B; and a complete matric algebra * C;, each o 
` which is a sub-algebra of A; and therefore of A. Since in our case O; has m 
nilpotent elements, it must be of order 1, and A;—= B; which is a division 
algebra. 

Conversely, let A be the direct sum of the division algebras A; (t==1 
* ++, 4), and let u; be the modulus of Ai. Let x be any element of A; the 

t 


£ == > £i, where v; belongs to A; If every term #0, x is the group 
1 
member 0; if at least one term g=} 0, there is no loss of generality i: 


8 r s 
writing s= >a, where st and vi0 (i=1, +, s3). Ifu=Du 
1 1 


8 
and y = > srt, where s? is the inverse of x; in the principal group of A, 
1 


we see at once, in view of the equations A;A4;=0 (i= 7), that u? =u 
gu = us = r, and sy =u. Hence x belongs to the entire group Gy. Th 
number of entire groups in A is evidently 2°. 


` *I prefer not to use Dickson’s term “simple matric algebra” for C,, becaus 
other matric algebras, sub-algebras of C,, may also be simple. cee 
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COROLLARY 1: If the number of groups in an algebra is infinite, or is 
finite, but not a power of 2, then the groups cannot exhaust the algebra. 

Since the proof we have given of the first part of the above theorem is 
based entirely on the absence of nilpotent elements from the algbra, we have 


Corornary 2: If an algebra contains non-group-members, some of them, 
at least, must be nilpotent. 

Since an algebra is nilpotent, if and se if, it hag. no idempotents (Dick- 
son, § 81), we have the 


THEOREM: An algebra will contain no group-members except zero, if 
and only if, it is nilpotent. 


8. We skall now derive some criteria for determining whether a given 
element « of an algebra A is a group-member or not, and if it is, we shall 
show how to find the entire group to which it belongs. The corollary of § 4 
gives a necessary condition for group-membership, which is not, however, suff- 
cient in all cases. 

In the first place it is known (Scorza, II, Arts. 105-109) that when 4 
has a modulus, then æ will belong to the principal group of A, if and only if, 
the left (right) characteristic of w is equal to the order of A, that is, if 


sA =A (Ag=A). 


THEOREM: If an algebra A has a modulus or merely a right (left) mod- 
ulus, any element x of A will be a group-member or not, according as the left 
(right) characteristic of x? is equal to, or less than, the left (right) character- 
istic of œ, that is, according as 


(6) oA = aA (Ar = Az). 


By a right modulus (Scorza, II, Arts. 67, 70) we mean an element v 
such that sv = v, for every x in A. For a left modulus, similarly, we have 
ve== a. A modulus is therefore both a right modulus and a left modulus. 

Proof: Let A have a right modulus v, and let æ be any element of A 
such that #4 = z4. The sub-algebra sA = B will contain cv. Since 
zB = B, any equation 
(7) zy = Zz, 


where z belongs to B, will have a unique solution, i in B, for y exactly as in § 5. 
Putting z = æ, we see that B contains a unique element u such that _ 


(8) l LU =T. 
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Hence vuz = wz, «(uz — z) = 0, where ž is any element of B. But this last 
equation is another special case of (7), and therefore implies 


(9) uz = z, 


so that wis a left modulus of B. Putting z = x and also z = u, in (9), and 
combining the results with (8), we have w? = ų, us = ru =v. Hence u is 
idempotent and v belongs to the sub-algebra udu, by § 3. 

Finally, putting z == u in (7), we see that B contains a unique element 
at, such that set =u. Hence eetis = us = su, (2 2—u) = 0, which 
` implies s= u. Moreover, x1 evidently belongs not merely to B but also 
to its sub-algebra Bu == vAu = uAu. Hence « is a group-member and be- 
longs to the group Gy. For the case where A has a left modulus and Ag? = 
Az, the proof is exactly similar. In view of the corollary of § 4, the theorem 
is completely established. 


9. In order to find a criterion applicable to the general case where A is 
any algebra, not necessarily possessing either right or left modulus, we make 
use of an augmented algebra A’ (Dickson, p. 97), defined as follows: Letting 
A == (U1, °° *, Un), Where Ui, ** `, Un form a set of basic units of A, we put 


(10) Al = (Uo, Ui °° "5 Un) =Å -+ (uo), 
where u, is an annexed unit such that 
Uo? = Uo, ` Uoti = Ui = wito (t= 1, >, n). 


Evidently A’ is an associative algebra as well as A, and it has the modulus ‘uo. 
Since A is an invariant sub-algebra of A’, it follows (§ 6) that every entire 
group of A is an entire group of A’. By the last theorem, an element x of 
A is a group-member or not, according as #74’ = gA’. 

In order to express this condition in terms of the original algebra A, we 
make use of (10) and the derived equations cA’ == gA + (x), A’ == gA + 
(x), and so obtain the criterion 


(11) æA + (2?) = tA + (2), 
which can, however, be simplified and written in the form 
(12) wA = vA + (a). 


For, let (11) be peered so that x belongs to a group, say to Gu- Then gA 


* By (11) and (11,) we shall mean the formula (11) taken with the upper and 
lower signs, respectively. 
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contains su = z, ard tA + (z) =—=sA. Hence (12,) reduces to (3) and is 
` therefore satisfied. On the other hand, if (11) is satisfied, so that æ is not a 
group-member, then since in every case 274A = 2A + (2°), (122) is satisfied 
a fortiori. We have now proved the 


THEOREM: An element x of any algebra A is a group-member or not, 
according as it satisfies (121) or (122). 

gA + (x) is obviously a sub-algebra of A. If A has a right modulus, 
(12) reduces to (6), as it should. 


10. If a is an element of an algebra A, it is obvious (Scorza, II, Art. 
113) that there always exists a positive integer 7, such that 


(13) AD>@A>aA>-+->aMtA>dad—aotA—---, 


except that for r= 1, AS z4 —2?A =: --, so that the first inequality of 
(18) may possibly be replaced by an equality. If r > 1, this means that the 
left characteristics of a,- > +, æ” form a steadily decreasing set of integers, 
while the left characteristics of 2", a1,- - +, are all equal. 

We shall call r the left index of cin A. The right index is defined in a 
similar manner. If s is the least positive integer (if any) for which gs is a 
group-member, we shall call s the group-indew of x. Hence the group-index 
of a group-member is equal to 1. 

If A has a right modulus and if x is an element of A whose left-index is r, 
then by the theorem of § 8, st is a growp-member or not, according as 
vA = gA or eA > vA, that is, in view of (13), according as t= r or 
t <r; hence r is the group-index of æ. This gives us the 


THEOREM: If the algebra A has a right (left) modulus, the left (right) 
index of every element of A is equal to its group-index, and if A has a modulus, 
the left index, right index, and group-index of every element are all three 
equal. 


11. Now let A be any algebra whatever and A’ its augmented algebra, 
asin §9. Any element x of A will have the same group-index r in A’ as in A, 
but not necessarily the same left-index. Since A’ has a modulus, the theorem 
just proved shows that in A’ the left-index of x is equal to its group-index T. 
Hence 
(14) IIA > aA’ = gA’ 


is a necessary and sufficient condition that x be of group-index r > 1. By 
means of the equations z" A’ = 2A + (2°), etc., derived from (10), the con- 
dition (14) is expressible in terms of the original algebra A in the form 
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(15) TIA + (at) > ad + (27) =atttd + (2). 
Finally we shall prove that (15) is equivalent to the simpler, though less 


symmetrie, condition ‘ 


(16) a td + (at) > aA + (2°) = att. 
For, if « satisfies (15), æ” is a group-member and is therefore contained in 


atA. Hence x! is contained in 2”*1A, and (15) reduces to (16) and indeed 
to the still simpler form 


(17) ` TA + (a) > aA = atA, 


which is a necessary, but not a sufficient, condition. 
Conversely; if v satisfies (16), 


(18) aA + (at) E gA + (at), 


But since the left member of (18) always contains the right member, the two 
members are equal, and (15) is satisfied. We have now established the 


THEOREM: In any algebra A an element x is of group-index r > 1, if 
and only if, it satisfies the condition (16). 


If A has a right modulus, (16) reduces to (13), in agreement with the 
theorem of § 10. 


12. THeorem: If in any algebra the group-index of an element æ is r, 
its left (right) index must be either r or r—1. 


Proof: Assuming (14) and noting that by (17) aA = a™41A, we see 
that it will be sufficient to show that. 


a2 4 > at lA Sar, 

or in other words that 
(19) at?4 > ard, 
where r > 2; if r= 2, we write A in place of 27?A. Now a1 = 2722 is 
an element of «™?A, but is not an element of 2A. For if it were, it would 
_ be an element of 27A’, and (a!) = aA’ would imply at A/S a" (A)? = 
aA’, which would contradict (14). This proves the theorem. 

Incidentally, it follows that every element x of an algebra has a finite 
group~index, and if æ" belongs to an entire group G, every OR power are x 
will also belong to G. - 


13. Definition: The totality of the elements of an entire group G be- 
longing to an algebra A, together with all those non-group-members, if any, 
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each of which has some power (with positive integral exponent) belonging 
to G, we shall call a pseudo-group G, associated with G. 

. Obviously a pseudo-group G has the property that any positive integral 
power of an elernent of G is an element of @; notice, however, that the product 
of two elements of G is not necessarily an element of G, so that a pseudo- 
group is not necessarily a semi-group, much less a group. 

But every commutative pseudo-group is a semi-group. For let r and s 
(r = s) be the group-indices of any two elements x and y of the commutative 
pseudo-group @ associated with the group G. Then (ay)"=2"-y"; and 
since æ" and y” both belong to G, their product belongs to G, and zy belongs 
to @. 

Evidently a pseudo-group G@ is a group, if and only if, all its elements 
are of group-index 1, so that G = G. 

No two pseudo-groups can have an element s in common. For if they 
did, x’, for a sufficiently: high value of r, would belong to two distinct entire 
groups, which is impossible. $ 

Thus the pseudo-groups of an algebra, like the entire groups, are mutu- 
ally exclusive; but unlike the entire groups, they exhaust the algebra, as we 
see by reference to §12. Hence every element of an algebra belongs to one 
and only one pseudo-group. 

A nilpotent elgebra clearly consists of just one pseudo-group, which is 
also a semi-group. If an algebra is not nilpotent, its nilpotent elements (if 
any) together with zero, constitute a pseudo-group, which is a semi-group, 
provided all its elements are properly nilpotent or zero (Dickson, § 32). 


` 14. Examples. : 
-(a) Let A = (x,y), with the multiplication table 

feo 

vy 
y {9 0| 

Every element u = x + fy is idempotent, and since udu = (u), Gu consists 

of the elements a(x +- fy), where «= 0. ' Besides the entire groups Gu, one 

for each value of 8, and the group Ge = 0, there is one pseudo-group Ĝe nota 

group, whose elements By are nilpotent or zero. 


_ (b) Let A= (a,y,2), with the modulus x + y and the multiplication 
table 








ZY 2 
af200| 
Oyz 
z|0z0 


te 
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There are three idempotents: «+ y == u, x, and y. Hence there are four 
entire groups: Gu, Gz, Gy, and Go; and A is made up of four pseudo-groups 
Gu, Go, Gy, and Go. Let v = as + By + yz. 

(1) If aB==0, v belongs to Gu = Gu, the principal group. 

(2) If B=0, a+0, v belongs to Gz, and if y—0, to Ge; if y+-0, 
v is of group-index 2 and v? = aa belongs to Gz. 

(8) If a=0, B-K0, v belongs to Gy = Gy. 

(4) If a = 8 = 0; v belongs to Go; if y=+~0, v is of group index 2 and 
v? = 0, 


15. We shall now derive another criterion of group-membership, one 
that involves the minimum equation (Dickson, § 68) satisfied by an element a . 
of an algebra A. In the first place it is known (Scorza, IT, Arts. 117-125) 
that the minimum equation ¢(w) —0 of x will have a ‘constant term a=} 0, 
if and only if, A has a modulus m and v belongs to the principal group of A. 
In the corresponding equation ¢(v) = 0 the constant term @ is to be re- 
placed by am. 

Now consider any algebra A and any element v of A whose minimum 
equation (w) = 0 lacks a constant term and is therefore of the form 


(20) of +--+ yë + fo=0, 
so that 
(21) at e Hya H pr=0. 


Suppose that v is a TNEI belonging to a group Gu, and that y 
is its inverse, so that szt — u. Then equation (21), multiplied through by 
æt, becomes 


(22) ssl t-e o ye + Bu=0. 


Tt follows that B= 0; for if it were zero, (22) shows that æ would satisfy an 
equation of lower degree than its minimum equation (20). 

Conversely, suppose that @=-0. In the augmented algebra A’ (§9), 
with a modulus o, w will satisfy the same minimum equation (20) as in FA: 
But in A’ equation (21) can be written s = z’y, where 


y = — (1/8) (a? ++ + ywo). 


Since yA’ = A’, it follows that sA’ = g°yA = gA’. But tA’ € A’, in 

every case; hence in this case sA’ — 2°A’, from which we conclude (§ 8) that 

x is a group-member. 
Combining these results, we have the 


THEOREM: In any algebra A'an element x, whose minimum equation is 
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(w) = 0, will be a group-member, if and only if, (w) is not divisible by o”; 
the case in which $(w) is not even divisible by o will occur only when A has 
a modulus and x belongs to the principal group of A. 


Given a group-member z and its minimum equation (20), we can find 
the idempotent of the entire group to which it belongs, in view of (22), by 
the formula 


(23) u = — (1/8) (+ +`- -+ y2); 


and we can then obviously find the inverse of æ by the formula 


et = — (1/8) (a? +++ + + yu) 


Moreover, the potential * algebra B = (2, x°, © - +, £1), which is a commu- 
tative sub-algebra of A, and also of wAu, contains u, by (23), and u is its 
modulus. Hence if Gu is the entire group, in A, to which z belongs, and if 
Hz is the principal group of B, to which v also belongs, then Hy is an Abelian 
sub-group of Gy. 


16. THEOREM: In an algebra A a non-group-member x, whose mini- 


mum equation is p(w) = 0, will be of group-inder r(> 1), if and only if, 
plo) is divisible by o" but not by o*t. ie 


Proof: Let zhe minimum equation of x be 
(24) ws ++ +++ Burtt + aot = 0 (r>1, a0). 


Then in the augmented algebra A’, with a modulus uo, we have af = griy, 
where ` 


y= — (1/a) (zt +- + + Buo); 


and exactly as in § 15 we see that z" A’ = "1 A’, so that æ” is a group-mem- 
‘þer, by (14). But a1 is not a group-member. For if it were, its minimum ' 
equation y(wì = 0, by the last theorem, would not be divisible by w*, so that % 
would satisfy an equation of the form 


ol + wee + Biot + %=0 : (a, Ba not both ='0), 


and the left member of this equation would have to be divisible (Scorza, II, 
Art. 125) by thé left member of (24), which is impossible. 

' Hence r is the group-index of « The converse is obvious and the the- 
orem is proved. 


- * See Scorza; II, Art. 117. 
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The potential sub-algebra 


B= (2, .. +, 2; ehe ets wet) 
is evidently of index r, and 


B" = (2, niay gly, 


It is easy to prove that B” has a modulus u, which is the idempotent of the 
entire group to which x” belongs. By § 6, the group-members of B are all 
contained in B”. ` 


17. Let us now briefly consider an algebra A in a field F that is non- 
modular and therefore infinite. A member v of a group G, belonging to A 
will usually be of infinite period (order), but may be of finite period m. In 
that case z” =u and gt — v= 0, so that s satisfies the equation 
w(o” — 1) =0. Hence if ¢(w) = 0 is the minimum equation of v, $() 
must divide w(w”—1). 

When we speak of the roots of an equation ¥(w) = 0, we shall under- 
stand that for the moment the field F has been extended sufficiently to make 
W(w) completely reducible (resolvable into linear factors). 

Since in a non-modular field the roots of the equation w(w”— 1) = 0 are 
all distinct (simple), the roots of ¢(w) = 0 are also distinct and are roots of 
unity or zero. 

Conversely, if v has a minimum equation ¢(w) = 0 whose roots are dis- 
tinct and are roots of unity or zero, then by § 15 x belongs to a group, say Gu, 
and satisfies an equation of the form w(w”— 1) = 0, so that z”*t — g. This 
equation, multiplied by by 2-1, gives r” =u. Hence we have the 


THEOREM: In order that an element of an algebra in non-modular field 
may be a group-member of finite period, it is necessary and sufficient that its 
minimum equation have distinct roots, which are roots of unity or zero. 


18. If m and r are the least positive integers for which the equation 
vr — g” holds, then g is clearly of group-index r and its higher powers 2’, 
gl). ++, gmr-l form a cyclic group of order m; and conversely. We state 
without proof the ' 


THEOREM: An element of an algebra in a non-modular field will be a 
non-group-member, whose higher powers form a cyclic group, if and only if, 
its minimum equation is of the form o'y (w) = 0, where r > 1 and the roots 
of y(w) = 0 are distinct roots of unity. 


19. Returning to the general case of any field, we shall now examine 
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` more in detail the groups contained in an algebra, and show how their struc- 
ture is related to the structure of the algebra. 


If c0 and y +0, while vy = yx = 0, we shall say that x and y are 
mutually nilfacient. 


Suppose that the algebra A is the direct sum of two sub-algebras A, and 
A,, A= A Q Az The equations 414: = Adi = 0 express the fact that 
any two non-zero elements of A, one from each component, are mutually nil- 
facient. Let G, and G, be any two groups contained in A, and Ag, respect- 
ively, and let u, and ue be their respective identities. 

By the equation G = G, + G we shall mean that @ consists of all the 
elements obtained by adding an element of G, to an element of Qa G is’ 
evidently a group and its identity is tı -+ ue. -Conversely, any group what- 
ever of A can be expressed uniquely in the form G = G, + Ge 

Now assume that neither G, nor G, is zero, so that G belongs to neither 
Anor A, Norice that G, and G, are not sub-groups of G; they have no 
elements in commor with G or with each other. Put 


H, = Gi + U2, 
A, =u + G2. 


Then H, and H, are sub-groups of G having no common elements except the 
identity u, + uz. Obviously they are simply isomorphic with G, and Gs 
respectively. Moreover every element of H, is commutative with every ele- 
‘ment of H., and H,H: = G, + Ga = G. Hence G is the direct product of 
H, and H, By an easy generalization we arrive at the 


THEOREM: If an algebra A is the direct sum of two or more sub-alge- 
bras, any group belonging to A, but not to one of its components, is the direct 
product of two or more sub-groups. i 


Hence the groups considered in the first theorem of §7 are direct 
products. 


20. If B is an invariant proper sub-algebra of A, consider the difference 
algebra A’ == A — B, whose élements are the classes [x] of elements of A, 
taken modulo B. If w? = u and sy == u, then [u]? = [u] and [x] [y]—=[u]. 
Hence if æ runs through the elements of a group G belonging to A, [x] will 
run through the elements of a group G@ belonging to A’. In particular, if z 
lies in B, G lies wholly in B, by § 6, and G’ = [0]. 

' On the other hand, if G” is a given group belonging to A’, it seems diffi- 
cult to determine whether there exists a group G belonging to A and having 
10 
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one or more elements in each class [z] of G’. It is clear, however, that the 
set of all the elements of A belonging to the various classes of G” is a semi-' 
group. 

21. In the special case where B is nilpotent, we can get more precise 
results. ` 


THEOREM: If the algebra A has a modulus u and a nilpotent invariant, 
sub-algebra E, and if G’ is the principal group of the difference algebra, 
A’ = A — F, then the totality of the elements of A belonging to the various 
classes [x] of G is a group G, namely the principal group of A. 


Proof: It is clear that [w] is the modulus ‘of A’. Let [x] be any ele- 
ment of G’ and [y] its inverse, so that [z] [y] = [uw]. Let x and y be any 
‘elements of A belonging to the classes [vx] and [y] respectively. Then since 
zy =u (mod E), we have 

(25) ry = u — e, 


where e is an element of E. B being nilpotent, e" = 0, for a sufficiently high 
value of r. Since u and e are commutative, 
(u— e) (ur-1 + eur-2 + Pan er + er-1) === Uy" — e" = w; 
that is, (u — e)z == u, where 
l 2=u--e+te?+ >> +--+ ert, 

and by (25), zyz =u. Hence x belongs to the principal group G of A, and, 
its inverse is yz. The converse follows from § 20, and the theorem is proved. 

COROLLARY: The elements u + e of the class [u] constitute an invariant 
sub-group u +- E of G. 

For the equation sius == u implies [x71] [u] [z] = [u], whence 

ol(u + e)s =u +e. 


Evidently G’ is the quotient-group of G with respect to u + E. Hence 
if H” is any sub-group of G’, the elements of A belonging to the classes of H’ 
fofm a sub-group H of G containing u +- E, and H’ = H/(u + E). 


22. The following theorem will not be needed later and its proof will 
therefore be omitted.. 


THEOREM: Let A be a non-nilpotent algebra having a nilpotent invari- 
ant sub-algebra F; let G’ be any entire group + [0] of the difference algebra 


Par 
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‘Aa CE; and [u] its idempotent. Then there exists in A at least one entire 
‘group G whose idempotent u lies in the class [u], and if B= uAu, the ele- 
ments of G are precisely those elements of B that aa to the various classes 
[a] of @’. 
If BAE =F, so that F is a nilpotent invariant sub-algebra of B, and. 
H’ is the principal group of B— F, then by § 21 G can_also be described as 
the set of elements of B that belong to the classes of H’. 


23. We are now prepared to study the structure of any entire group Gu 
whatever in any algebra A whatever. The trivial case where Gu == 0, and 
therefore also the case where A is nilpotent, will be excluded. 

If A is not semi-simple, we denote its exceptional (maximal nilpotent 
invariant) -sub-algebra by Æ, and put A’ = A— E; then A’ is the direct sum 
of simple algebras A’,,:--, A’, or if t= 1, is itself simple: The case in 
which A is semi-simple can be regarded as included by putting E = 0, A’ = 
and A'i = A; (=l, +, t). 

The idempotent u ae the group G, are S to have the signature * 


(Pu “oy pt), 
provided u = u, +: -+ ue (wiu; = 0, i= j) and therefore 


[u] = [ua] +--+ [ue], 


where [w,] is an idempotent or zero of A,’ (i= 1, >, ¢), and is either 
expressible as the sum of p; primitive idempotents, mutually nilfacient, or is 
itself primitive (p; = 1) or finally is zero (pi=0). At least one of the 
integers p; must be positive; if u is a principal idempotent, they ‘are all posi- 
tive (Dickson, p. 88), and the signature of u is said to be the signature of the 
‘algebra A. 
Suppose that the number of positive integers p, isr (0 <r& t); 

r <t, we can’ rearrange the irreducible components A,’ of A’ and write te 
signature of Gu in the form 


(26) $ (Pot ts Pr 0,° > *, 0), 

80 that u = Uy + *+ ur 

i ` We know by g3 that G, is the principal group of the sub-algebra A= = 
udu, which has a modulus u. Moreover, Ax has the sighature 


(27) . (a ‘+, Dr). 


Hence our problem of finding the structure of an entire group of signature 


* Scorza, TI, Arts, 249-252. 


a 
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(26) inan algebra A reduces to a study of the principal group Gx of a sub- 
algebra A, of signature (27). If+r > 1, we shall show that G, is expressible, 
in a. certain sense, in terms of groups for which r==1. The latter groups 
will be studied in §§ 31-34. 


24. Continuing the notation of the last section, we now proceed to de- 
compose the algebra Au, employing Dickson’s method (§ 57), except that his 
u is a principal idempotent of A, while ours is any idempotent for which r > 1. 
We put l 


(28) Aa = uzAu;, Ei; = u; Pu; (i, j= 1, DE Ly r). 
Let E, be zero or the exceptional sub-algebra of Au; then 


(29) Au = ZA; u= Bij, ; 
Ay = Eu (i=j) 


and F is zero or the exceptional sub-algebra of As. Let 
(30) Aly=Au— Eu A'n = Au — Eii (i=1,'::,r); 


© then A's = 3A’u, which is a direct sum. .Let the principal groups of the 
various algebras 
Au, Au, A'u, A'u 
be denoted by 
. i Gu, Gis, Gu, Oii 


respectively. Then by § 19, Wn = IGu 

Now let v be any element of Au; then s = aij, where s: is in Aj. 
Let [2] be the corresponding element of A’,, that is, a class of elements of Au, 
taken modulo. #, Then [s] = [aii], since [aij] = [0], is i=j; and 
(wis] is an element of A’;:, that is, a class of elements of Ai:, taken mod- 
ulo E; b l 

By the theorem of § 21, « will belong to the group Gu, if and only if, 
[x] belongs to the group Gu, which implies that [#;;] belongs to the group 
Gu (t= 1, °° +, r), and conversely. But by applying the-same theorem 
(§ 21) to the algebra 4i, we see that [2;;] will belong to G'i, if and only if, 
Tu belongs to the principal group Gi: of Ai: Notice that no condition is 
imposed on sı; (t7), which is therefore free to roam anywhere in the 
algebra Aj; (if Aı; = 0); whereas 7;; must have an inverse z;;71 in the alge- 
bra, Ai, Buch that Tutit => ui | dks 

We have now proved the . ea an 
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THEOREM: Let Gu be an entire group of signature (Patta Pr, 0,°°+, 9) 
in an algebra A and let its idempotent be u =u, +: +H ur (r>1; 
uuy = 0, i= j), where ui is of signature (0, + +, 0, Pu 0, ++, 0); also let 
A:j = wiAu;, so that udu = 3Ai;z; then 


(31) Gu = Zau + Aaj, 


where Gi; is the principal group of the sub-algebra Ay (i= 1,° °°, r), and 
where the symbol 3/ means that i= j. 

Since the linear sets Aj are supplementary in their sum, a term Ai; of 
(81) has no element except zero in common with the sum of the remaining 
terms, and a term G; has no element whatever in common with the sum of 
the remaining terms. 

We have therefore expressed any group Gy in terms of the groups Gi; 
` each of which is the principal group of an algebra Ai: of signature (pı); 
either A;; is a simple algebra (if Hi; == 0) or its difference algebra Ai; — Eir 
is simple. ` 


25. Let us now consider some of the more striking sub-groups of the 
entire group Gu. First of all it is clear that Gu— 3Gu is a sub-group, and 
since the sub-algebra ZA, of which Ĝu is the principal group, is the direct 
sum of Ai,‘ + -, Arr, it follows (§ 19) that Gu is the direct product of the 
sub-groups f 
` Gy = Gy Hu t+, 

Gp = Uy + Geo ++ + Ur, 
(32) Bio theme fat Oe ais ie 18 
Gr = Uy + Ue ot Gre. 
In the special case where $41; (= 3/#,;) = 0 and therefore in the still more 
special case where A, is semi-simple, the sub-group Gz is the entire group Gu. 
By (292) and the corollary of § 21 we see that 


u -+ By = X (ui + Eu) + YR 


is an invariant sub-group of Gu, and that the quotient-group G./(u-+ Eu) is 

Qu == XG. By the same corollary, u: -+ Fi: is an invariant sub-group of 

Gi.’ The greatest common sub-group of G, and u + Ey is J = 3(ui + Bu), 
‘which is invariant in Ĝe, but not usually in u + By or in Gy. J, like F, 

is obviously a direct product of r sub-groups J;, + * **, Jr, say, unless some of 
` the linear sets Ei; are zero. If all of them are zero, so that 34u. is semi- 
simple, then J = u. 
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It is easy to see that Gu is generated by its two sub-groups @, and u + Eu 
and that every element x of Gy is expressible, in more than one way unless 
‘J =u, as a product yz, where y and z are elements of Gu and u -+ By, Te- ` 
spectively, and also as a product 2’y’. Hence Gu ane u -+ Eu are permut- 
able * groups. 

Other notable sub-groups of Gu are of the form 


7 
> Git + X An, 
1 


-where & and 7 do not run through all the values ‘from 1 to r, but only a part of 
them, e. g., from 1 tos (s <r). Still others are of the form 


(3Gia + XAu) + (SGi + LAr), 


where i, j run through a wt of the values from 1 to r and k, I the remaining 
values, e. g, 4, j= 1, :::, 8, and k, lL=s +4 1, -, r. The latter sub- 
group is evidently the direct product of the groups o : 


ZG + SA + Ua +° + Ur, 
tat -e -+ us + SGi + X Ari 


Similarly there are sub-groups expressible as the sum of three or more terms, 
each of the form XSG: + 3/A4;. 


26. In any field for which the principal theorem on algebras (Dickson, 
§ 78) has been proved, that is, in the present state of our knowledge, in any 
non-modular field, the structure of the groups contained in an algebra can be 
determined somewhat more completely than we have been able to do so far. 

Let A be an algebra in a non-modular field, and G, an entire group 
belonging to A. As in §§ 23, 24, let By be the exceptional sub-algebra (if it 
exists) of Au = uAu, and let A’y—A,— Eu. Then by the principal the- 
orem on algebras there exists in A, a semi-simple sub-algebra B, equivalent 
to A’y, and having one and only one element in each class [z] of elements 
of Au, modulo Eu, so that Ay = B,-+ Eu. 

Moreover, Bu has the same modulus u as Ax; hence the principal group 
Ai, of B, is a sub-group of the principal group Gu of Ay. But H, has one 
and only one element in each class [a] of elements of Gu, modulo Ey. Hence 
by the theorem of § 21, 
(33) an G2 Het ey 


* Burnside, Theory of Groups, § 33. The definition is there > given only for. finite 
groups, but is sienny applicable also to infinite groups. 
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‘By $25, G, has the invariant sub- -group u+ Eu 


27. " Definition: If a ` group G has two sub-groups G and Ga having 
only the identity in common, and if every element of G i is expressible in one 
and only one way as‘a ‘product 9.92, Where g, and gz are elements of. G, and Ge, 
respectively, and also as a product g’2g’,, then we shall call G the product of 
G, and Ga. The two sub-groups are therefore permutable. a direct 
"product is a product, but not conversely. 

In a similar manner we define the product: of x more than two groups; 
each group will then have only the identity i in common. with the product of 
all the rest. : 

We shall now prove awe Ga (§ 26) is the product of its sub-groups Hu 
and u + By. 

For by (33) any glement of Gu can m written h 4 e, where h and e are 
‘elements of Hy and Ey, respectively. Our goal will be reached if we can’ 
find unique elements ¢’; e” in, Hy, such that i 


ms T E E ate 


‘But (34) ‘implies thet he’ == e, and therefore that e == hte, ‘which is in Hu, 
since the latter is invariant in Ay Conversely, e’ == hte implies (34,). 
Similarly we can find e” uniquely in Fy. 


28. For the case in which G, is of signature (26), where.r > 1, let us 
see what further light is shed by our new result on the analysis of Gu given 
in.§§ 24, 25. ‘In the first place every algebra Ai; (¢==1,---, 7) will now 
have a simple sub-algebra By; equivalent to A’, such that 4i == Biu + Hii 
and By, = XBi, which is a direct sum. Hence if H;; is the principal group 
of Buy we have 


x 


Ay = 3Ha, 


and by the theorem of § 19, H u is the direct product of the 7 sub-groups 


Beane ‘+ Ur, 
(35) $ 
l E PP ae 


Combining this result with that of § 27, we have the 


oOo THEOREM: Any group Gy of signature (pau ''*, pr 0° °°; 0), where 
r > 1, that belongs to an algebra A in a non-modular field, can be expressed 
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as a product of r+ 1 sub-groups Ha, ` © +, Hr, u + Hy, each of which has 
only the identity u in common with the product of all the rest; u + Eu 4s 
invariant in Gy and Hi (i=1, > +, r) is simply isomorphic with the prin- 
cipal group of a simple algebra By; the product of Hi,- + +, Hr is their direct 
product.. 


29. The sub-group Gu = 80 (§ 25) can now be further decomposed. 
For since Au = Bi + En, Qiu = His + Ei and this group, by § 27, is the 
product of H;; and u; -+ En. Hence, comparing (35) and (32), we see that 
G; is the product of H; and J; (§ 25), where 


= + i + Ue +++ Ur, 


epi cece EEEE 


Finally Ẹ, is the product of Hu and J, where: Ha is the direct product of 
H,,:+: +, H, and J is the direct product of Jı, ' * +, Jre That is, Gy is the 
product of the 2r sub-groups Hi, Ji (t= 1,---, r). 

Another sub-group worth mentioning is H, -+ Eus = Hau + te +: e 
ur +- 4E; which is evidently the product of H, and u-+- Bu 


30. Haample. Let A = (uı, Uz, T, y), with the modulus u == u, + uz 
and the multiplication table 
Uy Uz T 
U,|U, 0 z 
us| O uz 0 
sis 0 0 


¥ ly 0 0 0 


oor of 


Its principal group G, is of signature (1,1). Since Ay, = (t, £), A12 = 0, 
An = (y), and Áa = (ue), the groups Gu, Geo, Gu, and Gu = Gay + Are + 
As: + Gea consist of the respective sets of elements au, -+ys («+ 0), 
Bus(B0), (aay + ye) + Bule(aB 0), and aly + Puls + ye + 8y (a80). 

A has the exceptional sub-algebra #, = (x,y) and the semi-simple sub- 
algebra B = (u1, U2). Hence G, is the product of the three sub-groups H, 
H, and u + Ey, whose respective sets of elements are at + us (#0), 
us -+ Bua (B= 0), and u-+ ys -+ dy. By §21, u+ (z) and u+ (y) are 
invariant sub-groups of Gu; indeed their product is u -+ Ey. 

A has a variety of. other entire groups besides. Gu, but we-shall not go 
into that. 
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81. Returning to the genéral case of an algebra A in an arbitrary field, 
let us now examine a group Gy of signature (pı, 0, -> ~, 0), which is the 
principal group of a sub-algebra wAw of signature (pı). The groups Giz 
(§ 24), in terms of which we found the more complicated groups to be ex- 
` pressible, are all of this type. In order to simplify the notation, we shall 
confine ourselves to the sub-algebra wAu, denoting it by A and its signature 
by (p). 

It is known (Scorza, II, Art. 266; Dickson, § 56) that A is the direct 
product of a complete matric sub-algebra M of order p? and a sub-algebra B 
(of order r, say) having a primitive modulus; hence A = B X M is of order 
rp’. A, Band M all have the same modulus u. If # is zero or the excep- 
tional sub-algebra of B, E X M is zero or the exceptional sub-algebra of A. 
Since B— Æ is a division algebra, the only divisors of zero in B (if any) are 
nilpotent and belong to F. All the other elements of B (except zero) belong 
to its principal group. f 

The modulus u == u, +` - > -+ up can be expressed, in many ways, as a 
sum of p primitive idempotents Ur, °° ~, Up, which are mutually nilfacient. 
Let the basic units of M be c; (i, j= 1, ++, p), where CijCje = Cim 
cijem==0 (j=l), and cu = u; (i=1, ++, p). Every element « of A 
(Scorza, II, p. 245) can then be written í 


T = 345045, 


where b:; is an element (not necessarily a basic unit) of B. If we regard cij 
as a p-rowed matrix having all its elements zero except the one in the ith row 
and jth column, which is = 1, then 


č bu Bip ` 
t=" * * == (bij), and u = Suci; = (èiu), 


bp * > * bop 
gheen ifi—j 
where | ði = a Wr 


This new kind of matrix (Dickson, §§ 97, 98) involves a twofold non-com- 
mutativity (if B is a non-commutative algebra), first because if s= (bi;); 
then gg’ + s'e, and second because if xa’ = = a!” = (6%;), so that 


bir = > bib’ jk then : 8430’ ir Æ b! jxdiz.- 
i y 
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32. Let G, H and K be the principal groups * of A, B and M, -respect- 
ively; H and K are obviously sub-groups of G. In order to obtain a precise 
determination of the group G, it became necessary to invent a new v kind of 
‘determinant that will be explained in a later paper. 

At present we shall confine ourselves to. the special case where B is a 
commutative algebra; the ordinary kind of determinant will answer our pur- 
pose, although its elements are not, as usual, scalars, but elements of. B. 


THEOREM: If B is a commutative algebra, an element (bij) of the 
algebra A = B X M will belong to the principal group G of A, if and only if, 
the determinant | bi; | is neither nilpotent nor zero; that is, if | Bas | belongs 
to the principal group H of B. ` 

For, if (b:;) belongs to G,.it must have an inverse (b’:;), such that 
(biz) (bi) = (bizt), whence 
os [bu |: [Vu | =w =u. 
‘Therefore | ba; | must belong to H. The converse is evidently true and the 
theorem: is proved. ; 

`- ‘If B is a division algebra : (Æ = 0), the criterion becomes simply 


| bis | #0. 


33. Even when B is non-commutative, we can easily determine some of. 
the more important sub-groups of @ and express their elements as matrices. 
Take K, for instance. Since the elements of M are of the form k = (aj); 
where a4; is a scalar, the elements k of its principal group K are characterized 
by the condition | aj | = 0. i 

Then take H. Its elements are evidently the matrices h — (8:;b), where 
b is any element of B that is neither nilpotent nor zero. 

Since hk = bh = (a;b), the sub-groups H and K are permutable and 
generate a sub-group G consisting of the matrices g == (ai;b), where 
| a; |= 0 and b is neither nilpotent nor zero. H and K are invariant in G, 
but not necessarily in G. “The greatest common sub-group J of H and K 
consists of the elements (8:jau), where a+=0. J is invariant in GŒ (and 
therefore in @), because all its elements are invariant. The quotient-group 


* Of course A has a multitude of other entire groups besides G, any one of which, 
G,, is of signature (pi), where p, < p. G, is itself the principal group of a sub-algebra 
of order rp? and can be represented either as a group of p,-rowed matrices or as a 
group of “singular” p-rowed matrices, of which the constituents are in either case 
elements of B. See American Journal of Mathematics, Vol. 31 (1909), §§ 10, 11. 
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G/J consists of the classes [3], each class Ty] consisting of all the scalar 
multiples ag of g where a=} 0. ` 

- Since the analogous quotient-groups H/J and K [J have no PERE in 
common. except the identity [u], it follows that G/J is the direct product of 
H/J and K/J. G may therefore be called the quasi-direct pres of H and*~ 
K. . This gives us the . 


THEOREM: In an algebra A having a modulus and the signature (p); 
which is the direct product of the sub-algebras B and M, the principal group 
of A has a sub-group G which is the quasi-direct product of the Cee 
groups of B and M. 

The set of all the possible products of two factors, one from B and the 
other from M, or in other words the set of all the materices (a:;b), where 
the @’s and b are unrestricted, is a curious affair; for although it is clearly 
a semi-group, it is not a group, nor even a linear set, much less a sub-algebra. 

Another sub-group of G is our old friend w+ HM (§ 21, corollary), 
which is invariant in G@ and consists of the matrices (8:;u -+ eij), where the 
elements ¢:; belong to H. Similarly u+ F, consisting of the matrices 
(è (u + ¢)), is an invariant sub-group of H. 


34. In a non-modular field we can, as in §§ 26-29, analyse our group G 
of signature (p, 0,- +, 0) more fully. Our algebra A = B X M will then 
contain a simple sub-algebra A’ = B’ X M, equivalent to A — EM, such that 
A == A’ + HM and B= B’+ E. Let G’ and H’ be the principal groups of 
A’ and B’, respectively; then G = G’ + EM and H = H’ + E. The elements 
of H’ are the matrices (3:;b’), where b’ is any element not zero of the division 
algebra B’; and the elements of G’ are matrices of the form (b’;;), where the 
elements b’;; belong to B’ and are such that if B’ is a commutative algebra, 
| bi |0. By § 27, G is the product of its sub-groups G’ and u + EM, 
and H is the product of H’ and u + E. 


35. The groups studied in this paper are somewhat analogous to certain 
known groups arising in the theory of numbers. Consider the m classes [z] 
of integers congruent to x with respect to a given composite modulus m. 
Since the set A of these classes is closed under addition and multiplication, 
it has many of thé properties of a linear associative (and commutative) alge- 
bra. Hence it is not surprising that some of the classes form groups and 
others are non-group-members. 

For example, let m == pq, where p and q are distinct primes. There are 
four entire groups Gm, Gp, Ga, Go, and A is made up of four pseudo-groups 
on Gp, Gq, and Go. 


: f 4e 
r n x 
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(1) If vis prime to m, [x] belongs to the principal group Gm, which is 
of order p(p—1)(q—1). 

(2) If #=:0 (mod q) and ==0 (mod p), [a] E t Gp, of order 
p(p—1). 

(3) If c=0 (mod p) and =0 (mod q), [sx] belongs to Gy, of order 
p(q—1). Ifin addition v = 0 (mod p°), [a] belongs to Gy, of order g —1; 
while if v0 (mod p?), [x] is a non-group-member and [2]? belongs to Gy. 

(4) If s=0 (mod pq), [£] belongs to Go, of order p. If c=0 
(mod pq), [£] = [0] = G@; while if c0 (mod p *9), [z] is nilpotent 
and [z]? = [0]. 

CORNELL UNIVERSITY, 
June, 1926. 





Linear Ordinary Self-Adjoint Differential 
Equations of the Second Order. 
By ANNA PELL WHEELER. 


In 1914 Lichtenstein * made connection, without the intermediary of the 
theory of integral equations, between the theory of linear differential systems 
of the second order and the theory of linear equations in infinitely many 
unknowns. Although: there are many points of contact between the method 
used by Lichtenstein and the one used in this paper, the methods are not 
identical. The method employed here can be applied with only slight modi- 
fications to other systems, for example, singular differential systems,t and 
‘paitial differential systems, elliptic or hyperbolic. The method can be ex- 
tended to yield more general results both for the orthogonal and polei cases 
of ordinary differential systems. : 


I. Existence of Characteristic Numbers. 


1. Orthogonal Case. vm==0. The differential system to be consi- 
dered is 
w” (e) + q(x)u(z) + Ak(a)u(x) = 0, 
(1) au(0) + a’u’(0) = 0, 
Bu(r) + Bu’ (7) = 0, 


where the function q(x) is continuous, the function k(x) is continuous and 
positive in the interval (0,7), and «, a’, 8, 8’ are constants such that 


Ja|+ ]a’|+0, |p[+|p’|+0. 


The characteristic functions $m (2) corresponding to the characteristic 
numbers vm? of the system 


*L. Lichtenstein, “Zur Analysis der unendlichvielen Variabeln. I. Entwicklungs- 
siitze der Theorie gewöhnlicher linearer Differentialgleichungen zweiter Ordnung,” 
Rendiconti del Circolo Matematico di Palermo, Vol. 38 (1914), pp. 113-166. See also 
J. Tamarkine, “Problème du développement d’une fonction arbitraire en séries de 
Sturm-Liouville,” Comptes.Rendus, Vol. 156 (1913), pp. 1589-91. 

t Marion Cameron Gray, “ A Boundary Value Problem of Ordinary Self-Adjoint 
Differential Equations with Singularities.” To appear in a later number of the 
`~ American Journal of Mathematics. 
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u” (x) + vwu) = 0, 
(2) ou(0) -+ a'w” (0) = 0, 
Bu(x) + B’u' (x) = 0, 


form an orthogonal, normed and closed systém of functions 


dm (T) = Cy COS vm& + Ce SİN VmT, 
0, + vme: = 0, 
(8 cos Vnt = Bum sin Vmr) Cı + (B sin Vat + B’vm cos Vm) => 0, 


where * ym == m -} ym, ym > 0 if œ’ and p’ are both +0, vm = m +- $ + ym, 
if one, but not both, of a’ and 8’ = 0, and vm = 1 -+ m + ym if a’ == p’ = 0. 
The orthogonal system affords a means of passing from a function space F 
of functions which have continuous derivatives of the second order and sat- 
isfy the boundary conditions of (1), to a space H, in the Hilbert space H of 
. infinitely many variables, and also to pass back. The known results for linear 
equations in the space H thus yield results for equations (1) in the space F. 

Multiply the differential equation of (1) by ¢m(x) and integrate between 
0 and r 


: Suhm + Sm +A fkupm = 0 (m =1, 2) 


Integrating twice the first integral by parts, and expanding the other two 
integrals by means of the system {¢m(x)} we obtain 


09 œ 
(3) — m? fUdm + & nn SUdn + À 2 Fein Supr = () (m = 1, 2, an ‘) 


where the matrices (gmn = f oats) and (kmi= fomkbn) are limited and 
symmetric. 

In this section we assume that no vm is equal to zero. The series 
Dine (G?mn/vm*) and Sn (kmn/vm*t) are convergent, and the matrices 
. (Gmn/vm?) and (kmn/vm) are completely continuous. Therefore if the differ- 
ential system (1) has a continuous solution u(r), the sequence €m = f udm of 
finite norm satisfies the system of linear equations 


(4) tm — D, (Grn/vm?) En —À = (kmn/vm?) 8n = 0 (m =1,2, >: J) 


in which the matrices involved are completely continuous. The system (4) 
can be put into a form for which results are known. 


- *M. Bôcher, “Boundary Problems in One Dimension,” International Congress of 
Mathematicians, Cambridge, 1912, p. 178. 
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- Consider first the © case in which the system 
(5) g f Lan — = (qmn/ni 7) an == 0 : (m =1,2,: à ‘) 


has no solutions of finite norm. The matrix (emn — (Gmn/vm?)), Where 
emn = 0 if m= an and = 1 if m =n, has a limited reciprocal (fmn), that is 


(6) - = mp [mn — (Ypn/Vp Ps = Emn 


and the system (4) is equivalent to the system 
(7) tm —DS LS (rnakon/ v] —=0 (m=1,2: ° ), 
s ; i l 


The matrix (7'mn/vm?), which is completely continuous, is symmetric,” for it is 
the reciprocal of the symmetric matrix (emnvm?—Qmn)- The function k(x) 
by hypothesis is positive in the interval (0,7). It is easy to show that the 
matrix (kmn/vmva) is positive definite, and then it can be argued that the 
matrix (kmn) itself is. Hence + there exist characteristic numbers Ag, which 
are necessarily real, and corresponding solutions lam of finite norm of 


(8) len — Aa Z (Sitnskion/vi?) lan = 0 (m= 1,27 +°) 
The system of equations with the transposed matriz has the solutions Mpkmplap 
= Mam Corresponding to dq, for 
2 E R 2 (Kmptqp/Vp") (2 kanlan) =0 (m=1,2,- °°) 
is obtained by multiplying the system (8) by knp and summing, and using 


the symmetry of the matrix (1mn/vm?). The solutions lam and Mam form a 
biorthogonal system 


(9) i > lamMgm = Caf, 

and further l i : 

(10) > (Tmplepn/ vp") EnYm = X (o> lamym X Mantn) /Àa 
Pom, @ m n , 


for every {tm} of finite norm, and every. {ym = Snkmn®n}, and since the 
_ matrix (kmn) has a limited reciprocal the relation (10) holds for every {£m} 
and {yn} of finite norm. ' 


"TE Sp Gnplon = Emn then Sy 0am (Sq padan) = Oma» and if the matrix (App) is 
symmetric and the order of summation may be interchanged, the matrix (bpn) is sym- 
metric, 

TA. J. Pell, “Linear Equations with Unsymmetrie Coefficients,” Transactions of 


the American Mathematical Society, Vol. 20 (1919), pp. 23-39. 
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_ The characteristic numbers can have a limiting point only at infinity. 
The system (8) is equivalent to i l 


g (11) : — vm lam + >, Gmnlan + Ag > Kundan == 0 (m = 1,2, *). 


The matrix (Mam = Xplmplap) is limited,* and hence the matrix (lam) is 
also, since the matrix (mn) has a limited reciprocal. The equations (11) 
show that the sequence {Ag Snkmnlan} is of finite norm for every m and that 
{vm?lam} is of finite norm for every a. 


' Thè function ua(x) defined by the absolutely uniformly convergent series 
Ua (x) = > lamdm(2) r > rm lam (dm (2) /vm?)," 
i m m 


has a continuous derivative, given by the absolutely uniformly convergent 


series 


5 lamp’ (2) = = vm lam (h'm (2) /vm"). 


The functions Ua(£) and w’(x) satisfy the boundary conditions of (1). The 
function ua(x) has a continuous second derivative, for, let f = (q + Aak) ta, 


then 
f fom = s: f Pes) dante, + ee + o) dm” (x) dz 


ESI. f ( f : Í "F(at,) dtaday + oas + ca ) om (2) da — vn? S Uani 
and i : 


— ua(t) = f f” Ne:)desda, + Tt + C2. 


Moreover, the function ua(x) satisfies the system (1) for the characteristic 
number Aa i 

Consider next the case in which there exists a sequence {zm}of finite 
norm which satisfies (5). Since the matrix in (5) is completely continuous 
‘there can be only a finite number of such solutions. Let us assume there is 
only one; the case in which there is more than one can be carried through in 
a similar manner. There exists a limited matrix (mn) such that 


=X tmp [epn — Ypn/vp?) ] = Emn — Zm2n, 
P 


where Znz? = 1. As before, the matrix (fmn/vn?) is symmetric closed and 
completely continuous. The system to be considered now is 


* A. J. Pell, L c., pp. 30-31. 
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(12) tm —#m Danta HA SS (rmokpn/v9") 2n = 0 (m= 1, ®t), 


$ . > Zmémnðn = 0. 


ĝ MN 

' There exist * characteristic numbers A, and corresponding characteristic solu- 
tions lam for this system. To the value Ag == 0, there corresponds the solu- 
tion Zm = lam. The remainder follows as in the preceding case, and the 
existence of characteristic numbers for the differential system (1), under 
conditions specified, has been established by means of-the properties of the 
solutions of the system (11). The system of functions {u,(z)} has the 
orthogonal property, or the systems {u,(x)} and {%(x)ua(z)} have the bi- 
orthogonal property 
(13) ; Sk usp == Cap. 


2. ‘Polar Case. vm=—0. Let the function k(x) change sign in the 
interval (0,7). The matrix (kmna) is then not positive definite, and in order 
to conclude the existence of real characteristic numbers for the equations (4) 
or (7) we assume that the matrix (1mn/vn?) satisfying (6) exists, that it is 
positive definite, and for the present that there exists no sequence {fn} of 
finite norm such that Ð; (7mn/vn?)fn== 0. A sufficient. condition for this is 
that the matrix (ém:vn” — Qmn) be positive definite for any sequence {am} such 
that {vm%m} is of finite norm. This condition is certainly ‘fulfilled when- 
q(x) <0, and also when the matrix (emn — Qmn/vmvn) is positive definite. ` 
‘The latter is true if the positive t+ characteristic numbers of (Qmn/vmvn) are 
<1. 

The matrix (fmn/vn?) is limited, symmetric and positive definite, hence 
there exist real characteristic numbers A, and corresponding solutions mam of 
the system i 


(14) Mam — Àa 2i (kmptnp/vp”) Man = 0 (m=1,2,: °), 
mp 

and solutions lam of finite norm of the equations (8), where 

(15) f lam = > (1'mn/vn®) Man s > (nm /vm") Many 

(157) Mam == > (vn? emn cst Qmn) lam = Àa > Kimnlan- 


The two systems {lam} and {Mam} form a biorthogonal system 
= lam pm = Cag, 
n . 
* A. J. Pell, “ Linear Equations with Two Parameters,” Transactions of the Ameri- 


can Mathematical Society, Vol. 23 (1922), pp. 201-203. 
ł L. Lichtenstein, l. c., p. 129. 
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and the expansion (10) holds for every {ym} of finite norm and every {£m} 
such that {3mmamtm} is of finite norm, in particular, if gm = Yn (?mn/vn2) Zn 
On account of (15) the matrix (lam) is limited. The characteristic num- 
bers can have no finite limiting point. The sequence {vm lam} is of finite 
norm for every æ, and the sequence {Agmam} is of finite norm for every m. 
As before we obtain the existence of characteristic numbers A, for the differ- 
ential system (1), and corresponding characteristic functions u,(#) where 


lam = f Uabm; 
and | 
Mam == S (ua” — Qua) Pm = Aa S kuadm. 


The property corresponding to the orthogonal or biorthogonal property is 


Àa f UgkUg = = Cap, 
which is equivalent to 


where ta(%) = | Aa |* tals). 


Consider next the case in which there exists a sequence {%m} which satis- 
fies (5). Again we obtain the system (12), in which the matrix (?mn/va") 
may be assumed to be positive definite, and Zm = 3n(?mn/vn?)2n. A symme- 
trizing matrix is (7*mn) == (X kmp(1pq/vq) kan ), Which is positive definite if 
k(x) vanishes only at the points of a set of measure zero, and is orthogonal 
` only to sequences {fm} for which Znkmnfx—=0. Hence real characteristic 
numbers A, exist. The solutions lam and 


Mam == Da T nolan = Xo lemp (lap mi, Zp%qZqlag) 


form a biorthogonal system. The sequence {ZnkmnZn} is orthogonal to {lam}; 
and if 3 Zméemnžzn = 0, {%pr"mpžp} is also orthogonal to {lam}. In place of 
(10) we have, for any {£m} and {yn} of finite norm, if 3 zmkmn@n 3 0, 


> Lint mnBn > Bmt” mnYn 


(10) D Emt” mp(Tpa/vè ) kann — Me 
MP 5 ZmEmn2n 


mn 


= Mamm >=. ManYn 


= > m n y 
a Àa 


and if X ZměémnZn = 0, 
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(107) tent wep (1'p¢/ ve?) bangin — 


MPQ . 
> Em!” m, nn X Smt mn n + > 2mt* mnYn > Lint mnZn ` > Manin `; ManYn 
mn i =a m n - 
ok À A 2 
> Zm?” mn2n a, a 
mmn 


where Pa == > (tns/vs?) benny and Man = Sinf” mnn corresponds to 


ee dim, nlm” mnBn 
Din, nn? mma n 


The existence of solutions of system (1) follows as before. 


Àa 


3. Case in which v, = 0. If v, = Q, the system of equations (3) takes 
the form 


co œ 
= > Qin®y = + À > antn, 
n=1 n=l 


œ foe) . 
Vm tm — > Ymn@n = +X D lemnitn (m= 2, 8,° D 

n=l n= 
If q(z)==0 the matrix on the left has a completely continuous reciprocal 
(Tmn) given by 


é oo œ 
Tan = t” mn + (1/a) 2 T” mp Gor = np Qpr (m, n= 2, 3, an 
p= p= 


œ 
Tmi = Tim = — (1/a) 2 1™* mp Qor (m = 2,3," ° -)s 
P=: 


. m= 1/a, 
where 


co 
= — fu + > Qim?” mnQnay 


MyN=2 


and (?*mn). is the reciprocal of (vm emn — gmn), (m,n = 2,3,° + +), assum- 
ing that —vm?Zm F SnQmn?n = 0 (m—2,3,° ++) has no solution of finite 
norm. The matrix above is symmetric and positive definite if (r*mn) is. The 
remainder follows as before for the orthogonal and for the polar case. And 
if the system — vn?2m + 3nGmn%n = 0 has solutions modifications can be made. 
as in §§ 1 and 2. 

If the function ¢(z) is identically zero the equations (8) become ` : 


oo 
À > kin®n es 0, 


d ' 
— m Em HA D ktmn&n = 0 (m =2, 3; + +). 
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It is obvious that A == 0 is a characteristic number. For k =0, the system 
above is equivalent to 


oo 
= Vm Em + À = [emn — (lemikni/krr) | on =0 (m = 2, 3, aa D 


E fos) 
kya = — > kanTn. 
2 


This system is easily handled directly. The system of characteristic func- 
tions wa(x) includes the function u,(x)=1, and the adjoint system of 
a(x) is vı = k/ f'k, va = — hakta (a1). 

Hor ky, = 0, the system is equivalent to 





x . 
— vm Em + AD kmnBa + Ment: = 0 (m =2,3,°° 5 
n=2 és 
> kanin = 0, 
2 
or to ; 
k k. n jsn 
— vm Em + A S [hmn — (1/a ) ee —" = kemi — (1/a) > Futen kny ]En == 0 
p=2 p 


= (m == 2,3,-° -), 
at == — (1/a) > (lexpkepn/ vp”) Dn, i f 
Pn=2 


& . 
= > kip /vp. 
p=2 


Again this system can be easily handled directly. The function & is orthogo- 
nal to all the characteristic functions including u, = 1. The adjoint system 
is 0; = 1/r, Va = —~Aghttg (1). 

II. Expansion of Arbitrary Functions. 


4. Orthogonal Case. Since the matrix 
( È, (tmpktpn/vp) ) 
p 


is closed, there is an infinite number of characteristic numbers Aa, and both 
the systems {lam} and {Mam = Xpkmplap} are closed, if the solutions of (5) are 
included. As a consequence it follows that 


>= lamMan = Emn, 
a 


and this is equivalent to 


2 (È lamm) (a ManYn) == 5 TmYm 
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for every {tm} and {yn} of finite norm. Hence if f(x) and go) are con- 
tinuous functions in (0,7) 


D fag Stfue = Sf9, 


1 


and if the series 


È tals) fhfua 


converges uniformly, it converges to f(x). We proceed to obtain some suff- 
cient conditions to ensure the uniform convergence of these series. 
It follows from equations (11) that 


mt ftadn/da + f gtabm/da + Sltagm—=0, (m=1,2,---), 


and hence that the matrices (vm? ftadm/Aa) and (vm f Uadm/ | àa |) are 
limited, Aa = 0 and rm = 0 being excluded. The matrix (vm fUapm/| Aa |*) 
is limited, for 
Ym J apm vn f Uapn aa (= k Aj 
Se E ee A 
“are the elements of a symmetric matrix, equal to a matrix (vm@mnx/vn) where 
(amn) is a limited matrix.* The same method of proof applies to show that the 


matrices 
(aoe ae ee) E E a da es) 


| Aa |#/2 | Vm j2-# 


are limited, where t= 1/2* and s is any positive integer. A repetition shows 
that the matrices are limited for 0 < t = 1/28 -+ 1/28 -4+ + 1/29 < 2, 
where the exponents are all positive. If f(x) is a continuous function 


-È (vm/| Aa |#)? ftapm' vmt ffm + 
Sguaf/| ra |Ë H (| Aa |/Aa) | Aa (22/2 fkfua = 0, 


and hence if {vn?-' f fom} is of finite norm, so also is {| Ag [2-82 f kfua}. If 
{vm' ffm}, where r < 2, is of finite norm, {vm' f fm} is of finite norm and 
the norm is less than or equal. to the norm of the first, where t < r and has 
the form above. The sequences {| Aq |'/? f kfua} are of finite norm for these 
values of ¢ and the norms are less than M ff?. The sequence {| Aq |"? fkfua} 
is of finite norm if the sequence {ym r {fom} is of finite norm, and conversely. 


3 


* A. J. Pell, “ Linear Equations with Unsymmetrie Systems of Coefficients,” Trans- 
actions of the American Mathematical Society, Vol. 20 (1919), pp. 35-36. 
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. From ‘the equality 


wals) SJuapm — „ mhz) 
| àa [72 B > Ja |r/2 Ym Vm? i 


it is seen that {w(x)/| Aq |"/2}is of finite norm 
norm. The converse is also true. Hence any 
{vm f fom} is of finite norm, where {pm(8}/vm"} ù 
can be expanded into an absolutely convergent ser 
teristic functions ug(x) of the differential system 


f(z) = È Ua (2) Sefita 


A more intimate study of matrices such as (vm" f 
to more general expansion theorems. 


5. Polar Case. If the equations (5) have 

(15) and. (15) may be given the form 

$ - Vinlam = X (Tpm¥p/vm) Map/Vp,  Man/vn = 
p 

Since both the matrices (Tmava/vm) and [emn — | 

limited and positive definite, and since Smvmlamme 

(vmlam) and (Man/vn) are limited. Hence the seq 

which is given by — NEPA 

Ua (T) = 3 (pm(2)/vm) * vm 
m 


is of finite norm, and the sequence {Ag fkgua == 3 
for every function g(x) such that {vm f gm} is of 
function g(x) the series 


(16) | I ualt) Aa figu 


is absolutely uniformly convergent. A consequence 
{lam} is closed, and the only sequence {fm} of finite 
to {man} satisfies Sakmnfn = 0. If we denote by A 


h(a) = g(x) — È ba(2) Aa f 
the function &(z) A(x) is orthogonal to the functi: 


zero. Therefore if g(x) satisfies the conditions ti 
norm 


(x) g(2) = Zk (e)ue(2) ra flegua= F (| ra 
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and the Series converges absolutely uniformly. 


l If the equations (5) has a solution {zm} of finite norm the relations 
(15) and (15’) are to be replaced by 


vm (lam — Em 5 lann) = Àa = (tpm/ Vn) Yp "Map / Vay 
kid ‘ p 4 
Manj Yn, =r = Lenp — (q vo/ vavo) ]! aslo 


As above it follows that the matrices vm (lam — 2m Sn lanZn) and: (ai) are 
limited. Since the sequences {vm&m} and {3 lan@n} are of finite norm, the 
matrix (vmlam) is also limited. Again we get the absolutely: uniform con- 
vergence of (16) under the same conditions as above. From (10’) it follows 
that if {hm} is such that X Rnktmnlan = 0, X RmiemnZn = 0, then 


I r” mpl'pa/ Ve keqnlin = € 31 nny 
and hence 
z Kemp pa/ va kontin =c¢3 Femnas 
From this, 
X enktmpt'pq/ve? kann = 0 and & kmnhn = 0. 


Therefore we have the result that if 3 talemntn == 0 and the sequence {vm f gpm} 
is of finite norm 


(x) g(a) = Sk() ua(2) ra f geta + h(a) (2) fakg/ fzke, 
and the series converges absolutely uniformly. 


Tf 3 mnim? = 0, then $ hnkmnlen = 0, 3 Iomkmntn = 0, 3 ht nnn = 0 
implies that 3 kmnln—=0. In this case, if the function g(x) satisfies the same 
conditions as above 


(2) g(a) = E k (2) ta(2)a f geua + k(x) (2) f ghy/ f aby 
+ k(x) w(x) fghe/ fz, 
k(x)ze(2) =y” (2) +9(a)y¥(a), 
ay (0) + By(0) = 0, 
ary’ (m) + BY (ar) = 0, 


and the series converges absolutely uniformly. 
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The equations arising in I § 3 were reduced to equations of the same 
general character as in §§ 1, 2, and the theory for the expansions need not be 
carried through. 

If a more general differential equation 

d | du 
T p T) +utau=o 
were given, where p(x) is positive in (0,7), the,work would be similar. In 
place of the matrix (vmémn) and its completely continuous reciprocal, there 
would be the matrix ( f (p¢m’)’¢n) with its completely continuous reciprocal. 


Bryn Mawr COLLEGE. 


The Singularities of a Function Defined by a 
Dirichlet Series.* ' 
By D. V. WIDER. + 


1. Introduction. It is the purpose of the present paper to give a de- 
monstration of a theorem enunciated by the author in a recent number of the 
Comptes Rendus.{ The theorem is a generalization of a familiar theorem of , 
J. Hadamard concerning the multiplication of the singularities of two func- 
tions defined by their power series developments. Thus, if the series 


, wo [ee] 
(1) >= And”, >; bnz” 
. n=0 n=0 
define functions with singularities at points a and b respectively, the function 
defined by 


o 
X Andaz 
n=0 


has no singularities except perhaps at points ab. 

This theorem gives an immediate result for a special class of Dirichlet 
series. For if we make the ohinn z= e-* we see that the function 
defined by the series 


wo 
> dabne*® 


n=0 


has singularities at most at the points «+, the points «——Jloga and 
B = — log b being the singularities of the functions defined by 


© œ 
D ane”, E bae" 


3 n=0 n=0 
respectively. 


The following simple example § shows that this result does not hold when 


* Preliminary report presented to the American Mathematical Society, April 16, 
1927. 

} National Research Fellow in Mathematics. 

£“Un théorème sur les séries de Dirichlet,” Comptes Rendus, 1927, p. 1038. 

§ J. Soula has called attention to this fact, making use of a slightly different 
example: Journal de Mathématiques Pures et Appliquées, Series 9, Vol. 4 (1925), 

 p. 340, 
821 
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these special Dirichlet series (power series) are replaced by general Dirichlet 
series of the type i 


(2) f(s) = > ane, OEM Sa <a L, Üm an= o, 
"i 7 n=00 

(3) $(s) = 5 bres, 0 = i, < lz < 1, Kees, lim L = 

á i n=0 


Take an = bn = 1, Àn = ln = logn. Then f(s) and $(s) are both equal to 
the function ¢(s) of Riemann, ‘ 


tls) =È 1a 


This function is known to have no PE in the finite plane except a 
pole at the point s= 1. But the function 


Š anba 1/ns = €(s) 


has a as not at the point « + 8 =2. 

We may, however, state Hadamard’s theorem in a slightly different form, 
which indicates more clearly the nature of the situation for Dirichlet series. 
The function defined by 


fos) n 
(1/1 — es) Sane? = > snes, Sn = Dy 
n=0 y=0 


evidently has possible singularities at the points œ and zero, so that the func- 
tion defined by 


co 
D brsne-”® 
n=0 


has possible singularities at the points a+ 8 and £. It might then be sup- 
posed that the series 


œ 
(4) D, bnsa s 
n=1 


defines a function with possible singularities at the points « + 8 and £ (a now 
being a singularity of f(s) and 8 a singularity. of ¢(s)). This result is 
clearly not contradicted by the example f(s) =¢4(s) = &(s) employed above. 
For, in this case the sum of the series (4) is ¢(s— 1). 

- The series which we shall discuss 


oo 
(5) Done F, am (In — Am)? 
: n=1 Am< ln 
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evidently reduces to (4) for p==0. The method of: proof employed demands, 
however, that p be always positive. But the position of the singularities of 
the function defined by (5) is as forecast by the above example. The discus- 
_ sion of the singularities of this function is made by use of the integral 


(6) (1/2ri) f #(s)o(2—s) (s/s) 


suggested to the author by S. Mandelbrojt. It will be seen that this integral 
plays the réle of the integral of Parseval in the proof of Hadamard’s theorem. 


2, Proof of the Theorem. We shall suppose that the series (2) con- 
verges for e > o;, and that (8) converges absolutely for o > oz (s =o + 
Denote by a; the singularities of f(s) and by 8; those of #(s), (7 —1, 2,°°-). 
We assume that the points a;, B; and y; = ær -+ 1 are isolated. Further- 
more, if 

aj = ay’ + ia”, 


we suppose that there exists a number r such that 


(7) |a — an| >r when war, 
(8) | a” — a” | >r when a” = a”, 
(9) | Bk — Br] >r, 

(10) lye—yi | >r. 


Under these conditions, the theorem which we wish to prove may be stated as 
follows. 


If for an arbitrarily small number q, there is a p > 0 such that ; 
f(s) =0 (| #|*)* 
utag for o Z m, | s— &r | È x, and av> 0 such that 
$(s) =0(| t|”) 
uniformly for o = ra, | s— Bx | 2 n, then the function defined t by the series 


Š Dart 2 tm (In — Am)’, p>p-+tr 


nel 


* For an explanation of this notation see G. H. Hardy and Marcel Riesz, The Gen- 
eral Theory of Dirichlet Series, Cambridge (1915). 

y-If the function defined by (5) is not uniform the theorem applies to that. branch 
of the function defined by the immediate prolongation of (5). 
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has no singularity, the real part of which is greater-than the two numbers 
mı + k and mz + kı, except perhaps the points By and yx. The quantities k, 
and k, are defined by the inequalities 


ar Sh, Bf S k Bi = By + iB” 


The demonstration of this theorem is based on a consideration of the 
integral (6) where the curve Ọ is now to be described. Draw a line e = c, 
where c, = m, if no point « nor the point zero lies on the line e = r,» Other- 
wise, choose c, so that no point æ nor zero lies in the strip mı < o & c This 
is possible by the condition (7). There is then a minimum distance 8 from 
points a to the line e = c, With each point æ as center describe 4 small 
circle of radius 1’ as small as desired but less than 5 and r/2. If the origin 
is not a point «, denote its distance to the nearest point « by ê. In this case 
make the radius 7” of each of the above circles less than the least of the num- 
bers 8, 7/2, 8:/2, and with the origin as center describe a circle of the same 
radius. The circles have been taken so small that no over-lapping will occur. 
Connect each of the circles lying to the right of o = c, to this line by a regular 
curve in such a way that none of these lines cuts another nor any of the circles 
drawn. The curve Ọ is to consist of the set of loops or “ lacets ” thus formed 
together with the line o = c,, and the sense of description is to be that of 
increasing ¢ on the line and in the positive sense on the loops. l 

Now construct a curve Cg as follows. If sis a point on one of the loops 
described above, consider the locus of points 


S+ br (k =1,2, 3, -). 


The curve Cg is to consist of that part of this locus which lies to the right of 
the line ' j 

i o= 6; + he (Be E ka) 
and óf this line. Now construct a simply connected closed region D some 
points of which lie to the right of the lines e = o, + 02, o = oz; all points of 


which lie to the right of the line e = k, + r’ + ao, and no point of which is a 
point of Cg. If z lies in D we shall show that the improper integral 


(11)" F(z) = (1/2) f f(s)$(2—s) (ds/s™). p>mty, 


converges to a holomorphic function F(z). 
Denote the minimum distance from D to Cg by 8. Choose the number 7 - 
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of the theorem less than 8, and less than 7’. Then for s on Ọ and z in D 
there exist numbers M and T independent of o and z such that 


(12) f(s) |<] el), |:| 27, 
I o(s) | <M tl), |t| ZT, 
for, 
|s— a| Zr >p |z—s— p| Z= 8> and 
o Z mı -+ kz, t — o È m: + ki (z =£ + ty). 
Consequently the integral will converge uniformly in D if the integral 
Laje 
(13) f, Ts a! 


converges. We consider first the integral over the line o = c, That this. 
converges may be easily seen by use of the equation 


f? dt = 1 1 i 1 t0, t0. 


n PE ppv LE har j? p> py | 
On account of the condition (8) all the points « will surely lie on a denu- 
merable set of lines = 7% where 


Ty — he >t, 1 > 0, 11 <0, k=0, ti1,42,+'°. 


Hence for every point s on a loop about a point œ which lies on t == t we 
may suppose that |s| > (|%#|—1)r, |t|<||r. If 1 denotes the mazi- 
mum number of points « (for which « > cı) on any line t= 1, and L the 
maximum length of any loop, we see that the integral (13) extended over all 
the loops for which | & | = 2 is less than 


2IL g kuty 
roel E (k— 1)” 


This series evidently converges if p > p +v. The uniform convergence of 
(11) is thus established. 

_ We have only to apply a familiar theorem * concerning functions repre- 
sented by definite integrals to recognize that F(z) is analytic in D. 

We shall now show that for x sufficiently large F(z) may be represented 
` by another integral (differing from (11) only in the path of integration) 
which can be expanded in a Dirichlet series. Let z be a point of D for which 
@2>o0,+02, >e <A number c, can then be chosen such that cs > 0, 


* E. Goursat, Cours d'analyse mathématique, Paris (1911), Vol. 2, p. 268. 
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Co > a, and —c¢; > oz For such points z il 
that 


(14) FO) = (ent) S7) 


_ Here s and z—s lie in the region of converge 
respectively. Hence the proof of the convergen 
here. To prove the validity of (14) we mi 
theorem. ` f 

Construct a rectangle whose vertices are th 


a FH igro CF Wry Cr thr, 
ge = (Te + Ten), 


Without loss ‘of generality it may be assumed t 
rectangle have no points in common with C. 
posed of the sides of this rectangle and those loo 
Then . 


ff, FOs) (ds 


For, since —¢, > gz, and since all points « 
the region bounded by Or, the integrand is anal 
to become infinite, the integrals 


Cg 


Í He) (z — s) (83/3), J. 


Crt + 
approach zero by virtue of the conditions (: 


results immediately. 
` Tn order to expand the integral (14) we f 


Š [f(s)/s0] bne 


is uniformly convergent * on any finite line s 
(z being chosen-as indicated above). It is co 
grate term by term 


+i 


ca+iT oo 
(Leni) f° AOs) (ds) = Bt 


*G. H. Hardy and M. Riesz, loc. cit., p. 5. 
2o o` l 
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If this series converges uniformly for T S Te it will be permissible to allow T 
to become infinite term by term. This uniform convergence evidently results 


from the pons inequalities : 
egtiT i je 


=M ginea f E as 


Cg-iT 





| ds | 





| SAF eye (asym) 


< M elms [ds | = K elma 


ca- 


; S bne-t»z (1/20i) S Om ehs ds << (K/2x) > | Bn | entnCo-en), 


The dominant series converges since (3) is assumed to converge absolutely 
‘for o > on: 

If now we allow T to become infinite and ee use of a familiar formula, 
of J. Hadamard,* we see that 


(15) P(2) = [1/1 (p+ 1)] S be S am (In — An)’. 
' n=l AmL ln 


The conditions of applicability of this formula are evidently satisfied since 
Cg >:0, > Tp i 5 k 
This series expansion of F(z) evidently applies to points z sufficiently far 
to the right in D. The integral expression (11) applies in the whole region 
and serves as an analytic prolongation of (15). On account of the arbitrary 
nature of the loops employed and by condition (10)ł it follows that D may. 
include any point of the plane not a point «+ B, B for which s > m -+ kre - 
x> mz -+kı The theorem is thus completely established. 


3. Remarks. If mı = m = — 00, the theorem evidently applies to the 
entire plane. That such a case may actually arise may be seen at once by use 
of power series (1) representing functions regular at infinity. An example 
of a function not defined by a power series and satisfying these conditions is 
` the function 


f(s) = S mw): Sew). 


* “Théorie générale des séries de Dirichlet,” Mémorial des sciences mathématiques, 
Fasicule 17, p. 9. 

+ Without this condition the set y me be dense even pane (7), (8} and (9). 
be satisfied. 
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The first factor is a series absolutely convergent in all the plane, and the 
second is absolutely convergent for o> 0. The product is consequently a 
Dirichlet series absolutely convergent for c >0. The function f(s) surely 
has a singularity at s == 0, and we have p = 0, mı =— ©. 

As an example of the theorem take 


f(s) = £(s), (s) = Sem, 


Here v = 0, m, = — œ. The number m, may be taken negative and arbi- 
trarily small. Then w is any number greater than 4— ~,” It follows that 
the function defined by 
` oO 

xe $ (n—logm)e 

n=1 log m<in 
has no singularities to the right of the line o = 7, except perhaps the points 
By = hai, & + By = 2kri + 1, (b=0, +1, +2,--+). In particular. the 
series 
S [2.8] 

De X (n—logm) 


n=1 log mS n 


defines a function that has no singularities inside the circle | z | <1 except 
perhaps the points 1 and 1/e. The theorem may thus be employed to obtain 
results about power series. 


Tue RICE INSTITUTE. 


* Q. H. Hardy and M. Riesz, loc. cit., p. 18. 


On Entire Function Interpolation. 


By L M. SHEFFER. 


Introduction. To every entire ai f(z) = py Cn2” we associate a 


function P(q), q > 0, determined by the quantities | co |, | crl; [eeh °°, 


| cnl; ** +e The definition of P(g) is given in §1. In this section some 
simple properties of P(q) are proved, and application is made to prove that 
if an (n =0, 1, -> +) is a given set of numbers, there exist infinitely many 


entire functions H(z) such that H(n) = an. This theorem is usually proved 
by means of a theorem due to Mittag-Leffler.* The proof given here, how- 
ever, follows from the properties of P(g) in a very elementary manner. 

In § 2 it is shown that the first & derivatives (k arbitrary) of H(z) may 
also be assigned. The proof is by induction. -In § 3 application of the final 
result of § 1 is made to give a new proof of a theorem due to Borel. We 
are led to an interesting set of polynomials of which we state some important 
properties. , 


o0 
1. The Function P(q), and an Application. Let f(z) => cnz” be 
0 
entire. To each g > 0 corresponds a positive number P(g) such that 
(1) | on |S P(g)", (n=0,1,° °°) 


with the equality sign holding for at least one value of n. It is clear that the 
equality sign can hold only for a finite number of values of n. 


Definition. The values of n for which | cn | = P(q)q” shall be termed 
maximum indices corresponding to q. 
We now state some simple properties of maximum indices: 


Lemma 1.f l 1) If n= n, n are the smallest maximum indices for 
q = qı, q2 respectively, where go < qi, then no È ni. 


* Osgood, Funktionentheorie, Vol. 1, 4th edition, Leipzig (1923), pp. 539-551. 
t Borel, Legons sur les Séries Divergentes, Paris (1901), pp. 152-153. 
= The proofs of 1) to 8) are of the same nature, so it suffices to prove 1): Consider 
| co |/4,° see | Ons |/4,% and | ¢, 1/820» e” Cn, |/22%. 
By hypothesis | Cm | [G4 > lc; 1/9:8 (i =0, l,..., n — 1). Let q, = q,a. Then 
a< l, and 
1m, 1/42 = | Cy, |/ (00,)™m > (fe; [/a,4) (1/am) a |c; ]/(aq,)4# = |e, ya , 
(i =0, l,..., n — 


1 
Hence the first maximum index for g = q, is = m 


329 


4 
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2) If ca is the first non-zero Taylor coefficient of f(z), then for all q 
sufficiently large s is the only maximum index. (If co = 0, g’ exists such that 
P(q) = constant, q > 9.) ; 

3) If to q = qo there correspond the maximum indices no, ni, * **, Mt 
(in order of increasing magnitude), then: l 


4) for g < qo no one of the indices no, m1,° * `, ng- is a maximum index; 


` and 


ii) for g > go no one of the indices nı, * - -, ny is a maximum index. 
4) If n, is a maximum index for qo, there exists a new q = g’, S qo such 
that for q < g’, no is no longer a maximum index. 


5) If n is the only maximum index for g’, then qo, q1 exist, qo < Q < qi, 
such that n, is the only maximum index for each g in go < g <q. 


6) If no, m are respectively the first and last maximum indies for qo, 
then qi, gz exist, g2 < qo < Qi» au that: 


i) n, is the only maximum index, go < q < Qı; 
ii) m is the only maximum index, qz < q < qo 


7) If % is the only maximum index for go < g < qi, then no is a mazi- 
mum index for q = qo, q1. 


8) P(g) È P(g), 0 < gs < go 
‘Lemma 2. The function.P(q) is continuous, <q 


Proof: Case i) n, is the only maximum index for q = go. The lemma 


then follows from 5), since P(q) =| cno |/q% in the neighborhood of qo. 


Case ii): There is more than one maximum index for qo. Let n, be the first 
and mz the last. By 6), we can find qı > go, q2 < qo such that n, is the only 
maximum index, go < q < qı, and ny is the only maximum index, q2< q < qo. 
Therefore P(g) is continuous in qo < q < qi, and in qe <q < qo Also, 
P(g) =P (qo) = P (qo). Therefore P(g) is continuous at go. 


Lemma 3. P’(q) is continuous at each q > 0 for which there-is a single 
maximum index, and P’(q*), P’(q-) exist (but are unequal) at each q > 0 
for which there are more maximum indices than one. 


Proof: i) If for Yo there is a single maximum index, Nos then in the 
aoho of qo P(q) = | cno |/9"; whence P’(q) is continuous at qo: 
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ii) Let there be more than one maximum index corresponding to go. By 6), 
P’(q) is continuous in the deleted * neighborhood of qo, and + 


lim P’(q) = P’ (qt) == — P (qo) n0/qo3 
Tg 


i P’(q) = P (q0) = — P (qo) n/ qo. 


Since the first maximum index never decreases as q > 0 decreases, we see 
that P(q) represents a continuous curve having a derivative at every point 
with the exception of a denumerable infinity of angular points.} An angular 
point occurs when and only when there corresponds to q more than one maxi- 
mum index. l 

Denote the angular points by q = és; &, *' `, Én °° °, in order of 
decreasing magnitude. Clearly the only cluster point is g == 0. Since the 
definition of P(g) involves only the absolute values of the ¢n’s, it follows that 
there are infinitely many entire functions having the same P-function. 

Given an arbitrary set of constants é, satisfying the single condition 
&>&>:'+->& >, lim é&= 0; and an arbitrary set of integers ky 
satisfying OS ko < kı <:>- < hu <: ++. Define a function Q(¢),0<q 
as follows: 

Ql = a/o «>0, &S49; 
(2) Q (En) = (En-1/En)™"Q (Ena) 3 
i Ql) = (én/q)"*@ (én) Én < q< Ena 


We see that Q(q) is positive and continuous, and that Q’(q) is continuous at 
every g= é é ` * +, while Q’(q*), Q’(q-) exist (and are unequal) at every 
point g = éo, é, * > *. Furthermore, Q(q,) > Q(q2),0< qa < qe Sho. 


Lemma 4. There exists an entire function (and consequently an infinite 
number of them) whose P-function has the points q = £, £é, > - (and only 
those) as angular points, and such that in the interval é, < q < Ênis En is the 
only maximum index.§ Furthermore, the P-function for this entire function 
is precisely Q (q). 


Proof : QO(q)g* = F190 (én-1) =a positive constant, én < q Z éni ; 


* That is, q = LA itself is excepted. 

F no %, are respectively the first and last maximum indices for g = go 

+E f(z) is a polynomial there are only a finite number of angular points. 
 § For qg >y k, is the only maximum index. 
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denote this constant by * Az, Consider the function f(z) = Arg™. We 
n=0 ` 


have 


i = époka (E/E na) E = Egkmarke (EnEn) (Ena /€n)* = épine 


Therefore lim Ahen a lim (zén) == 0, since kns — kr 21 and 
“n=00 Akn aka n=00 
fn—>0. Hence f(z) is an entire function.t We wish to show that its P- 
function is Q(q). 
Let g be any point of & < q < én, and consider 


E J= (Abog) / (Aka) ) = grr SE, poten, 











Now 


Alens eae Énna, Akn» — Eng hn Ena . Enim kn, 
Akn Akn 
and in general, ty 
Aknss cones Eka sine é Ekns-yknye-a EE É knirkn 
Akn ntal n+s-2 J 7 
Similarly, 
Altn-s == [éka + flnylne o. ginning J1 | 
Akn n-1 n-2 n-s ° i 
[i 
P | 
Hence if p > n: p=n-+s, then 
; { } Juas qera Einir kiii E E,tnsa-ken < qheke Enl Conge-Kenssa) + oe tKnagkn)] 


enn ginke Epton m (Ẹn/ q)" < 1 
‘since g > én and kp > kn 
And if p< n: p= n — s, then 


{ } = give [artes ae Etosha )-1 S gers ae ai = (q/éns) < 1. 


Consequently kn is the only maximum index for n < q < ĉn- From | 
7), then, kn is a maximum index for q=é&4, n. Therefore basi Ken are 
maximum indices for q = fn, and ka, kn. for qg = nı- This shows that the 
angular points of P(q) are precisely g = £, é, * °°. There remains to iden- 
tify P with Q. 

By definition of a maximum index we have Ar, == P(q)q*, and this holds | 
for én Sq Sf, NZE 1. Comparing this with the value of Q(q) we have 


wes 
x 


* Ary = O (Eq) Soho = a. 
+f(z) is not a polynomial. 
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‘P(q) = Q(q), Èn = q= Enis n = 1. That is, P(q) == Q(q)> q Sé From 
the property of the P-function, ko (Ax, being the first non-zero coefficient of 
f(z)) is the only maximum index for g >. Therefore P(q) = Ax/q*, 
q= é That is, P(g) = [EQ (fo) ]/g% =%/g>=O(¢), qZ é. Then, 
P(q) =Q(g),9 <q. The proof is now complete. 


Define F(7) by 
(3) F(r) = S| en |r 


Lemma 5. We have 
œœ 
(4) F(r) < P(g) > (rg)"=P(g)/A—r1q), Tg <1. 
The proof is immediate. 
Lemma 6. We have 
(5) F(r) > P(l/r), r>0. 


Proof: From (3), F(r) > | cn |1”, n=0, 1,>+>. Letn, be a maxi- 
mum index for any value q: | Cno | = P(q)g". Then F(r) > P(g) (rq) 
(5) now follows on setting q = 1/r. 

If in (4) we set g = 1/(r -+ 1) we obtain the following corollary: 


Corollary. ‘The Function P satisfies the inequality 
(6) P(i/r) < F(r) < (r+1)P(i/r+1), r>0. 


Lemma %. Let a, be an arbitrary set of numbers,n—=0,1,--*. There 
exists an entire function K(z) (and consequently an infinite number) such 
that K(n) > | om |. 


Proof: Set* An = 1 + | dnn |, and choose £n = 1/n, n = 1,2, °° 
Finally, choose the set of integers kn: 0S ko < kı <: - - such that} 


B, "= (o/é) "1 = Ay 
(7) B: T (1/2) "Ay = As 


Bn = (Ena/En)"Ana = An 
iss) 
By Lemma 4, there exists an entire function f(z) = > cnz”, Cn = 0, cor- 
(e 


_* We deal with A, rather than with a, because some of the a,’s may be zero. 
+ This choice can be made, since £, < Ep 


334 s Suerrer: On Entire Function Interpolation, 


responding to the és and h,’s. Consider the P-function corresponding to 


f(z): 
P (4) = oF Pami P (éni) g*, En Sq S Én 


Setting q = Ey! P (én) = (En-a/én)*P (En-1), n & 1, and P(o) = a/f = 1 
by proper choice of « Then 


P(é) = (6/8:)%—=— B, Z Ay 
(8) P(&2) = (8:/&)"P (é) Z (&:/é2)%A1 = B: Z 42 
P(én) = (Én-1/Én)® P (éna) = (€n-1/En) Ant = By, = Án 


Now é,=-1/n-+1. Consequently 
P(1/n+1) ZAn>|ena|, n=1,2 


Using Lemma 6, f(n +1) > P(1/n+1) > | ona |, m=1,2,--++. Then 
K (2) =| «o | + | 1 | + f(z) is entire, and K(n) > | an |,n=—0,1,°° 


Lemma 8. If | cy |S 1/(n+1)%, n=0, 1, -, then 


sin (z — n) 


co 
(9) (2) =e Cn 7(@—n) 
is an entire function, and o(m) = Cr. 


Proof: Consider the region |z|: R, R arbitrary but fixed. Neglect 
those terms (say n = 0, 1, > > +, %—1) for which n— R <1. Then, writ- 
ing z = g + wy, ; 


X $ sin r(z—n) | _ ŞS 1 “| eiT- — girten) 
NENA a a(z—n) = Ra a(n +1)? Ri 


or ŞS 1. = sy erR 
sÈ gpr tm s’ ia 
That is, w(z) is analytic in |z| SR, R nie Hence (z) is entire. 
Setting z =n: o(n) = Cn : - 


Corollary. The function 
: (10) V (z) = (z +1)? Š o oP 1)? 


is entire, and * V(n) = 1, n= 0, 1, 


sin r(z — n) 
r(z—n) . 


* But Fie) EL. 
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We now arrive at the desired theorem: 


- THEOREM 1. Given an arbitrary set: of numbers an, n==0, 1, °° 
There exist infinitely many entire functions E(z) for which E(n) == an. 


Proof: It suffices to find one such function, since we can then multiply. 
it by any positive power of V(z) oftequation (10) to get further such func- 
tions. By Lemma 7, K(z), entire, exists such.that b,—= K (n) >(n+1)?| an |. 
Set Cn = an/bne Then | cn |S 1/(n + 1)?, whence from Lemma 8, an entire _ 
function e(z) exists such that w(n) = cn. Therefore H(z)— K(z)w(z) is 
entire, and E (n) == an. 

Before taking up the work of § 2, we remark that the problem just solved 
is completely equivalent * to the problem of finding a solution of the system 
of linear equations ` 
(11) Sti as, i= 0, a RAEN: 
. j= 

2. E(n), E (n), ++, B® (n) Assigned, n= 0, 1,- +. In this sec- 

tion we shall be concerned with the proof of 


. THEOREM 2. Given (k +- 1) sets of numbers Cn 1n, © © * p kCn, n = 0, 1, 
Infinitely many entire functions E(z) exist for which B® (n) == 10n 
r= 0, 1, :, k. f 


The proof will be carried through by induction: 


Lemma 9. Let Cn be any set of numbers. Infinitely nar entire func- 
tions G(z) exist such that G (n) = = On &@ (n) =0, r= 1, 


Proof: By Theorem 1 there exists F(z), entire, such that F (n) = One 
~ Consider the entire function ‘£(z) =z — 1 -+ cos 27z— (1/2) sin 2az. We 
have €(n) =n, (’(n) = 0, n = 0, 1,- --. Bet} G(z) =F(E(z)). G(z) is 
entire, and @ (z) = “ae a - Therefore G(n) = cn, @ (n) =0. G(z) 


is then a solution. 


ig That is, every s ‘solution B(z) = So zt of §1 gives a solution (#;) of (11), and 
: 4-0 
conversely. 
f There are clearly an infinity of such functions G (æ), since this is true of F(z). 
This remark applies to the later lemmas also. 


336 SHEFER: On Entire Function Interpolation. 


Lemma 10. Let Cn, en be any two sets of numbers. There exist infi- 
nitely many entire functions G (z) such that G (n) = cn, G’(n) = en, n = 0, 
1, T os 

Proof: By Theorem 1 and Lemma 9, entire functions A(z), A C(z) 
exist * such that 


A(n) = Cn, A(n) =0; B'(n) =e; O(n) =B(n), O(n) =0. 


Then G(z) = A(z) + B(z) — (2) satisfies the conditions of the lemma. 
This proves Theorem 2 for the case k==1. We now turn to the general 
case. Assume the theorem to hold for k—1. We shall then prove it for k. 


Lemma 11. Given cn; infinitely aar entire functions G (z) exist such 
that G(n) = cn, GP (n) = 0, r= 1, 2, +, k. 


Proof: By oie, F(z) exists such that F (n) = en, FO (n) = 0, 
r=1,' ++, k—1. Let (2) be an entire function, which we shall presently 
determine, and consider the function 


(12) G(z) = F(6(z)). 
We have 

G(z) = F(6) 

mo HO g 


dF(0) do | ŒE) ( dy? 

a de tae (=) 

dF(9) do , EFO) ( sp3 ZEO 2 do 
dz ) 


(13) a” (2) = 











OO = ag T de de da da 
. J dF (8 
In general, G (z) contains a term ao A , and a term F) ZE zy 


all the other terms + contain some derivative of F (0) with respect to 0, of 
order s, 2 Ss &r— 1. Choose 


*If H(z), entire, is such that H (n) = e, then B (z) = fe H (z)dz is entire and 
its derivative takes on the values e, : 
This is true for r—=1, 2, 3. Assùme it true up to r— l: 


-d9 AP (8 do 
GOD (g) == a pa paced) ( Fr je + terms involving derivatives of F 


.with respect to 9 of degree < r—2. On i with respect to z, we get the 
result stated. 
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(14) 8(2) = (2) Horz) + t + oale), 


where tla) == g— l] -+ cos 2az— Cy) sin la and o:(z), entire, is de- 
fined as follows: * 


(2%) = A, (sin Zmz)", choosing A, so that 
a(n) =o (n) = 0 (n) =0, 01, (n) = — 6 (n). 
w2(%) == Ag (sin 2nz)*4, choosing A, so that 
wg (2) = we! (th) =u” (n) = oo (n) = 0, 


ox (n) =— [£ (n) + or (n)]. 


wr-a(2) = Apr (sin 2x2)", choosing Azz so that 
on-2(7) = EE (n) mers i == opo D (n) = 0, 


ora™® (n) =— [6 (n) + 01 (n) +° ata (n)]. 














Such a choice of A,, °° +, Ax». can be made since ¿0 (n) and w: (n) 
(i= 1, » +, r—3) are independent of n. Then 6 (2) is entire and (n) = 
Eln) =n, Wa = 0, 0 (ù) = — 4r?, OP (n) = 0, r=3, 4° +, k. 
ow ore) poem 0, r = 1, ara k—1, and since 6(n) mE it follows 
gn 5 - 
that ae a 0, r=1,:: +, &—1. Hence, returning to (18): 
G(n) = F(8(n)) = cn 
O(n) = =) | - @(n) =0 
in 
GO (n) = W) E FO + [0’(n)]* + 
0 an 





[terms involving derivatives of (0) with respect to @ of order =r—1] 


= 0, r= 2,3,°°°,4&. 
The lemma is now proved. 
* In this definition we make use of the fact that at the points z= n, (sin 2mz)* 


and its first r— 1 derivatives are zero, the rth derivative is not zero, and all deriva- 
tives after the (r-—1)st are independent of n. 
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Now let oCn, © * *, kCn be assigned. By Lemma 11 and our assumption 
for k— 1, we can find A(z), B(z), C(z) such that 
A(n) == 00n; A’(n) == 10n "" "5 AW) (n) = h-10n 5 
* BY(n) =0,: < +, BEY (n) =0, B® (n) =1en— A (n); 
O(n) = B(n), O(n) =0, ++, O% (n) =0, 6% (n) = 0. 


Then E(2)= A(z) +B(z) —O(z) is entire and B® (n) = ren r=0, 1,- 
, k. There are infinitely many such functions E(z).t The proof of 
' Theorem 2 is now complete. 


Remarks. 1) Theorem 2 is equivalent to the theorem: 

THEOREM. There ate infinitely many solutions en of the (k +1) si- 
multaneous systems 
oo . £0 ses o . . . er 
Xv; == 064, D jia; =; "3 2il — 1)- ++ (j— k + 1i tej = pti 
j= = Si 

i i=0, 1,- 
2) If Cn, ** *, xCn are real, then infinitely many of the solutions H(z) 


oO 
are real; i. e, if H(z) = > gaz", then gn is real. 
e 


ns z 
3) There are infinitely many solutions E (z) = £ gaz" for which go, gis 
9 


*, Jr-1 (r arbitrary) can be preassigned, provided we do not give o¢n, 1Cn; 
- +, kên for n= 0. 


Proof: 1) is immediate; 2) follows from consideration of the proof of 
Theorems 1 and 2; 3) follows from Theorem 2 by choosing f ito = 1! gi, 
i=0, 1, :,r— il. 


3. Proof of a Theorem of Borel. Consider the function 


(1) F(z) =a + mz +: e o stan tt--:, 
analytic about the origin. An entire function 
(2) Elz) = bo + biz +: ee Hbr tee 


exists such that (n) = an, n = 0, 1,: +. That is, 


* See footnote (*}, page 336. 
. t See footnote (7), page 335. ‘ 
tif r—l >k, we can assign ,c, at pleasure (n= 1), (=k +41, .. ., 2—1), 
and get a solution. i 
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(8) Gin = Bo H nbi p nbp e aby bes. 
Therefore . | . | 
(4) - f(z) =b +z È brit) +2? (3 bx2*) + S 


If we combine formally the coefficients of by and sum from n = 0 to œ we 
obtain 


(5) (2) ~ bouo (2) + bata (2) + © © + bntta(2) +: - 


where l 
(6) w(z) =1 4z +24 e +t. 
Un(z) =2 pH B22 +--+ pe, nA. 


We proceed to discuss the functions un(z). Clearly 
(7) uo(z) =1/(1 — 2), 
Un (2) = 2Wn1 (2). 
The first few wn(z)’s are 
Uo(2)=1/(1—2), m(2) = 2/(1—2)?, we(2) = 2(1+2)/(1—2)* 
This suggests that we can write Un(z) in the form 
(8) © un(2) = Pa (2) /(1—2)™, 


where P,(z) is a polynomial of degree precisely n. To prove this we define 
P,(z) by (8) and substitute into (7). On simplifying we see that 
(9) Po(z) =1, 
Paz) = 2(1—2)P’na(2) + n2zPas(z). 
From (9) we obtain (by induction) the following properties of Pa(e): 
1) Palá) is a real polynomial of degree n. 
2) Pa(0) =0, n> 0; Pa(1) =n! 


3) The coefficients of Pale) are positive * integers. 
4) Pale) >0,¢>0; | Pa(z) |En! [z| S21. 


Further properties are: 


*If we set P,(z) =a, pen + .- -+a o and substitute into (9), the relations 
defining a, ; in terms of the a, ,,/s are linear with positive coefficients. Of course 
P,,(z) has no constant term, n > 0. 
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5) Palo) > an! O< am <i. 


Proof: Pa(zo) > 0, Pai(#o) > 0, P’n+a(to) > 0, 
to (1 — to) P’n+(%) > 0. 
Therefore 


Pr(@o) > N2oPn-1(20) > nto 
[(m—1) 2oPn-2(@o)] >- > n(m—1)+ ++ 2ao™1 Py (ao) = n lao”. 


6) Pa(zo) <%"n!, to > 1. 
The proof is like that of 5). 


Corollary. We have | Pa(2) |S n!jz]”, |2| > 1. 


oo i ' 
LEMMA 12. I£ 3 | Cnun(zo)| converges, where s, is real and satisfies 
9 


(1/2) Sa < 1, then M exists such that | cn | S M/n! for all n. 


Proof: We have un(zo) = Pn(ao)/(1—2%)™! > 0, and Pn(x) >n la". 


Therefore 
À | Cn | Un(zo) >> [1/ (1 —zo)] S | en | "nt, 


where r= 2%/(1—a) 21. By hypothesis the- series on the right must 
converge, and from this fact the lemma easily follows. 


Corollary. Under the same hypothesis, | cn |S (M/n!) [ (1 — zo) /£0]”. 


i . = 
Lemma 13. If | en] S (M/n!), then f(z) = > Crun(z) converges abso- 
0 
lutely for every (finite) z in the region * T: R(z) < 1/2, | 1—z]| > 1; and 
uniformly in every finite (closed) region in T. Consequently f(z) is ana- 
lytic in T. i 
Proof: Let z be any point in T. 
i) |z| =1. Then |P}a(2)|&n!]|z]”, from which follows that 
co co . 
= | Cnttn(z) | S (M/|1—z|) E | 2z/(A—z)|*, which converges since 
0 
}2/(l1—z)|<1lin ZT. 


* R(z) =real part of z. 
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y 
ti) |z| &1. Then | Pr(z) | Sat, and X | cnta(z) |S 
oo 9 
M/|1—z| > 1/|1—2|*, which converges. 
0 
This proves absolute convergence. Now let S be any (finite) closed re- 


gion in T. Divide S into two closed parts 81, S2 (if necessary) by the circle 
|2|=-1. Uniform convergence in S, and in Sz follow at once, and therefore 


in 8. 

Let us now return to the function f(z). 

Tarore 3. If f(z) = E anz” is analytic about the origin, and if an 
entire function £(z) = 3 bnz” exists with | ba |S M Jn!, such that £(n) = an, 
then f(z) is analytic at ae (finite) point in T. 


Proof: It is easily * seen that equation (5) of § 3 is valid in the neigh- 
borhood of the origin. Now apply Lemma 13. 


ce 
Corollary 1. If £(2) => bnz” is entire with | bn | S M/n!, then F(z) 
® 
oO 
= > ¢(n)z” has no (finite) singularity in T. 
0 
fee) 
Corollary 2. If f(z) = Di anz”, analytic about the origin, has a (finite) 
0 
aie ‘ 
singularity in T, then no entire function ¢(2) == $, bnz” exists with 
, o 
| bn | S M/n! such that £(n) = an. 
THEOREM 4. Given the set of numbers an, n = 0, 1,- :. A necessary 
w% 
condition that (2) = $ baz”, entire, exist with | bn | S M/n! for some M, 
0 š 
such that £(n) = dn, is that | an | S Mer. 
Proof: We are given that ¢(z) exists. Therefore | ¢(0) |<, 
co 
| £(4) | SM (k"/n!) = Me*. This proves the theorem since a, = {(k). 
0 


x . 
Corollary. If €(z) = È baz” is entire with | bn |S M/n! and such that 
0 


either (2) = 0 or £(2n +1) = 0, n=0,1,---, then F(z) = X E(n)a* 
is entire. 


Proof: F(z) is analytic in T. But also F(z) is either an odd function 


or an even function, and is therefore analytic in T’, the image of T in the 


*In fact, the series converges in Jz] <1/e at least. 
l 3 
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- imaginary axis. T + T” gives every point of the z-plane except the origin. 
But by Theorem 4, F(z) is analytic at z= 0. Hence F(z) is entire. 
We come now to Borel’s theorem: 


co 
THEOREM. If £(z) => bnz” is an entire function of genus zero, then 
. o s 


© 
f(z) = $ C(n)2* is analytic everywhere (in the finite plane) save possibly 
0 t 
at z = 1. 
Proof: We use the following property * of a function of genus zero: 


n! | bn | c”—> 0 for every c however large (but fixed). 


Now f(z) = S Dattn (2) =È bP, (z)/(1—2)*1; and for zÆ 1, 


2 ba qi aT ii | = ao = (aa m=): t 


If we suppose ¢ chosen so that 1/c | 1 — z | < 1, we have convergence. Uni- 
form convergence in any closed (finite) region not including z = 1 follows at 
once. This proves the theorem. 

We remark that the possibility of z= 1 being a singular point is not 
illusory. Consider for example ¢(2) =z. Here {(n) =n, so that f(z) = 
00 2 
> nz” = 2/(1—z)*. 

Qo 

Related to the polynomials Pn(z) is another set Qx(z) defined by 
Qo(2) = 1, 2Qn(2%) = Pa (2), n > 0, which has some interesting properties. 
We state a few of these properties: ; 

1) Qn(z) is a real polynomial of E n, with positive integral coeffi- 
cients. 

2) Qa(z) satisfies the equation 
(10) Qu(z) 212) Qna(z) + (ne +1) Qnal2), 0 > 0. 

3) Qa(z) is a reciprocal polyiomial (That is, for every zero é there is 
a zero 1/é.) 

3’) Qonsi (— 1) —=—= 0. 

4) The zeros of Qn(z) are real, simple, and (except for the zero z = —1 
when n is odd) irrational; they separate the zeros of Qn-1(z) ; and they all lie 
in the interval — œ < z < 0. 


Tue University or MICHIGAN. 


* Due to Poincaré. Cf. Borel, Fonctions Entiéres, pp. 53-55. 
71 is the larger of | z|and 1. ; 


Optics in Space of Constant ‘Non-Vanishing 
Curvatute. 


By James PIERPONT 





1. Introduction. In a paper presented at the last meeting of the 
Society (Dec. 1926)* I showed that in such a space central optical collinea- 
tion gives only an image congruent with the object. As is well known the 
theory of collineation enables one to establish a body of theorems of great 
importance in e-optics + and the fact that this theory is not available in E-- 
-and H-spaces would prove a great bar to our study of optics in such spaces 
‘if some other general method were not at hand. It is the purpose of. this 
paper to outline a method which is partially suécessful, in the hope that others, 
more competent, may greatly improve thereon. In any case the method as 
:here developed reaches results that can not be obtained by other means as far 
as known to the author. 

The essential difference between this and the foregoing paper lies in this: 
‘In the former, light was regarded from the standpoint of rays, here it is 
regarded as a wave phenomenon. 

I was led to take this view. by a very reinarkable memoir f by C. S. 
Hastings “ On Certain New Methods and Results in Optics.” and this present 
paper must be regarded as an attempt to extend Hastings’ methods with more 
or less success to space of constant non-vanishing curvature. JI shall how- 
ever for the sake of clearness speak only of ala cae but it will be seen that 
the methods hold for E-space as well. 


2. Hyperbolic Geometry. As one can define the metric of H-geometry 
in a variety of ways we will begin by recalling the particular form adopted 
here and then develop a few results needed in the optical part of this papet. 
Let v, y, 2 be three real variables which we regard as defining a point. Let 
R > 0 a constant 


P ; 
Eee Opties : in Hyperbolic Space.” The method there used can be applied without 
trouble to elliptic space. 
ł For e-, H-, E- read euclidean, hyperbolic, elliptic. 
$ Memoirs of the National Academy of Sciences, Vol. 6 (1893), p. 37. Reprinted 
with slight changes in his book mis Yale Bicentennial Publications. Scribners, New 
York, 1901. = 
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t= Hy He, A—4h?—7>0, ds? = de? F dy? + dz’. 
The metric is then defined by 
(1) do = 4R?ds /À. 


This is Riemann’s definition. To form a concrete picture of abstract H- 
` geometry we may regard v, y, z as ordinary cartesian coordinates of a point. 
Then the points of H-space are represented in the model by the points lying 
within the e-sphere A= 0. For points near the origin 0 we see de = ds 
nearly, a fact we shall employ. i 

H-planes are represented in the model by e-spheres cutting A = 0 orthog- 
onally. The intersection of two H-planes is an H-straight. In particular 
H-planes through O are in the model also e-planes. H-spheres are e-spheres 
in the model whose centers are not those of the H-spheres unless at the origin. 
Angles in H-geometry are the same as the corresponding angles in the model. 

The model is thus conformal, a fact we largely employ in the sequel. Bodies 
in H-space may be moved about freely such that the distance do between 
adjacent points remains unaltered. This fact is most useful as it enables us 
to move a certain point to the origin O when H-planes and straights through 
it become e-planes and straights while angles remain unaltered. From (1) 
we find that the H-length o of a straight segment OP, P = (syz) is given by 


(2) s = 2R tanh (o/2R). 

If s receives the increment ds 

(3) ds = sech? (0/22) : do. 

The H-length of an arc ¢ of an H-circle K, center A, of radius p is 
(4) o = Rẹ sinh (p/P). 

Its curvature 

(5) T= d$/do —1/R sinh (p/P). 


K regarded as an e-circle has its center A, on the straight OA, its radius call r. 
Let this straight cut K in Band C. Let 


OA, =a, OB =b, OC = c, in e-measure, 
= çg, = ß, = y, in H-measure. 


Then by (2) 
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or —c—b— 2R {tanh (y/2R) — tanh (8/2R)}, y — B= ?p. 


= Rsinh (p/R) 
~~ cosh (y/2R) cosh (8/28) 
If K passes through O, 8 =0, y= 2R, whence 


(6) l r= R tanh (p/R). 


Hence 


In the following we shall deal with H-spherical light waves and spherical 
lenses which pass through or near O, the relation (6) is thus true if we neglect 
small quantities of order greater than 1 which we do throughout and which is 
also- done in this kind of work in e-optics. 





Fie. 1. Fre. 2. 


“In figure 2 an H-circle K of radius p(1r)* and center O is turned through 


the angle ¢ at P. Let the new circle have e-radius 7’. We need to know’ 


how much 7” differs from r where ¢ is small. 
Let POA=y, Y=90—y, PA =s. -Then 
tan y’ = cosh (p/R) tan (¢/2) 
s= — TCS C r 
= cos (ġ—y)  cosd+singtany ` 
i r 


= cos $ + sin ¢ tan ($/2) cosh (p/h) * 


‘Hence 
If ¢ is small 


, r 
(7) s= TITA cosh GA * 





* Means, radius is p in H-measure and r in e-measure. 
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Hence for small enough ¢ we may take s = r, 

In figure $, K is an H-circle whose center is O and radius p(r). We turn 
K about P through an angle ¢ getting K’ whose e-center Q has coordinates 
(— «æ, — g). The straight O Q makes the small angle 0 with O P and cuts 
K in Qı; the segment QQ, has length 8(d). The H-length of PQ is o. 
_ We wish to establish the important relation 


(8) ô= o tan ¢, 


neglecting small quantities of order > i. 





Fre. 3, 


To this end regard K’ as an e-circle obtained by rotating K through the 
angle ¢. Then PQ = PQ =r. Let PC =c. The equation of K’.is 


(2+ a)? + (yt pyar. 


The equation of OQ is y = — z tan 6 = — 26. 
Thus the x coordinate of Q, in numerical value is 


tı = r — BO(r/c) = r — rô tan ġ. , 


The projection of QQ, on the a-axis is d cos 0 = r — r, = rô tan ġ. Thus 
neglecting 6, etc., 


(9) d= rô tan ¢. 


,We. obtain (8) from (9) as follows. Suppose PQ == r, nearly, ag it cer- 
tainly is if @ is small. 


By- (3) : d = 8 sech? (p/2R). 
By (4) - @—o/Rsinh (p/R), by’ (2) r= 2R tanh (p/2R). 
These in (9) give (8) at once. i i 
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3. Relations between Curvatures. In figure 4, DML’ is a cross-section 
of a spherical lense of H-curvature A: A spherical wave meets the lense and 
for small angles of incidence, is bent into another spherical wave. Let T, I” ` 
be the H-curvatures of the wave fronts LWL’, LW’L’. Thus while the inci- 
dent wave front travels from M to W the refracted wave travels from M to W’. 
We have then the relation 


(10) MW’ —=nMW, n index of refraction. 


But MW’ = MN—NW’, MW=MN— NW. Hence 
(11) | MN — NW’ —n(MN— NW). 


We may regard these H-spheres or rather H-circles as e-circles whose e-curva- 


~ 





Fra, 4, t 


tures are L, C, C respectively. Then setting LN = p in e-measure 
NM =4p'L, NW =4p0, NW’ = ip’C’. 
These in (11) give 
(12) L— C =n(L—C) or W=mL+n0, (m=1—n). 
From (12) we have denoting the radii of these circles by 7’, l, r respectively, 
Ur = m/l 4 n/r. e i 


Let us now pass back to H-space. If we take our origin O at or near M we 
have using (6) ae 
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(18). coth (P/R) = m coth (A/B) + n coth (p/F) 

where p’, A, p are the radii of the above circles regarded as H-circles. By 
giving C, C’, L in (12) appropriate signs the relation (12) is valid for all 
cases. For example, a convex lense with n such that C, C’ have opposite 
curvatures we have O” = mL — nC, whence 


(14) coth (p’/R) = m coth (A/R) — n coth (p/P). 
Let us compare this result with that given in my December paper mentioned 


above for a particular case: 


R= 1000, a= 600, r= 10, n= 2/3, ẹọ = 30. 
We had l 
cos x = cos (& — £) cos 6 + sin (a — 8) sin 6 cosh (o/R) 


A 





Fie. 5, 


or setting cosh (¢/R) = 1-- O”, and noting « — 8 — 0 = $ — B 
cos x = cos (¢— 8) + O’sin 6: sin (a — 8) = cos (p — p) + 4, 
sinh (q/R) = DEA -sinh (c/R). 
We find: 


6 = 0001479073, a= 0 -+ ġ = .008874553, B= .0059163688, 
8 = p — B = .002810277, a— B = .002958184, 
o = 608,06, C’=.1906, E= 8,3.10®, 
x= 002780641, q= 642.37, p' =q — o= 34,3. 


If we use (14) we get p’ == 34,3 in perfect agreement. 
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In figure 5 the spherical wave front of curvature T strikes the interface 
of a lense L, and is bent into the spherical wave front of radius p,, and curva- 
ture Y,. It then strikes the interface L If q is the H-distance M,M, the 
radius of the wave front at Le is pı— nı hence its curvature is 





$ 1 ~ I 
P a eee 7 
T= Ranh [lm m)/E] T sinh (p:/R) — (a/R) cosh (p1/8) 
since 7,/R is small. Hence l 
ESE Nas So eae sia 
(15) T; == 1 yA cosh (p:/B) — 92015 1/82 = 1 mri cos (p:/R). 


The lense interface La gives T,” the curvature I, etc. 

To get relations that are easily handled we may regard these wave fronts 
as e-spheres whose curvatures are O, C1, C1’, C2 Let M M: = h, in e-meas- 
ure. The radius of the first refracted wave front at M, is 1/0, at M, its’ 
radius is (1/01) — hı = 0,/ (1 — h,01). Thus its curvature at M, is 

Cy’ = pC, pa = 1/ (1 — h01). 
We have then analogous to (12) for a set of lenses 

; : C, = mL, + Nip 
(16) Oa = MaLo + NopoCy 
C; = ML + MspsC'2, ete. 

Here pı = 1 is set in for symmetry, ny is the index at the kth interface Ly 
Mr = 1 — mm, 1/un—=1—InarCesr, hy is the e-distance between the faces 
Lr-1Lr, Ly, is the e-curvature of the length Lr- It is understood that the curva- 
tures are taken with their proper sign. The relations (16) are the (a) of 
Hastings’ paper. They are fundamental in his theory. 


As an example, let us consider a thin convex lense in air. The lense being 
thin we may take hı = 0. Then at the first interface L, 


0, = mC a my. 
At the second interface Ls, 
Oa = Maba —— N20. 


Set nı = n, then ne = 1/n, Mm: = (n—1)/n, hence . 
O, + Cz = (n—1)/n(Ly + Le), 1/11 + 1/ra =[ (n —1)/n] (1/h + 1/l) 
‘or by (6) 


(17) coth (p:/R) + coth (p2/R) = [ (n —1)/n] [coth O/R) + coth (A,/R)]. 
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Here Ai, Àz are the radii of the two faces of the lense; if p, is the distance of 
the source of light, pz is the distance of the image, all in H-measure. The 
extension of this result to a system of: thin lenses in contact is obvious.’ It is. 
hard to see how such results can be obtained by the trigonometric calculations 
of rays as in my first paper. 





‘4, Magnification. The Sine Law. In figure 6, the small object AB of ` 
length o becomes A,B, of length o, after refraction. The wave front of radius 
p and curvature T, has radius p, and curvature T, after refraction. We have 
from the right H-triangle 


‘sinh (o/B) = sin ¢ sinh (p/R) or a/R = ¢ sinh (p/R). 
Similarly o,/R = ¢, sinh (p:,/R). Hence 
o1/o = $1/9 ` sinh (p;/R)/sinb (p/R). 





Fie. 7. 


Now 6/6 = n the index of refraction, hencé by (15) 


o/o = m (T/T) = mg: (T/T:), A=1, 


~ 
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_ gı being introduced for symmetry. After a 2nd refraction we have’ similatly 


i 3 02/0; = nogo(Ts/T2), 
and after p refractions 


p/Op-1 = NpJp(Tp-1/Tp). 
Here go, gs, °° > are as in (15). Multiplying these, gives as magnification - 


(18) M =0,/o = GN (T/T) 
` i (G = g192' * * gm N = nm * n). 


For a thin lense system we may take G == 1. Suppose we have a small dia- 
phragm DD’ of diameter 28, at the first lense as in figure Y. Then if 
ALD = p, AD =p. : , 

sin 6 = sinh (8,/R)/sinh (p/R) = 8,F 


sin 6, = ory. 





Fra. 8. 


Hence ; ; 
sin 6,/sin@d =T/T,=gi(T/T:), gil. 


Similarly diaphragms be : -êp at the other interfaces give 
sin 6,/sin 6. = g2(Ts/T2),° °°, sin 6p1/sin 0p = gp(Tp-1/Tp). 
Multiplying these, gives 
l " gin 6/ain 6) = G(E/T>). 
This with (18) gives : 


` “ 


(19) o/o = N` sin 6/sin 0) —=NO/0, 9, small. 
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This is the celebrated sine law of Lagrange. 

Hastings by an ingenious consideration shows that (19) holds when 9, 6, 
are not small, provided the incident and emergent wave fronts are spherical, 
i.e., the instrument is free from spherical aberration. In figure 8, PQ is 
the incident wave front issuing from A and P Q, that issuing from B the other 
extremity of a small object o. 

In the other half of the figure P’Q’, P’Q’, have a similar meaning. The 
incident wave front is limited by a diaphragm of semi-diameter ô. The dia- 
phragm ô is the optical image of 8,. Then Qı, Q’, are corresponding points 
and hence setting QQ: = e, Q’Q’, = ep in H-measure, 


(20) e = Ne 


since the velocity of light in the last medium is NV times that in the first. 
To prove (20) let us refer to figure 3 which we suppose first is euclidean. 
Let e = QQ; in e-measure. The equation of the e-circle K’ is as before, while 





Fie 9. 


the equation of the straight OQ is y = — g tan 0 where now ô is not small. 
The x coordinate of Q, is now in numerical value r, = r cos — 4rd sin 20. 
The projection of QQ, on the v axis is 


e cos 6 = r cos 8 — r, = 4r¢ sin 26. 
Hence e = rẹ sin 6. 
Using as before (2), (3), (4), e= o sin b. 
Similarly €p = Gp SÌN Op. 


These with (20) give 
€p/€ = N = op sin 6,/o sin 6. 
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Hence 
(21) op/o = N sin 6/sin p, 


which is (19) with this difference that 6, 6) are not restricted to small values. 


5. Telescopes, Microscopes. In figure 9, L and L’ are object glass and 
ocular of a telescope or microscope. In front of L is.a small diaphragm of 
semi-diameter 8, behind L is another of semi-diameter 8’, so placed that D’ 
is the optical image of D. The extremities of A A, of an object of length o 
send out light waves which at B are inclined at ar angle ¢. We are now 
under the condition of figure 3. Thus by (8) 


VW = BW tan 6 = Stan ¢. 

Similarly on the right we have 

WW’ = BW’ tan ¢’ = 8 tan ¢’. 
Now N being the ratio of the velocity of light at the two ends V’W’ == N : VW. 
Thus 
(22) tan d’/tang = N (8/8). 
Let us now suppose figure 9 represents a telescope. Let AB==a, BO =r, 
&-+r= f. Leto subtend an angle ¢ at B, an angle y at C, and an angle ¢’ 


as seen through the instrument. We define the magnification afforded by 
the instrument by 


(23) M = 9'/y. 
Now from figure 9 
o = kọ sinh («/R) = Ry sinh (3/R). 
Thus using (22) 
2) ua #. £8 sinh (8/8) 


— ss —— _ 


$ y `` V sinh (a/R) 
For a telescope N = 1 also r/R is small, and hence we can take a = 8. Thus 
M = 8/8. 


Let us take the diaphragm 8 to be the edge of the object glass, and 9% its 
ocular image. Hence Ramsden’s rule 


diameter of objective 


25 ef rea 
ae) ss diameter of its ocular image 
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holds for E- and H-spaces. 


For a microscope in Sepac the magnification is taken as 


siże as seen through instrument 
size as seen at distance 10 inches 


As we know nothing about the eyes of beings in other spaces than our own, 
let us suppose w is the distance of easy vision and X is the apparent size of 
the object as seen through the instrument, i from the distance w. We 
may take as magnification 

__ tanh (3/R) 
(20) Mich (6/8) 
But tanh (3/2) —sinh (w/R) tan ¢’, tanh (o/R).== sinh (w/F) tan y. 


Thus 

















_ tan ¢ tan p tanp a, è > tan ¢ 
i ~ tany tang tany 98 tany 
Now 
aay = = : a , approximately. 
Hence 
8 o . 
(27) M =N va? for a microscope. 


There are other results which may be obtained from Hastings’ memoir under 
certain restrictions, we will’however stop at this point. 


On an ERA Group of Order sie 7 


= J. R. MUSSELMAN. 


, In the study of collineation groups certain types of groups which, in the 
plane, have a fixed triangle and, in space, have a fixed tetrahedron are classed 

_ as imprimitive. The existence of such groups is clear and their group struc- 
ture is easily ascertained. Thus, from the group standpoint, the real prob- 
lem consists of the determination of the primitive collineation groups. As a 
result the configurations determined by primitive groups have been studied 
rather completely and those determined by imprimitive groups have been 
rather neglected. The object of this paper is to discuss a configuration of 
108 lines, 216 points and 216 planes with which is associated an imprimitive 
group of order 5184. Connected with this configuration are eight cubic 
surfaces, eighteen quadric surfaces, and fifty-four tetrahedra, whose geomet- 
tical properties are described, as well as the group of order 5184 which leaves 
the configuration invariant. 


1. The Bilinear Invariant of Two Cubics. Two binary cubics 
Qoo? + BATT, + Blt? + aga 
and — Bo’ Xo? = Bar Lot, -+ Baz tot? + azt? 
have the bilinear invariant 
(1) | Agha’ — 8a,a,’ ++ Baza,’ — ast’. 
This EN can be expressed in terms of the symmetric functions of the 
roots of the above two cubics as 
(2) 383 — 8281 + 51'S, — 383 
where Sa! = Q3’ /Ay’, Ss = s/o, ete. 


If we designate the roots of the two cubics as %, @1, % and Bo, Bi, Bo 
respectively it is well known that the invariant (1) can be expressed in terms 
o: the differences of the roots as 


* Presented to the American Mathematical Society, Dec. 29, 1924 and May 7, 1927. 
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> (&o — Bo) (%1 — Bi) (2 — B2). - 


It is unnecessary, however, to use all six terms of the above sum of differences 
. to express the function (2). For it is evident that the function 


y == (% — Bo) (% — Bx) (@2 — Be) + (2o — B1) (%1 — Be) («2 — Bo) ` ° 
+ (% — Be) (% — Bo) (%2 — Bx) 


when expressed in terms of the symmetric functions of the œ; and Bi (i = 
0, 1, 2) is precisely (2) itself. 

This fact suggests two questions—given two n-ics how many terms of 
differences of their roots it is necessary to use to form the bilinear invariant 
when expressed in symmetric functions of the roots of the n-ics; and, sec- 
ondly, given one term of differences, how can we select the others that must 
go with it to form the required function? 

A little investigation will show that in the general case of two binary 
n-ics the number of terms of differences of the roots necessary to form the 
function (2) is the least common multiple of the binomial coefficients of the 
n-ic. For the case n = 2, it is necessary to use both terms; for the case n = 8, 
the number of terms of differences of the roots necessary to form (2) is only 
three. 

The answer to the second question will be discussed elsewhere for the gen- 
eral n-ics. For the case n = 3, given any term as (%)—o) (¢:—1) (%2—B2) 
to obtain the other terms which together with it produce the function (2) we 
must keep the a; fixed and permute the £; cyclically. Also if we had kept 
the £: fixed and permuted the a; cyclically we likewise should have obtained 
the function y. Hence given any term of differences, to obtain the two terms 
ta go with it, carry out on the given term, the even permutations of the sym- 
metric Gs: of either set of the roots. 

The three remaining terms of differences 


Y = (Zo — Bo) (a — B2) (%2 — Br) + (% — L2) (%1 — B1) (%2 — Bo) 
+ (ao — B1) (21 — Bo) (%2 — Be) 


will likewise produce the function (2). It is evident that the two functions 
y and y’ are formally multiply isomorphic with the Gz; on either set of roots; 
since both y and y’ are unaltered by {1, (&o%1%2), (%o%2%1)}; and are inter- 
` changed by the permutations (0%1), (%o%2), (1%). We have here an illus- 
tration of a 3 — 1 isomorphism with the symmetric Gs) 
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2. The Cubic Surface and a Gss. The purpose'cf this paper is to study 
the equation y = 0 or y = 0. Let us write y= 0 in the more familiar form 


f (E1 — T4) (L2 — T5) (L3 — Le) + (a — as) (T2 — Te) (ts — a) 
+ (21 — te) (z2 — T4) (z3 — Ts) = 0. 


In projective coordinates, this represents a cubic manifold in space of five. 
dimensions, with in evidence, 27%-planes on it, such as %—~ T, == T2 — Te == 

Zs — £s = 0, which planes all pass through the point (1, 1,1, 1, 1, 1). If 

we take a section of the manifold by the Ss tı + t2 + t3 = T4 + Ts + ze = 0 

we obtain thereby a cubic surface in Sa which is invariant at least under.a Gro, 

generated by the Gg: on Dy, Tos aa; the Gs; On Za, Gs, Ze; and the G; which 

interchanges 2, L4; Vz, Lsj and wp, we. 

The equation of the cubic surface in S; will now take the form 
(3) : { By Lol, = Byles Leg 


ty + ay + ty = 4 + Ts + Te = 0. 


For our purpose it will be sufficient to find the fixed points, fixed lines and 
fixed planes of the Gss, generated by the two symmetric Gys. In this Gs. 
are 15 collineations of the type (8182) which leave invariant 6 points and 9 
lines, such that 3 lines are on each point. They also leave invariant 6 planes 
and 9 other lines, such that 3 lines are in each plane. The 6 points and the 
6 planes are on two other lines. The coordinates of the 6 points are as 
follows: : : 


. po: (0,1, —1,0,0,0) : go: (0, 0, 0, 0,1, —1) 
pr: (1,0,— 1, 0, 0, 0) qı: (0,0, 0,1, 0, —1) 
pz: (1,1, 0, 0, 0, 0) qa: (0,0,0, 1,— 1, 0) 


To write the equations of the lines and planes compactly, let us write 20, 21, £2 
for a1, Lo, ta aNd Yo, Yr, Y2 for La, Ts, Lo and take subscripts modulo 3. Then 
the 6 planes can be written 

Pi: in — tin = 0 To $ Ta + Ta = Yo +91 F Ye = 0. 

Qi: Yiu — Yi =0 To Ti H Te = yo F Y1 F ye = 0. 


The 9 lines on the 6 points can be written 


(4) Pitk: Tiri F Bint = Yk F Yk- = 0 Loft F 22 = Yo + y1 F Y = 0. 
ee | 
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The 9 lines on the 6 planes can be written 
(5) PiQs: Tin — Tia = Yin — Yi-1 = 95 Do + Tı + ta = Yo + Yı + Yo = 0. 


We shall denote the first set of 9 lines by a, the second by a’, 
In the Gz, are 4 collineations of the type (818283) which leave invariant 
two lines and four points. 


Li: £o — & = T, — Lg = T3 — To = 0 To + Hy + L = Yo + Y + Y= 0. 

Li: Yo — Yı = Yi — Yo = Y2— Yo = To + T + ye = Yo + Y + Yo = 0. 

r: (0, 0, 0, w, w, 1) t: (œw, 1,0,0,0) . 

$3: (0, 0, 0, ©, w, 1) u: (0%, w, 1, 0, 0, 0). 

On L, are the points q;, the planes P; and the points r and s are the Hessian 
points of the set qi; similarly on L, are the points p;, the planes Q: and the 
points ¢ and u are the Hessian points of the set pi. 

In the Gss are 4 collineations of the type (818283) (&ı%2%3), which have 
as fixed lines the four lines ré, ru, st and su. The remaining 12 collineations 
- of the type (18283) (a:¢2) have as fixed points, in addition to the ten already 
named, six others lying on L, and La; which points are the cubicovariant 
points of the sets of p; and qi respectively. Moreover, the 9 lines æ are the 
joins of the p; and qi; the 9 lines a’ ate the joins of the cubicovariant sets of 
-pı and qi. , 

3. The 2% Lines of the Surface. It is evident that the 9 lines a are 
contained in the surface (3). The equations of the remaining 18 lines of 
the surface can be written down without difficulty. There is a second set of 
9 lines which we shall call 6 whose equations are 
(6) Ti = of yy = Lia — ayi = tir — Yin = 0. Ze =l y= 0 

. (i,k = 0,1,2); oF =1. 


These 9 lines meet by threes on 6 points which lie on two lines 
ee ee ny ee ee Sr—=Sy=—0 
La: Xp — wt: = Yı — wY: = 0° Zr= Fy = 0. 
On L; are the points 
(1, 0°, w, 0, 0°, 1) ; (#1, 0,0, 07,1); (030, 1,0, 07,1). . 


On L, are the points . 
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(1, ©, 0, o, ow L); (e, 7,1, 07,0,1); (o, 1, 0, o, , 1). 


Moreover the points r, and u are the Hessian points of the set on Ls; similarly 
. s and ¢ for the set on Ly. 


- The third set of 9 lines which we shall call c have for their equations 


(7) Ly — oYori = Tı — Yiri = Le — Yori = 0 Zšr=ły=0 
(ik =0,1,2); o= 1, 


These 9 lines meet by threes on 6 points which lie on two lines 
© Ds Zo — ot = Yo — vY = 0 Zr = J% y = 0 
Le: Zo — wt, = Yı — wY = 0 3 z= ły = 0. 
On LZ; are the points 
(1, 0, ©, @, ,1)3 (0, 0, 1,0,07,1); (0, 1,0, 0, 0, 1). 
On Ls are the points 
set hate)? Ges: (ee att), 


Moreover the points r and ¢ are the Hessian points of the set on Ls; similarly 
s and u for the set on Lg. 

Now the lines Lz, La, Ls and Le together with L, and D, are the edges 
of a tetrahedron of which the points r, s, t, u are the vertices. On each edge 
is a set of three points of which the vertices on that edge are the Hessian 
points. The 27 lines of the surface (3) are the joins of the sets of three 
points on the opposite edges. Since the 27 lines of the surface meet by threes 
in a plane in 18 points, this surface must be an Eckardt surface.* 

On the edges L, and L» of the tetrahedron we have also the cubicovariant 
sets. Complete the configuration by finding the cubicovariant points of the 

sets on Ls, La, Ls and Le Join the cubicovariant sets on Ls and L, by lines, 
"also those on L; and Le We obtain in this way two sets of 9 lines each which 
we shall denote by b’ and c’ respectively. Their equations are 


(8) D: mi + oyi = tin + Yi = tia + Yin = 0 Se—Sy—0 
C: To + w Yous = T, + oyini = ta + oyo =0 Zo=—By=—0 
(ik =0,1,2); oF = 1. 


* Eckardt, Mathematische Annalen, Vol. 10 (1876), p. 265. 
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We thus have 54 lines meeting by threes in a plane at 36 points on the edges | 
of a tetrahedron. Any line is also met by two others not in a plane, six 
times; the points of intersection falling into two sets of three each, of which 
the two points on the edge of the tetrahedron are their Hessian points. On 
each line lie 6 points and also 6 planes giving altogether a set of 54- 6/3 = 
108 points and 108 planes. On any given plane lie 15 points and on any point 
are 15 planes, 

From the’ 54 lines we can select 27 in four different ways, which 27 lines 
lie on a surface of the Eckardt type. Thus the lines: 


a, b, Care ON LoLyLe = YoyrY2 

a, b, Cc are ON Potit = — YoYs1Yo 

a’,b, care on (To— T1) (2 — 22) (22 — Zo) 

= — (Yo — Y1) (Y1 — Y2) (Y2 — Yo) 
a’,b’,¢ are on (To — ti) (#1 — T2) (22 — to) 
= (Yo — Y1) (Yı — Y2) (Ya — Yo)- 

4. The Configuration. Let us start with a tetrahedron and determine 
the configuration from it. As the surface contained no constants, we have just 
15 constants at our disposal; we shall use 12 of them by selecting the refer- 
ence tetrahedron as our base. Select on any two opposite edges a set of three 
points such that the vertices are their Hessian points. This leaves one con- 
stant at our disposal and we shall select a similar set of three points on some 
other edge say Ls The configuration must now be determined from the 


aboye conditions. 
We have on L, points po: (1,1,0,0); pı: (%,1,0,0); pe: (w°, 1,0,0); 


and on La points go: (0,0,1,1); qi: (0,0,0,1)3 ge: (0,0, 07,1). 
The equations of the 9 lines joining the points on L, to those on Lz are 
(10) dix —=Diqe: tı — ola, = Tg — oka, = 0 | (i, k = 0, 1,2). 
“The cubicovariant set of points on L, are 

pro: (— 1,1,0,0); pı: (—o,1,0,0); pe: (—w?, 1, 0, 0) 


and the set on Lz is 


go: (0, 0,— 1,1); gn: (0, 0, — w, 1) ; q’2: (0, 0, — o°, 1). 
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The equations of the 9 lines joining these points are 
(11) Air = pigri % + wit, =a, + oft, = 0 (i, k = 0,1, 2). 


The set of points on Ls are (1,0,0,1); (w,0,0,1); (w?, 0,0,1). 
The pencil of quadrics having L, and L, as one set of generators and 
L; and L, as opposite generators can be written 


Tilg = À Bola. 


The three quadrics of this pencil which contain as generators doo, Gor, Qoz are 
cut on L4 by the opposite generator through (1,0,0,1) on Es in the points 
(0,1, 1,0); (0,0,1,0,); (0,0, 1,0) respectively. The joins of the sets on 
L, and L, give the 9 lines ; 


(12) Ciri Li— ott, = T — of, = 0 (i, k = 0,1,2). 


If we join the cubicovariant sets of the above points on La and Ly we obtain 
the 9 lines 


(13) - dik & p ot, = T + ott = 0 (i, k = 0, 1,2). 


. Since the lines meet by threes through the intersection of doo and Coo 
passes a line Loo. The quadric passing through this point of intersection 
(1,1,1,1,) and having Lı, La and Ls, Le as opposite sets of generators is 
01%, = Latge The generator through (1,1,1,1) cuts Ls in (1,0,1,0) and 
Les in (0,1,0,1). Similarly generators through thé intersections of a), and 
Cir, Of Qo and Co, cut on’ L, the points (w,0,1,0); (w,0,1,0); on Le the 
points (0, œ, 0,1); (0, w?,0,1) respectively. The joins of the sets determined 
thus on L; and Ls can be written as 


(14) bint % —otts = ta — oa, = 0 (i, k = 0,1, 2). 

If we join the cubicovariant sets of these points on Ls and Le we obtain the 
9 lines 

(15) Omi ta + ott = Ts + wa, = 0 (i, k = 0,1, 2). 


Now the 27 lines a’ix, b’ix, c/s are lines of the cubic surface 
T? + Ta? + T? + ae = 0. 
Similarly the sets of 27 lines, 


Qiks Viks Cik; Qiks D’ ix, Cik) Qin, Din, Cee 
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are lines of the surfaces 
a3 + Tè — ta? — T = 0; 443 — Lè + T3? — x = 0; 
and g? — T? — T? + v, = 0 respectively. 
Further, if we join the points p: on L, to the cubicovariant points q’; 
on La, and similarly for the other 5 sets, we shall obtain a second set of 54 
lines, 108 points.and 108 planes possessing the same properties as the first set. 
We shall write the equations of the 6 sets of 9 lines each as 
Ain: Timm wT = Tz + wt, == 0 
A’ini t + 0 To = 23 — ot, = 0 
Bin: 2, — olt; = & + ofa, = 0 
Bint & + ott, = T — oft, = 0 
Cin: Lı — ott, = 2 + oa, = 0 
Cin: E, F ott, = Be — wots = 0 (i, k = 0,1,2). 
The sets of 27 lines Aix, Bir, Cir; Aix, Bin, Cixns A’ ix; Bin, Cc’ ik; and A’ ins 
B’ix, Cig are lines of the surfaces 


—a%+25+2;3+23=—0, w? m t H E H 2,5 —0, 


a3 -Hg — ga? F r = 0, and m? + a? + ta? m g = 0 
respectively. 


5. Quadric Surfaces on the Sets of 54 Lines. There are nine quadric 
surfaces associated with the configuration such that each quadric contains 12 
of the 54 lines aik, Diks Cits @’ ix, b'ir, Cin (t, k = 0, 1, 2). Starting with any 
line as oo, we choose two other aix which do not meet it; we can choose either 
11, Gee OT Qi, Mex. The other lines are then determined for with doo, Gii; Q22 
are associated @’o9, @’11, @’22, Boo, Bir, b22, b’o0, 0711, B’22 Which lie on the quad- 
ric surface 21%, = 20,3 With doo, Giz, Goi, are associated a’o9, @’12, @’21, Coos Crr> 
C22; C'oos C11, C'az Which lie on the quadric t% = 22.%,. The number of quad- 
ties will be 54°2/12 —9. They are 


(16) Tita ad wo Los, Titz = wo Los, Tit ai ORA (i = 0, 1, 2) . 
Similarly the 54 lines Air, Bix, Cin, A’ix, Blin, Cx (i, k = 0,1, 2) have 


. associated with them nine quadric surfaces such that each surface contains 
12 of the 54 lines as generators. The equations of the nine surfaces are ` 
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(17) 24% = — o Totg Eilg = — oft, Ea = —wTat, (t=0,1,2) 


These eighteen quadrics are members of three pencils; the parameters of the 
„pencil giving the equations of the quadrics in each case are the cube roots of 
positive and negative unity. 


* 6. Desmic Tetrahedra. The whole configuration of 108 lines, 216 

points and 216 planes can best be pictured by noting that it forms 54 tetra- 
hedra, the lines being the edges, the points being the vertices and the planes 
being the faces. The 54 tetrahedra fall naturally into 27 sets of two each, 
such that each set of two together with the reference tetrahedron forms a 
desmic set, i.e.: they are four-fold perspective. Thus the 24 points of the 
configuration on the four lines ayo, @’o0, Aoo; A’oo fall into three sets of eight, . 
such that each set with the reference tetraherdon is a desmic set; moreover 
the 24 planes of the configuration on the four lines are the faces of the tetra- 
hedra. Thus on the 36 lines Qiz, @’ix, Aix, A'm (1,4 = 0,1,2) are all 216 
. points and 216 planes forming the 27 sets of desmic tetrahedra, and the 
remaining 72 lines from the other edges of the tetrahedra. Similarly on the 
36 lines Bix, b’ ix, Bix, B'i and on the 36 lines cix, c’ix, Cin, O’ix (i, k = 0, 1, 2) 
are all 216 points and 216 planes giving the same 27 sets of desmic tetra- 
hedra. 

The triple tangent planes of an Eckardt surface consist of 18 planes in. 
which the three lines of the surface meet in a point, and 27 planes in which 
the lines do not meet in a point. The 216 planes of the configuration are 
. the triple tangent planes of the latter type of the eight Eckardt surfaces. 

Any set of eight points which together with the reference tetrahedron. 
forms a desmic set bears a simple relationship to the eight Eckardt surfaces. . 
As the eight points separate into two tetrahedra, the eight surfaces fall into 
two sets of four; each set associated with one tetrahedron. Through eaclr 
vertex of the tetrahedron pass three of the four surfaces in the set, and each 

` vertex with its opposite face are pole and. polar plane as to the one surface of 
the set not passing through that vertex. 


7. The Group of the Configuration. An Eckardt surface is unaltered 
by a collineation group of order 648; each collineation leaves the reference 
tetrahedron invariant. The surface is determined when the reference tetra- 
hedron is given and one triple tangent plane in which the lines of the surface 
do not meet in a point.* The Gess consists of the product of a Go, which 


* Bobek, Monatshefte für Mathematik, Vol. 10 (1889},-p. 156. 
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sends the given triple tangent plane into each of the 27 planes, and a Gu; 
which permutes the reference tetrahedron in all possible ways. If we add to 
this the Gs E l 


(18) © Bi =t; T = ET; Oy = Ess B = E Tay 
which sends any one Eckardt surface into each of the eight surfaces we have 
the group of the configuration, an imprimitive group of order 5184. ` 

` The Gsıs4 consists then of the product of a G2,, which permutes the 
reference tetrahedron in all possible ways, and a Gss which sends any one 
point (or plane) into the’ set of 216 points (or planes). The 18 quadric 
surfacs are conjugate under the group, each being invariant under a Gass. 
The 27 sets of desmic tetrahedra are conjugate under the Gsıs4; each is un- 
altered by a Giss The permutative group on the 27 sets of desmic tetra- 
hedra is 

Uy =T; Ue! = otta; Ta = oT; By = FT45 


(i, j, k = 0, 1, 2). 


8. The Point-Plane Duality. On each edge of the reference tetrahedron 
are six points. The six planes, one through each point and the opposite edge, 
contain all 216 points of the configuration, 36 in each plane. There are thus 
six systems, of six planes each, containing the 216 points. It can be seen 
easily that the 36 points in any plane lie by six on 18 lines, the lines passing 
by six through the two vertices of the tetrahedron in the plane, and through 
the given point on the opposite edge. The 36 points fall into four sets of 
nine each, such that each set together with the above mentioned three tetra- 
hedron points are the vertices of the flex triangles of a pencil of cubic curves. 
The configuration in such a plane is invariant under an imprimitive ternary 
Gare." 

Similarly all 216 planes of the configuration are on the six points on any 
edge of the tetrahedron, 36 on each point. There are thus six sets, of six 
points each, which ‘have on them all 216 planes. It can be seen also that the 
36 planes on any point lie by six on 18 lines, the lines lying by six in three 
planes,—the two faces of the tetrahedron on the point and the plane on the 
point through the opposite edge. 


9. The Imprimitive Ternary Gere On any two sides of the reference 
triangle in the plane choose a set of points such that the vertices of the 


-triangle on those sides are the Hessian points of the sets. Construct on both 


* This Ga. is discussed in the following section. 
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sides also the cubicovariant points of each given set. Join now the six points 
on one side with the six points on the second side in all possible ways. These 
36 lines will cut the third side of the triangle in six points having the same, 
relation to it as the originally chosen sets have to the sides on which they 
are located. We have thus a set of 18 points and 36 lines such that three 
points are on each line and six lines on each point. The 36 lines will fall 
naturally into four sets of nine each, such that each set together with the 
reference triangle are the flex triangles of a pencil of cubic curves. 

If we designate by a; the points 0, œt, 1; by b; the points wt, 0, 1; by cs 
the points w, 1,0; (i= 0,1,2) and the cubicovariant sets of the above re- 
spectively as az’, b,’ and c,’ then 


ai’, bi’, cx’ are the flexes of m, + t2? + t? + EME Tt = 0 
ai’, bi, ci are the flexes of — mt, + T2? + 23? — OMET = 0 
Qi, bi’, c; are the flexes of 2,3 — gè + ga — 6mayeens = 0 


ai, bi, ci’ are the flexes of g? + t° — 2° — 6ma,%23 = 0. 


These 36 lines intersect in 86 points, not including the original points on the | 
sides of the reference triangle. They are the vertices of the flex triangles of 
the four pencils of cubics. As such they must also lie on the harmonic polars 
of the cubics. We obtain thus a set of 36 points and 18 lines, such that three 
lines are on each point and six points on each line, the lines passing by six 
through the vertices of the reference triangle. This is the dual configuration 
of the 18 points and 36 lines. ` 

The configuration consists of four Hesse configurations with a common 
triangle—the reference triangle which is invariant under the group.. The G4 
Hy! == 015 Ue! == + L235 Vy’ = + T; will send any one of the four Hesse con- 
figurations into each other so they are conjugate under the group. A Hesse 
configuration has associated with it a Hesse Gaic,* which contains a G54 leav- 
ing one flex-triangle invariant. Hence the group of this configuration is the 
product of this Gs, and the above G which gives a Ge, obviously imprimitive. 

- A Hesse configuration is determined when one flex triangle, say the ref- 
erence triangle, is given, and one point say (1,1,1) of another flex triangle. 
The above configuration consequently is determined when the reference tri- 


* A detailed analysis of this group has been recently given by Winger, University 
of Washington Publications, June 1926. - 
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angle is given as the common flex triangle and the four points (1, + 1, += 1). 
Now the imprimitive ternary G21, consists of the product of a Gy: a,’ = 243 
Bol = witz; Ls’ = ot, (i, j = 0,1,2) which leaves each Hesse configuration 
invariant; and a Gz, which permutes the four points or the four configura- 
tions in all possible ways. i 
' If we take the general case of n Hesse configurations with a common 
triangle and all conjugate under a collineation group of order n generated by 
w = G13 Go! = EL; T3 = dT where e is an nth root of unity, the permu- 
tation group of these n Hesse configurations will have its maximum possible 
order when n = 4. Hence the above configuration is the one of most interest. 
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Rational Involutorial Transformations in $, 
which Leave Invariant œ Quadric Varieties. 
By Howarp Conway SHAUB. , 


1. Introduction. An involutorial transformation F, of a four dimen- 
sional space (x), is a birational transformation of period two. By I the 
points of (s) are associated in pairs P, and P+, such that each is the image 
of the other in the transformation. If a linear space (2’) can be found such . 
that to a point P’ of (x) corresponds the two associated points P, and P 
of (x), then I is said to be rational. To a hyperplane in (#’) corresponds 
a variety of the same dimensions in (s) which will be invariant under the 
involution. We shall consider the simplest case, namely when these varieties 
are quadrics. The methods employed are the natural extensions to S, of those 
developed in the classical memoirs of De Paolis for S, * and Sst 


2. Equivalence and Postulation of a Curve. A point in (æ) is deter- 
mined as the intersection of four hyperplanes. The four corresponding quad- 
ric varieties must determine the two corresponding points in the involution, 
hence any four quadric varieties can have only two variable intersections. 
Four general quadzic varieties intersect in 16 points. It follows that the 
system of quadric varieties corresponding to the hyperplanes of (#’) must be 
of dimension four, and must have in common basis elements which absorb 14 
of the 16 intersections. Since the dimension of the system of all the quadric 
varieties in 8, is 14, the basis elements can not impose more than 10 conditions 
on the system. 

The maximum number of simple basis points is 10, in which case there 
are 6 variable intersections. Therefore the basis system can not consist of 
points alone. A double point or a double line is also impossible. There must 
be, then, at least a basis curve Cm. If it is of order m and genus p its postu- 
lation for quadric varieties is 


Pm = 2m —p + 1, 


as in the case of ordinary space. 





* R. De Paolis, “Le trasformazione piane doppie,” Atti delle Reale Accademia de 
Lincei, ser. 3, Vol. 1 (1877), pp. 511-544. 

R. De Paolis, “Le trasformazione doppie dello spazio,” Lincei Memorie, ser. 4, 
Vol 1 (1885), pp. 576-609. 
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The equivalence of Cm may be derived from the following theorem due to 
Caporali: * 

THEOREM. If three varieties of orders na, na, Ng, respectively, pass through 
the curve On, and if the residual curve of intersection of the 3 varieties meets 
On in t points, then m(ny + na + na — 3) =r + t, where r= 2m + 29 —B 
is the rank of Cn 

Hence in our case t= m — 2p +2. The order of the residual curve is 
8—m. The residual curve meets a fourth quadric variety of the system in 
16 — 32m — ¢ points not on Om. Hence the equivalence of Om is 


En, = 2m + t = 3m — 2p +2. 
In finding possible sets of basis elements it will be convenient to denote 
by S the number of simple basis points; that is 
S = 14 — Em = 12 — 3m + 2p. 
And we shall denote the number of linearly independent quadric varieties 
through the fixed basis elements by W. Then. 
N = 15 — Pm — 8 = 14—2m + p—S=24+m—p. 


Any set of values of m, p, and S which satisfies the inequality N = 5, and 
which leads to no geometrical contradiction, furnishes a set of basis elements 
for I. By varying m and p we obtain the following sets: 


m p Ss N 
2 '°—1 4 5 
3 0 3 5 
3 — 1 1 6 
4 1 2 5 
4 0 0 6 
5 2 1 5 
6 3 0 5 


It will now be shown from geometrical considerations that the last set 
does not give a (1,2) correspondence. A Oe, p= 3, lies in an 'S; and not 
on a quadric surface. The 5 linearly independent quadric varieties through 
Os consist therefore of the Ss and 5 linearly independent hyperplanes. Thus 
these quadric varieties define a linear correspondence instead of a (1,2) cor- 
respondence. 


* E. Caporali, Memorie di Geometria, Naples (1888), p. 320. 
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3. Equivalence and Postulation of a Plane. Let 
| T= Ly = T = 0, 
be a fundamental plane. The most general form of a quadric through w is 
y Va = b + ca, + dz, -+ ex, = 0, l 


where c, d, and e are linear in a, and £z, and b is quadratic in the same vari- 
ables. The left hand member contains 9 homogeneous constants, therefore 
the postulation ‘of a plane for a quadric variety is 6. To find the residual 
intersection of 3 quadric varieties through v, take a variable hyperplane 
2,== Aa, through ~. This hyperplane meets V, in a plane given by 


1 = dn, 
| H==b(A)a2 + c(A)@s + d(A) as + 6(A) 2s = 0, 


where c, d, and e are linear in A, and b is qudaratic in à. The residual curve 
of intersection of 3 quadric varieties through 7 is the locus of intersections of 
the 4 hyperplanes 


Tı = Alz, 
Hi = bi (A) x2 + ci (A) Te + di(A)as + ei (A) ts, (i= 1,2,8). 


From the matrix of the coefficients 


— 1 À 0 0 0 
0 B(A) alà) AA) alà) 
O Be(A) Calà) delà) elà) 
O Bs(X) calà) dalà) eslà) 


we have the parametric equations of the residual curve in the form- 
T, = Abs (A); To = hs (A), T3 = lÀ), T = wa(A), Ts = xa (A) 5 


where, on the right, the suffix denotes the degree in A. Thus we see that the 

residual intersection of 3 quadric varieties through ~ is a rational C,, which 

meets + in the points corresponding to the 3 roots of 6,{A) =0. A fourth 

quadric variety meets the residual C, in 8 points. Since 3 of these points-are 

on r, only 5 of them are variable, showing that the equivalence of a plane 

is 11. Hence for this case ae 
S=3, N=~6. 


Consider next the case of a fundamental plane and a line meeting the 
plane. Let the plane be i 
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and let the line be 


The most general quadric variety through ~ and J has an equation of the form 
Vo == av, + ct + day + etts = 0, 


where a, c, and d are linear in z, and z, and e is a constant. There are 7% 
homogeneous constants, hence the postulation of m and 7 together is 8. The 
equation of the residual curve of intersection of 3 quadric varieties through r 
and / is obtained as in the preceding case. The coordinates of points on this 
curve, when expressed in terms of the elements of the matrix 


— i1 À 0 0 0 
0 BOY eA) GOO: A 
x 0 bo(A) 62({A) d2(A) &s 


0 bs (A) Cs (A) d (À) 3 
are of the form 


Tı = Àb; (A), Ta = ba (A), t= Age (A), T = Ay (A), Ts == X2 (A). 


The residual curve is therefore a cubic which meets x in two points cor- 
responding to the roots of 6.(A) = 0, and also meets 7 in one point given by 
à= 0. A fourth quadric variety through + and } meets O; in 6 points, two 
of which are on ~ and one on J, leaving 3 variable intersections. Thus the 
combined equivalence of + and J is 18, and we have 


S=-1, N=6. 
Consider next the case where 7 does not meet m. Let 
TS 7; = I. = 0; 


and 
l= t; = T4 = T; = Ô. 


Then the most general quadric variety through ~ and / has an equation of 
the form i 
CX3 + dx, + eT; = 0, 


where c, d, and e are linear and binary in v, and s There are 6 homo- 
geneous constants, hence the postulation for + and } together is 9. As in 
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the previous case, we cut 3 quadric varieties through w and I by a hyperplane 
Tı = At. The 3 resulting hyperplanes have the equations 


01 (A)@s + di(A) aa + 04(A) ts = 0, (i= 1, 2,8), 
which have solutions for the 3 values of A given by 


aA) B(A) alà) 
As(A) == | (A) do(A) el) | =0. 
C(A) da(à) e(A) 


For each of these values A: (¢==1, 2, 3), the 3 hyperplanes have a plane 
through J in common which meets the hyperplane z, = Aq: in a line. . There- 
fore the residual C, consists of 3 lines meeting m and J. A fourth quadric 
variety through m and J meets these three lines only on 7 and J. There are, 
therefore, no variable intersections; that is the equivalence of + and I is 16. 
Hence a plane and a line not meeting the plane do not furnish a set of basis 
elements for a (1,2) correspondence. 


4. Equivalence and Postulation of a Quadric Surface. Let 
T: = falti, Te, T3, T4) = f; = 0, 


be a fundamental quadric surface. The most general form of a quadric vari- 
ety through T; is 


Afo (1, V2, Va, T4) + Ls (Ad, -F bta + cas + day + ess) = 0. 


The equation contains 6 homogeneous constants, hence the postulation of T, 
is 9. Three quadratic varieties 


Afa + its = 0. (i= 1,2,8), 


through T; have as a residual intersection a conic O, determined by the plane 
m == Uy == U = Ug = 0 and the quadric cone Af + wz = 0. The plane r 
meets T, in 2 points A, B, which must lie on C, since C, contains all the 
points common to w and Afs + UTs = 0. Hence the residual intersection of 
3 quadric varieties through T+ is a conic meeting T, in two points. A fourth 
quadric variety through T, meets C, in 4 points, 2 of which must be A and B. 
The remaining two intersections P,, Pa, vary with the set of four quadrics and 
are the images of the intersection P’ of the 4 corresponding hyperplanes in 
(z). ‘Hence the equivalence of T, is 14, giving the values 


S=0, N=6. 
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` The line P,P, passes through a fixed point O common to all the hyperplanes 
which together with H = gz; = 0 constitute composite quadrics of the system ; 
the corresponding hyperplanes in (x’) have a point O’ in common. 

As a special case of a fundamental quadric surface we have two planes 
meeting ina line. But if the two planes meet only in a point the postulation 
is 11; consequently these two planes cannot make up a fundamental system 
for a (1,2) correspondence. 

A cubic surface o, will not serve for'a basis element. For if og lies in ~ 
an S, it does not lie on a quadric variety because the section of a quadric 
variety by an S, is a quadric surface. .Again if øs is the residual intersection 
of two quadric varieties through a plane then it does not lie in an S;. Hence 
the number of linearly independent quadric varieties through os is the same 
as the number of linearly independent quadrics through a space cubic, 
namely 8. Since N must be at least 5, the quadric varieties through © do ` 
not furnish a (1,2) correspondence. 


5. Sets of Basis Elements. We have found, then, the following sets of 
basis elements for a (1,2) correspondence: 

a). Cz, p==—1, and 4 points, 

b). Cs, p = 0, and 3 points, 

e). Cs, = — 1, and 1 point, 

d). Cs, p=1, and 2 points, 

c2). Cy, p=0, 

Cs). Cs, p = 2, and 1 point, 

c4). A plane, and 3 points not on the plane, 

cs). A plane, a line meeting the plane, and a point not on the line or 

= the plane, 
. e). A quadric surface. . 

Case ca) is equivalent to case e). Since p == 2, O; lies in a hyperplane 
and hence must lie on all the quadrics which are the sections of the quadric 
varieties of the system by this hyperplane. But since the postulation of a Ọs 


for a quadric is 9, there is just one quadric which contains Cs. Let this 
quadric be l 


Q == T; = be (#1, Ta, ‘Be, T4) To 0. 


The general equation of a quadric variety has the form - 


5 
folti Tos Ta, Ta) + ts > Air, = 0. 
a cA 
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But since Q is the only quadric containing Cs, the above equation must reduce 
to the form 


s 5 
2 (21, Lo, Tay V4) + Te D titi = 0. 
1 


Thus if the quadric variety contains Os it must also contain the quadric sur- 
face on which, Cs lies, that is we have a fundamental quadric surface. 


Cases ci), (i= 2, 4,5) can be reduced by a birational transformation to 
case e). For in the set of oo° quadric varieties there are «* through an addi- 
tional point O, which determine a birational transformation T. Of the 4 
quadric varieties used in defining the (1,2) correspondence, co? pass through 
O and are transformed by T into quadric varieties composed of a fixed hyper- 
plane,—the image of O,—and a variable hyperplane. Any quadric variety of 
the system, not through O, is transformed into another quadric variety. It 
follows that the œt quadric varieties used in defining the (1,2) correspond- 
ence are transformed into quadric varieties through a fixed quadric surface, 
namely the intersection of the hyperplane which is the image of O and the 
image of ‘any quadric variety of the system not through O. Hence the cases 
i), (t= 2,4,5) are transformable into case e). 

There are therefore, 4 independent types of systems of quadric varieties, 
3, which determine (1,2) correspondences, namely those with the following ` 
basis elements: 


I. Quartic curve 4, p== 1, and 2 simple points P,, Pa 

II. Cubic curve s, p==0, and 3 simple points Pı, Po, Pa.” 

III. Two skew lines a, Bı and 4 simple points Pi, Pa, Ps, Ps 

IV. Quadric surface Ty. 
We proceed to determine the involution I associated with each of these types. 

6. Type l. Basis system a quartic curve Bs, p= 1, and 2 simple points . 

Pı, Pa The image of a hyperplane V’, in (2’) is a quadric variety V, in 
(x), passing through Bs, Pa, Pz A plane 7’ in (2’), being the intersection 
of 2 hyperplanes, has for its image in (s) a quartic surface which is the 


intersection of the 2 quadric varieties corresponding to the 2 hyperplanes. A 
line / in (a’),—the intersection of 3 hyperplanes,—has for its image a quartic 


*G. Aprile, “Di una trasformazione doppia nello ‘spazio a quattro dimensioni,” 
Giornale di Matematiche (3), Vol. 56 (1918), pp. 90-140 and Vol. 57 (1919), Ppp. 
129-149, 

5 
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curve Cz, p = 1, the residual intersection of the 3 quadric varieties correspond- 
ing to the 3 hyperplanes. The curve C, passes through P,, Pa, and meets 
Bin 4 points. 

The order of the image in (w’) of a hyperplane Vy, in (e), is the number 
of points in which this image meets a line. To each of these points car- 
responds, in (s), an intersection of a O4,—the image of the line,—with Va. 
The image of V, is therefore a quartic variety in (s). The order of the 
image in (#’) of a plane ~, in (s), is the number of points in which this 
image meets an arbitrary plane a’. To each of these points corresponds, in 
(x), an intersection of x with a quartic surface,—the image of 7’. The image 
of m is therefore a quartic surface in (#’). The order of the image in (2’) 
of a line J, in (a), is the number of points in which this image meets an 
arbitrary hyperplane V,’. To each of these points there corresponds, in (2), 
an intersection of a quadric variety,—the image of Vi ’—with 1. The image 

of I is therefore a conic in (z’). 

The hyperplanes in (z) whose images are composed of the quadric varie- 
ties of 3 which contain the line A through Pı, Pa, form a web, and therefore 
have in common a point O’ which is the image of A. 

The hyperplanes in (#’) whose images are composed of the oe 
H in which £; lies and a hyperplane through A, form a net (a subset of the 
system 3), and therefore have in common a line A’ through O’, which is the 
image of H. Among the quadric varieties of 3 there is a pencil which does 
not contain the hyperplane H. A general hyperplane in («#’) meets X in a 
point to which corresponds in (x) the intersection of H with one of the quad- 
ric varieties of the pencil. The image of a point on A is therefore a quadric 


. surface lying in H. 


Since the net of hyperplanes through A’ has for its image in (s) the net 
of hyperplanes through A and the common hyperplane H, a plane through A’ 


‘has for its irnage a plane through A.° A general hyperplane V,’ meets the 


plane through A in a line whose image is the conic through P, and P, in 
which the image of V,’ meets the plane through A. A general hyperplane 
V,, in (x), meets this conic in 2 points; hence a line meeting A’ cuts V,’, the 


` quartic image of V;, in 2 points not on A’. A line meeting A’ must therefore 


meet V,’ in 2 points on X; hence A is double on V4’. The complete image 
of Vis a Ve: Bt, Px’, P.?, having as components the original V, and H 
taken twice. The conjugate in I of an arbitrary V, is therefore a V5: 
B? P. 16 P 24. 

We have seen that the image of a point P’ on A is a quadric surface of 
the pencil in H through 8, Through a point R, of H passes a surface Q 
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of the pencil (the image of a point R’ on A’) and a definite plane ~ through À. 
To the plane r corresponds a plane 7’ through A’. The image of R, is a direc- 
tion through R’ in +’. The image of R’ is R, and Rs, the residual intersec- 
tion of Q and m. Hence the image in I of R, is R, and H is invariant 
ander I. 


Corresponding to each of the 4 points in which f, meets a C,,—the 
image of a line /’,— is an intersection of 7 with the image of 84; the image 
in (2’) of B, is therefore a quartic variety V,. Since a general plane thru A 
“does not meet B4, a line meeting A’ does not meet V, except on A’; hence M 
is fourfold on V,’. The image of a plane r through » and a point P of f4 
is a plane x’ through A”. The images of the lines of intersection with x’ of 
two hyperplanes through an arbitrary point P’ of z’ are two conics in + 
through P,, P2, P, and Q, a fourth point of +. Thus the images in (a) of P’ 
are P and Q, and hence the image of w’.is m and P. As P moves along Ba 
a generates a cone K, having the line A for vertex, and x’ traces out a similar 
cone K,’ with the line vertex A’. That is, the image of p4 is Ky, but the 
image of K’, is K, and By. Hence in J the image of 8, is K4, which obviously 
contains Ba 

In general, to a point P’ of (x) there correspond two points P, and P» 
of (x); but for certain positions of P’ the points P, and P, coincide. The 
locus of such points P’ is the variety of branch points, L’; the locus of the 
points Pı, Pa, is the variety of coincidences K; that is, K taken twice, is the 
complete image of Æ. The jacobian of the system X is the locus of the ver- 
tices of the quadric varieties of X which are cones. The hyperplanes through 
a point of LZ’ have for images quadric varieties in (2) with a common tan- 
gent line at the corresponding point of K. Hence among them is a cone with 
this point as vertex, that is K is part of the jacobian of 3. 

If we apply Zeuthen’s * formula for the number of coincidences in a 
multiple correspondence to the (1,2) correspondence between the points of the 
line C;’ in (z) and its image C,, p= 1 in (s), we find that there are 4 
points on 0,’ such that their 2 images in (x) coincide. Thus Z is of order 4. 
Applying the same formula to a line O’ which meets A and has therefore a 
conic for image in (x), we find that there are 2 points on such a line, apart 
from points on X, such that their images in (x) coincide. Thus A must be 
double on L. Since the image of X is H, and the image of L,’ is K?, then’ 
K must be of order 3, must contain the fundamental curve 84, and have P, 


* H. G. Zeuthen, Mathematische Annalen, Vol. 3 (1871), pp. 150-156. 
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and P, for double points. The jacobian is of order 5, has 8, for a triple curve, 
and has K, for one component. The residual is therefore a quadric variety 
having 84, for a double curve and hence must consist of H taken twice, since 
Bs is simple on any noncomposite quadric variety containing it. 

To the œ? directions thru the fundamental point P, in (x) correspond 
the œ? points of some variety V’, in (2). The order of V’ is the number 
of points in which it is met by a line 7%. But since the C, in (s) which is 
the image of 1’, passes through P, in a single direction, then I’ meets V’ in 
just one point; that is the image of P, is a hyperplane H,’. To a point on 
_ Hy there corresponds in (a) a direction through P, and a point on the quadric 
variety of 3 which is the image of H,’. If the point on H,’ is also on Li’ 
then both the images of the point are directions at P, and lie on the tangent 
cone to Ks at P,. Therefore the image of P, in I is the quadric cone of 3 
which has P, for a vertex. Similarly the image of the point P, in Z is the 
quadrie cone of $ which has P, for a vertex. 

Collecting our results, we have an involution J in which 


Vi~ Vs: Be, Prt, På, 
Bam Ka: Ba Pô, På, 
P~ Vz: Bs, Pv, Po 
Pa~ V2: Bs, Pi, P, 
A ~H. 
Ks: Ba, Py’, Po’. 
The (1,2) correspondence between the spaces (z) and (s) can be ex- 
pressed algebraically in the form 


By! = Tobi, Lo! = Velo, Tg = Ugg, 
Ts = UTs F Ue, Bs! = L — T? + Via + Va 
where the suffixes of u and v indicate the degree in £1, 2%, 3; and from these 


equations all the results obtained can be deduced algebraically. The funda- 
mental elements have the following equations: 


H: Ts = 0; À: Tı = Vo = T3 = 0; vN: Uy! = Tr = Uy’ = 0; 
Ba: Bs = 0; Uts F U = 0; L + Vts + v = 0, 
Ki: Ug? — Utat + Uw = 0. 


Y. DLype II. Basis system a cubic curve Bs, p = 0, and 3 simple points 
Pa P2, Ps. As in the preceding case, the image of a hyperplane Vy, in (2’), 
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is a quadric variety V2, in (x), passing through fs, Ps, Ps, and Ps. The 
image of a plane 7’ is a quartic surface in (a) also passing through fs, Pi 
Pa, and Ps. A line 1’ has for its image a quintic curve, p = 1, passing 
through P,, Pa, and P, and meeting s in 5 points. 

To each of the points in which the image of a V, meets an arbitrary line 
of (a’) there corresponds an intersection of a Cs with Vi. Hence the image 
of V, is a quintic variety V’;. To each of the points in which the image of a 
plane r of (x) meets an arbitrary plane of (#’) there corresponds an inter- 
section of a quartic surface with m. Hence the image of w is a quartic sur- 
face in (a’). To each of the points in which the image of a line / of (s) 
meets an arbitrary V,’ there corresponds an intersection of a V; of (x) with l 
Hence the image of 7 is a conic in (2’). 

The hyperplanes of (x’) whose images are composed of the space H in 
which £; lies and a hyperplane through the plane ~ determined by Pi, Pa, and 
P;, form a pencil and hence have a plane 7’ in common which is the image 
of H and m. The system of hyperplanes 3/ meets 7’ in a net of lines. A V1’ 
has for image a V, which meets H in a quadric Q, through £s, the image of 
the line in which V,’ meets a’. The V, meets m in a conic through P,, Po, 
and Ps, which is conjugate to Q, in the involution Z. Two lines of x’ meet 
in a point P’ whose images in (x) are the residual intersection P of the 2 
corresponding conics of m, and the bisecant p of 8; which is the residual inter- 
section of the 2 corresponding quadrics of H. As the point P’ traces out 7’, 
the bisecant of 8, describes H, and P describes m. An arbitrary V, meets p 
in one point, hence P’ is a simple point on Vs’, the image of V,, and the 
plane x’ is simple on V’. The complete image of V;’ is a Vio: Bs°, P15, P”, 
P;°, having the original V, and H as components. The conjugate of an 
- arbitrary V, in J is therefore a Vg: Bs*, P35, P.®, Ps°, m. 

Since the image of an arbitrary line V is a C, passing simply through P., 
the image of P, must be a variety meeting V in only one point, that is a 
hyperplane. Hence the images of the fundamental points Py, Ps, Ps, are 
hyperplanes H,’, Hx, H; respectively. By an argument similar to that used 
for P, and P; in Case I the images of H,’, Hy, and H;’ can be shown to be 
the quadric cones of 3 whose vertices are Pı; Pa, and P; respectively ; that is, 
these cones are the images in I of the fundamental points P, Po, and Ps 
respectively. 

Corresponding to each of the 5 points in which B, meets a Cs, the image 
of an arbitrary line V of (s), is awintersection of V with the image of Bs. 
Hence the image in (a’) of B, is a quintic variety B,’. But the image of a 
line 7 meeting z’ in a point P’ is composite, consisting of a bisecant of Bs,— 
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the image of P’,—and a C, meeting £s in 3 points. So V meets B; in 8 
points not on x’, and hence 7’ is double on B,’. The image in (£) of an 
arbitrary V; is a Vio: Bs°, Pa, P2®, Ps. But since 7’ is double on Bz, the 
Vio has H as a double component, so that the conjugate of 83 in I is a variety 
of order eight, Bs: P”, P.5, P35. The image of an arbitrary line in (v) is a 
conic in (x’) meeting 7’. The image of a line J meeting 8 but not lying 
in H is composite, consisting of 2 lines meeting in a point P. One of these 
lines lies in B;’; the other meets B,’ in 4 points apart from P which are the . 
images of the points, not on £s, in which 7 meets B, Hence £s is fourfold 
on Be 
On the jacobian of 3%, which is of order 5, B; is triple and the points 
P,, Ps, and P; are double. The hyperplane H, being fundamental, is part of 
the jacobian. The residual is the variety of coincidences Ky: 1”, P1?, P2?, P3?. 
Applying Zeuthen’s formula to the (1,2) correspondence between points on 
the line 7’ and its image Cs, p = 1, we find that there are 4 points on V such 
that their images in (x) coincide. Hence the variety of branch points DL,’ is ` 
of order 4. A line 7’ meeting 7’ in P’ has for image a O, meeting H in 3 
points on £; and passing through P;, P2, and P on r, and hence meeting K, 
in 4 points not on the images of 7’. Therefore L; meets V in 4 points apart 
from 7’; that is L,’ does not contain a’. 
‘Collecting our results, we have an involution I in which 


Vi~ Vs B34, P5, P35, P, Te 
Ba ~ Vs: Bs*, Ps, P, Ps’. 
P~ V2: Bs, Pi’, Po, Ps. 
Pa~ V2: Bs, Pa; Pè, P. 
P~ V2: Bs, Pi, Po, Ps’. 
a~ H. 
K,: B3? Pis P,?, Pg. 
8. Type III. Basis system 2 straight lines a, Bi, and 4 simple points 
Pı, Pa, Pz, Ps As in types I and II the image of a hyperplane Vj’ in (a’) 
is a quadric variety V, in (x) passing through &ı, Bi, Pas Pos Pz, Pa The 
image of a plane 7’ is a quartic surface in (s) also passing through gı, 61, 
Pa, Pa, Ps, Pa A line V has for its image in (s) a sextic curve Ce, p = 1, 


passing through P., P2, Ps, P4, and meeting æ, and £, each in 3 points. 
To each of the points in which the image of a V, meets an arbitrary line 
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of (2’) there corresponds an intersection of a Cs with V,. Hence the image 
of a V, is a sextic variety V.’ To each of the points in which the image of 
a plane m meets an arbitrary plane of (a’) there corresponds in (zs) the inter- 
section of a quartic surface with m. Hence the image of m is a quartic surface 
‘in (2). To each of the points in which the image of a line J of (x) meets 
an arbitrary V,’ there corresponds, in (x), the intersections of a V, with l. 
Therefore the image of l is a conic in (2’). . 

The hyperplane H determined by the lines a, and gı contains œ? bi- 
secants of a, 8. Through a bisecant a passes a web of V.’s of X since every. 
V, of 3 contains 2 points of a. To this web of Vs corresponds the web of 
V1’s of 3/ through a point (a’). Hence the image of a bisecant of a, 8: is 
a point, and the image of H is a surface, Q’. The order of Q’ is the number 
of points in which it is met by an arbitrary plane m^. The image of x’ is a 
quartic surface which does not lie-in H, since if it did 7’ would lie in Q’. 
`H meets this quartic surface in a C, which is the intersection of two quadrics i 

‘of H through « ard B,. The intersection of two such quadrics is a curve of 
the second order meeting ;, 8, each in two points. But when the curve of 
intersection of 2 surfaces breaks up into 2 curves of the same order the curves 
also have the same genus. Therefore the residual intersection of the 2 quad- 
rics is two bisecants of a, Bu These bisecants correspond to two intersections 
of x’ and Q’, hence Q’ is a quadric surface. 

Let H’ be the hyperplane which has for its image the composite 2 of = 
consisting of H, and H (the hyperplane determined by the four points Py, 
Pa, Ps, Ps). Obviously H’ contains Q3, which is the intersection by H’ of 
any Vz through Q’. The image of this V,’ consists of H, the image of Qz’, 
and a residual Vs. The image of H’ is H and H, and therefore the image 
of Qz is H and the cubic surface o in which H meets V;. Thus the image 
of H in I is the cubic surface cs. oe 

Since an arbitrary V, of (v) meets each bisecant of as, B in a point, the 
V.’ which is the image of VA contains Q,” simply. The image of V4’ is then 
a Vie: o°, R8 > Pr, P, P3, Pif, os, having the original V, and H as com- 
ponents. The conjugate of.an arbitrary V, in I is thereforea Vio: a°, Bi; 
Pi, P, Pa, Paf, os 

The image in (a) of a line in (2’) is a Ce, p=1, meeting &ı and Bi 
each in 3 points. Hence the image in (2’) of a, is a cubic variety A,’, and 
the image of 8, is Bọ. The image of a line V meeting Q’ consists of a bi- 
secant of «,, 8, and a Os meeting a, Bı each in 2 points. Therefore I’ meets 
A,’ and B,’ each in two points apart from Q; and so Q: must be simple on 
A,’ and B,’. The image in (x) of an arbitrary V,’ isa Ve: a,°, 2,8, P18, P f 
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P, P. But since A;’ contains Q’ its image must be a V;: 87, P1, Pè, PÈ, 
PZ. The image of a line } meeting H in a point of a, but not lying in H 
is a composite conic consisting of a line l’. of A,’ and a line l; meeting 1,’. 
Then J.’ meets A,’ in 2 points apart from l,” and therefore A; meets I in 2 
points not on @,. Hence @, is triple on As. We have then, that the image of 
æ, in I is As: aê, Bt, Pi, P3, P33, Ps? and the image of 6, is Bs: a, B5, 
Pi, P., Pa, P£. 

Since the image of an arbitrary line V’ is a Os passing simply through P,, 
the image of P, must be a variety meeting /’ in only one point, that is a hyper- 
plane. Hence the images of the fundamental points P,, Pa, Pa, P4 are the 

_ hyperplanes H,’, Hz, H,’ H,’ respectively. By an argument similar to that 
employed in Cases I and IT the images of H,,’ Hx, Hz, H can be shown to 
be quadric cones of % whose vertices are P,, Pa, Ps, P4 respectively; that is 

_ these cones are the images in J of the fundamental points Pi, P2, Ps, Ps 

respectively. A 

l The jacobian of $ is Js: a3, Bi°, Pi, Pe’, P, P2. It contains H as 

a component. For let (a) be any point of H. Among the F, of 3 which 

contain the secant of a, 6; through (a) is a cone with (a) as vertex. Hence 
the residual. variety of coincidences is K4: %4”, 81", Pi’, P, Pa, PZ. Apply- 
ing Zeuthen’s formula to the (1,2) correspondence between points on the line 

V and its image Cy, p= 1, we find that there are 4 points on / such that 

their images on Cs coincide. Hence the variety of branch points L,’ is of 

order 4. A line l’ meeting Q.’ in a point P” has for image a O; meeting a, 

and 8, each in two points and passing through Pı, Pe, Ps, Ps, and hence 
meeting K, in 4 points not on the image of Qz. Therefore I’ meets L,’ in 

4 points apart from Qz’, and so Qz’ is not on Ly’. i 

Collecting our results, we have an involution Z in which 


Vi~ Vio: o®, B5, P46, P, Pa, P3, oz 
ay œ~ As: %3, B, Piè, Pè, Po, Pe. 

Bim Bs: o4?, B®, Pi, Pè, Ps, Pë, 
Py ~ Vo: %, Bo Pè, Po, Ps, Pa; 

Pa~ Vo: % Bi, Pi, Pè, Ps, Pa 

Pa~ Vo: %, Bs, Pi, Po, Pë, Pas, 

Pa~ Vat %, Bi, Pr, Pa, Ps, Pe’, 

o, ~ H, 


Ky: %*, Bi’, Pr, Př, P, Pi. 
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The (1,2) correspondences between the spaces (#’) and (x) can be 
expressed algebraically in the form 


uy! bao TiTa; we! = Bobs, T” == tı (£3 + ais) + btts, 
Lr = Le (T4 + 65) + dt,vs, 
: Ts” —= (x + Ly + Tg + Ta + Ls) Xs. 


From these equations the above results can be deduced algebraically. The 
fundamental elements have the following equations 


Oy E= My = Hp = Ts = 0; . 
Bi = Tg = T4 = Ts == 05 


H: s= 0, H: g,- tH t H tet ts = 0, 
and 2 of the points P; are given by each of the sets of equations, 


Tı = T3 = Ta + T4 + Ts = 2, = 0; 


Ta = Ta = Ly + Ta + T = XF = 0. 


9. Type IV.—Basis system a quadric surface Ta. As in the preceding 
cases the image of a hyperplane V2’ is a quadric variety V2, passing through 
Tə The image of a plane a’ is a quadric surface. A line V has for its image 
a conic meeting I’, in two points. 


To each of the points in which an arbitrary line 7 meets the image of a 
hyperplane V, there corresponds in (s) the intersection of a conic and the 
Vi, hence the image of V, is a quadric variety V.’. To each of the points 
in which the image of a plane + meets an arbitrary plane of («’) there cor- 
responds an intersection of a quadric surface with m. Hence the image of m 
is a quadric surface in (2’). To each of the points in which the image of a | 
line J meets an arbitrary V,” there corresponds an intersection of a V, with 1. 

Let H be the hyperplane which contains Pa. It follows from (4) that 
the image of O’ is O and H, and that the image of any line O'P” is the line 
OP;P, and H. Any hyperplane V, in (x) meets H ina plane x. The lines 
through O meeting r have for images tangent lines to the image Vy of Vi, 
hence O’ is simple on Vz. The image of V2’ is a V4: r, O, having V, and 
H as components. The conjugate in Z of V, is therefore a V2: ra, O. 

Since the image of a line I’ meets T, in 2 points, the image of I, is a 
quadric variety G’. Since a general line through O does not meet I, the . 
corresponding line through O’ does not meet G,’ except at O’. Hence G; is a 
quadric hypercone, vertex O’. A line through O meeting T, has for image a 
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generator of G,’ counted twice, and a generator of G,’ has for image a line 
through O meeting Tz. Hence the image of Gz’ is the quadric hypercone Gs, 


vertex O and base F}. 
The jacobian of 3 is Js: T2*. It consists of H counted three times and. 


K.: T}. ‘The image of K, is G,’ and Ly. 
Collecting results, we have an involution J in which 
Vi~ Vo: Te, O. f 
T; ~ Ge: T, (0) ’ 
0 ~H, 
Kgs To 
The (1,2) correspondence between the spaces (2’) and (s) can be ex- 
pressed analytically in the form 


By! == 0405, Lol = Volgy Lg == Laly La == UUs, i 7 
Ta = P? F Ly + ws" H 2 + Bp”, 
and from these equations the above results can be deduced algebraically. The 
fundamental elements have the following equations: l 
T = g? + x2? + T3? + 272 = t; = 0; 
H = t; = 0, K=? + a7 + as” -H 7 — a5? = 0, 
10. Conclusion. This completes the enumeration of the general types 
of involutions leaving invariant cot quadric varieties. The special cases in 


which some of the basis points are coincident or lie on a basis curve are left 
for later consideration. 


CORNELL UNIVERSITY. 


A Three-Dimensional Quartic Variety in 
Four-Space. 
. By Brine C. Wone. 


1. In-this paper we shall make use of the involutorial quartic transform- ` 
ation studied by Miss N. Alderton.* This transformation is effected by four 
hyperquadrics. To a point P is made to correspond the point P’ of inter- 
section of its polar hyperplanes with respect to the hyperquadrics. P and P’ 
are said to be the images one of the other. By this transformation a curve 
of order n transforms into a curve of order 4n, a two-dimensional variety of 
order n into a two-dimensional variety of 6n, and a three-dimensional variety 
of order n into a three-dimensional variety of order 4n, In particular, the 
image of a hyperplane Ss is a three-dimensional quartic variety M;*. It is 
the purpose of this paper to describe a few of its most obvious features. The 
method is to discover the peculiarities in the hyperplane with reference to the 
singular manifolds of the transformation here employed and then translate 
them into the language of the geometry of the three-dimensional quartic | 
variety. i 


2. This involutorial quartic transformation yields a two-dimensional 
manifold J2*° of order 10 whose points have for images lines forming a three- 
dimensional manifold A, of order 15. The lines are quadri-secants of J, 
and J+? lies quadruply on A,‘®. All the three-dimensional quartic varieties 
which are the images of hyperplanes in four-space have in common J,’°: 
, any two intersect, in addition to J,)°, in a two-dimensional manifold of order 
6 which is the image of the plane common to‘ the two corresponding hyper- 
planes; and any three meet in a curve of order 4 which is the image of the 
line common to the three corresponding hyperplanes. 


8. Consider a hyperplane 8; and let its corresponding variety be 
denoted by Mt. Ss meets A," in a surface D: and J,*° in a curve j,° 
lying quadruply on a D.. Since J,*° is the partial intersection of two 
three-dimensional ‘quartic varieties, the curve j,*° is also the partial inter- 
. Section of two quartic surfaces in Ss, the residual intersection being a 


ate Involutory Quartic Transformations in Space of Four Dimensions,” University. ' 
of California Publications in Mathematics, Vol. 1, pp. 345-358, - ‘ 
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sextic curve ¢,° having 20 points in common with it. Since ¢,° has 7 
apparent double points,” 7,1° has 25.} There are 20 lines meeting f° four 
times f and these lines are rulings of A,*® and hence lines of the surface D. _ 
The image of such a line is a set of four lines concurrent at a point which is 
evidently a conical point on M,;*. Hence M,* has 20 conical points and is 
therefore of class 68.§ 


4. From the fact that the image of any point on j,"° is a line on M,* 
we see that M,* has two systems of lines: one, the W-system, is composed of 
co lines coming from points of j,2° and the other, the T-system, composed 
of œ lines coming from the trisecants of j,7°. The lines of the W-system 
form a two-dimensional locus which, being part of the manifold of order 60 
common to M;* and A," including J,'° four times, is of order 20. Let it 
be denoted by W. It passes through the 20 conical points of M,* and, 
excepting those generators which meet in,these points, no two generators meet. 


5. Before finding the order of the locus of the lines of the T-system, 
let us note that the formula expressing the relation between the order n of 
a surface in S; passing through jı? k times and the order N of the G a 
ing variety in M,* is 

N = 6n—k- 20, 


since the transformed variety includes W.”° k times. 


6. The ruled surface formed by the trisecants of j,*° is of order 80.| 
Let it be denoted by 7.8°. It contains j? as a 17-fold curve, for through © 
each point of the curve pass 17 lines meeting the curve in two other points, 
contains 20 quadruple generators coincident with the quadri-secants of j,°, 
and also contains a nodal curve of high order. The order of the transform, 
T21*°, which is the locus of the lines of the T-system in M4, is, according 
to the formula above, 6 X 80— 20 X 17==140. This variety has 20 quad- 
ruple points coincident with the 20 conical points of M;*. Each of its lines 
meets 30 other lines of the same system, for its corresponding trisecant meets 
80 other trisecants besides those which it already meets on j,*°; and also 


*B. C. Wong, “On the Correspondence between Space Sextie Curves and Plane 
Quartics in Four-Space,” Bulletin of the American Mathematical Society, Vol. 32, p. 156. 

f Salmon, Analytic Geometry of Three Dimensions, Art. 345. 

4 Ibid., Art. 474. 

§ Bertini, Projektive Geometrie mehrdimensionaler Räume, 1924, Kapitel VIIL, 
Nr. 23, 24. 

|| Salmon, Analytical Geometry of Three Dimensions, Art. 471. 
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meets 8 lines of the W-system. Each line of the W-system meets 17 lines 
of T4, : 


% It is evident that any curve of order n having « points in common 
with J,*° transforms into a curve of order 4n — «a. In particular, any plane 
quartic curve through the 10 points in which.the plane of the curve meets 
J,*° transforms into a space sextic curve.* Let a plane containing a line r 
“of T+ and a line o of W, meet Mt in those two lines and a conic A and ` 
this conic transforms into a unicursal quintic curve in S; with an actual node 
on j, corresponding to the two points in which + meets A and having two 
points in common with the trisecant corresponding to œ But a plane con- 
taining two lines r and +’ of T.1*° meets M,* in those two lines and a conic «x 
which transforms into a unicursal quartic curve having two points in common 
with each of the two trisecants of j,1° corresponding to the two lines r and 7’. 


8. We have just seen that there are conics on the variety M,*. In fact, 
there are on it four families of conics. One family, which we shall designate 
as the B-family, comes from the congruence of bisecants of 7,7°. There are 
in this family co* members and each member meets two lines of W.2°. Since 
‘every bisecant of j,?°, already meeting the surface D,’*° in two quadruple 
points on j,?°, meets it again in 7 points, every conic of this family meets J. 
in 7 points. From the fact that j,1° has 25 apparent double points we see that 
through every point on Mst pass 25 conics of the family. 


9. Any plane meeting M,* in a conic B of the B-family meets it in 
another conic y which belongs to another family, which we shall designate as 
the C-family. There are also œo? conics in this family and through every 
point of M,* also pass 25 of them. One such conic, y, meets J,*° in only 3 
points, for its companion conic 8 already meets the variety in 7. These 10 
points are the 10 points common to J+? and the plane of the conics. Every 
conic y of the C-family transforms into a unicursal quintic curve in S; and 
since y meets its companion @ in 4 points, this quintie curve has for quadri- 
secant the bisecant of 7,°° of which £ is the image. 

11. A conic y’ of another family, the C’-family, is obtained by inter- 
secting M,* with a plane containing a line w of W. and a line + of T1. 
Hach conic of this family also meets J,*° in 3 points. It is to this family 
that the conic A of Art. Y belongs. Properly, this family is included in the 
C-family. It contains oo conics. 


12. Ifa plane contains two lines of W,?° through a conical point of M34, 


* See B. C. Wong, “On the Correspondence, etc.,” above. 
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it meets Mst in a conic y” besides. Since there are 4 lines of W, through 
a conical point of Mt and there are 20 such conical points on Mst, there are 
in all 120 such conics arranged in 20 sets of 6 each. They are included in 
the C’-family. Such a conic transforms into a unicursal quintic curve with 


13. There is another family, the K-family, of co} conics each of which 
is obtained by intersecting M,* with a plane containing two lines r and 7’ 
` of the Z-system. The transform of a conic x of this family is already dis- 
cussed in Art. Y. 


14. Now consider the tangent surface A,*° of 7,1° in 8, which is of 
order 40. Its image A,” in M,* is of order 6 X 40 —2 X 20 = 200 and 
contains œ conics of the B-family. Each conic meets two consecutive gen- 
erators of W, and meets 36 other conics, for each generator of the develop- 
able meets 36 other generators. Any plane o in S, meets A,*° in a plane 
curve of order 40 with 10 cusps and 720 nodes. The corresponding 3° meets 
A, in a curve of order 120 having 720 actual nodes. This curve has 10 
lines of W,” for tangent lines. There are in all œ? such curves on M,*. 


15. The cone K? with vertex V on j,*° and elements through points of 
jı™ is of degree 9 and has 17 double elements. The image of K,’ is a variety 
K,** of order 34 in M;* with W, discarded. This variety, K,°+, contains 
œ conics of the B-family all meeting the same generator v corresponding the 
vertex V of K, and each meeting another different generator of W. Sev- 
enteen of these conics are line-pairs. Hence through any line on M,* which 
is at the same time a line of J+" can pass 17 planes which meet M,* each in 
a conic A and another line r. 


16. The bisecants of j,*° which meet any assumed line 7 in 8, form a 
ruled surface which has J for 25-fold line and j,2° for 9-fold curve. This 
surface, R,"°, is of order 70 and has 80 triple generators * and a nodal curve 
of high order. The transform of R3”? is a variety of R,*° of degree 6 X 70 — 
9 X 20 = 240 in M,*. On this variety, R,*, is a 25-fold quartic curve A,* 
which is the image of the line 1. ‘Through each point of A,* pass 25 conics 
of the variety. Each ruling of W° meets 9 conics and each conic meets two 
rulings of W° and 28 other conics.t Corresponding to the 80 triple gener- 
atcrs of #,"° there are 80 triple lines on R,2*°, In general, any plane section 
of R? is a group of 240 points lying on a plane quartic curve, but there 


* See Salmon, Analytic Geometry of Three Dimensions, Art. 471. 
į For each generator of R,7° meets 28 other generators besides those on the line J 
and the curve j’. 
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are œ planes meeting R,?*° in conics and 80 of them are line-pairs. Non- 
consecutive conics meet on a curve corresponding to the nodal curve on R,”°. 


17. A plane o through the line / meets the surface #,*° in a degenerate 


“curve composed of 1 counted 25 times and 45 bisecants of j°. Hence, the 
` dorresponding X° passes through the curve A,* on M,* into which 1 trans- 


forms and the total intersection of 3,8 and R24 is composed of 10 lines of 
W,” each counted 9 times, M4 counted 25 times and 45 conics. Each of the 
45 conics meets A.* once, each of the 10 lines meets 9 conics each once, and 
each conic meets once 28 other conics. 

18. If the line ? meets j+? in the point F, the ruled surface generated - 
by a line meeting 7 once and 7,!° twice is a surface R"? of degree 61, for the 
cone K,’ of Art. 15 has to be discarded. The transform of R°! is a variety 
h; 206 The cubic surve A,? into which J transforms is 25-fold on R% and 
each line of W,” meets 8 conics of the variety and each conic meets 21 other 
conics. 


19. There are again 80 planes which meet R,*° in line-pairs and 17 
of these pass through the line v coming from the point V on j. Any plane 


œ through J meets R° in a degenerate curve composed of 1 25 times and 36 


other lines. Hence the corresponding $° meets F,°* in 36 conics, the cubic 
curve A;° counted 25 times, the line v 25 times and 9 other lines of Wat each 
counted 8 times. 


20. Now suppose the line / is a bisecant of j,1° meeting it in the points 
V and V’. The bisecants of j,1° which meet 7 form a ruled surface R35? 
excluding the two cones with vertices at V and V’. The transform of R,"? is 
a variety RB," in M,*. Through every point on 7 pass 24 rulings of R”, 
for J itself is a bisecant. Hence 1 is 24-fold on the surface and jı? is now 
?-fold. The conic A,? which Z has for image is 24-fold on Ry, that is, 
through every point on it pass 24 other conics of the variety. Hach of the 
generators of W, meets ki conics of R,1" and each conic meets 14 others. 


21. Among the 80 pee which meet 2,1"? in line-pairs there is one 
group of 17 all passing through the line v corresponding. to the point V and 
another group of 17 all passing through the line v’ corresponding to the 
point V’. Any plane o through the line 7 meets R,°* in a degenerate curve 
composed of 7 counted 24 times and 28 other lines. Hence the corresponding 
32° meets B27 in M? counted 24 times, 8 lines of W,° each counted: Y times, 
the lines v and v’ each counted 24 times and 28 conics each counted once. 


22. Let 1 be a trisecant of j,1° meeting it in the points V, V’, V”. 
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The ruled surface formed by the bisecants of j,2° which meet 7 is an Rp** 
and its transform is an R338 in M,*. The line J, being a trisecant, is the 
equivalent of three bisecants; hence it is a 22-fold line on R,**, and the line A 
which is the image of I is a 22-fold line on Æ, that is, through each point 
of A pass 22 conics of the variety. Each ruling of W.?° meets 6 conics and 

each conic meets 10 others. 


23. Among the 80 planes which meet R."** in line-pairs there are three l 
groups of 17 each, those of one group all passing through the line v cor- 
responding to the point V, those of another all passing through the line v’ 
corresponding to the point V’, and those of the third all passing through the 
line v” corresponding to the point V”. The %.° corresponding to a plane o 
through the line Z meets R288 in the lines A, v, v’, v” all counted 22 times, 
7 rulings of W, each counted 6-times and 21 conics each counted once. 


24. Ifl is a quadri-secant of jy, the locus of bisecants of 42° which 
meet J is a ruled surface R,** excluding the four cones with vertices at the 
points where 7 meets the curve. Its transform is a variety R.!* of order 
104 in M,*. The line 7 being a quadri-secant is the union of 6 bisecants, 
hence from every point on it 19 bisecants can be drawn to j,*°. Now the 
transform of / is a set of four lines v, v’, v”, v” meeting in a point L which 
is a singular point of M,* and also a singular point of #,"° All the conics 
of this variety pass through L. Each line of W,” meets 5 conics and each 
conic meets 6 others. 


25. All of the 80 planes which intersect RF! in line-pairs pass through 
L, and of these 17 pass through v, 17 through v’, 17 through o”, and 17 
through v”. The variety %,° corresponding to any plane through J meets 


R% in the lines v, v’, v”, v” each counted 19 times, 6 lines of W, each 
counted 5 times, and 15 conics each once. 


26. It remains to mention that any quartic surface F,* in Ss which 
contains j,1° transforms into a two-dimensional variety F,* also of order 4 
in M,* as is seen from the formula N = 6n — k: 20 for n = 4, k= 1. Fis 
of the same nature as F,4. The fact that F.* contains j° shows that it is 
the intersection of S, and a three,dimensional quartic variety M;* which is 
the image of a hyperplane 8, and that F,* is the intersection of S, with Mat. 
There is one quartic surface, I;*, in Ss which is its own image and that is 
the surface in which 8, meets its own transform M,*. 
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compound Singularities of the Rational Plane 
Quartic Curve. 
By J. H. NEELLEY. 


1. Introduction. This paper is concerned with those types of the Ta- 
tional plane quartic curve which have two or more coincident singularities, 
known as compound singularities.* In the first part certain theorems’ are 
obtained and the invariant conditions are found for the existence of such types. 
In the second part we introduce some special quartic surfaces whose plane 
sections include all possible types of rational quartics with compound singu- 
larities. 

We represent t the rational plane quartic R*, by the three binary forms 


= (ast)* (i = 0, 1, 2) 
and then deduce the pencil of apolar quartics l 


(Bt)* + A(yt)* 
The combinant of this pencil involve determinants of the Gis is i i 
which are ‘usually designated by pı; The invariant conditions for compoune 


Singularities are expressed in terms of these combinants. 





2. The Ramphoid Cusp.t The ramphoid cusp or r cusp of the second 
kind has been called by Cayley a node-cusp. To find the necessary and suffi- 
cient conditions for its existence, let the cusp parameter be ¿= 0 and the 
‘parameter value of an inflectional point £ == œ.- Then taking as a reference 
scheme the tangents to the curve at the cusp and at the point of inflection 
and the line joining these points, the fundamental quartics f are 


(1) (Bt)* == 1200 + 12ct, (yt)* = 4dt* + 4et? 
Hence po, = Pos = Pis = Pos = Pos = Paa == 0 
Poz == Bbd, Pos == 12cd, pig = 2be, Pig = 3ce. 


* Cayley, Quarterly. Journal, Vol. 7, p. 212. 

+ Salmon, Higher Plane Curves, Chapter VI; F. Klein, Projective Goie Y, p. 108. 

t W. Stahl, “ Ueber- die rationalen ebenen, Curve vierter Ordnung,” Crelle’s. Journal 
_ für Mathematik, Vol. 101, P. 305. ; 
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The sextic giving the parameter values of the inflectional points * becomes 
(2). (st) = 2bdt® + (Bcd + be)t* + cet? = 0. 


So three points of inflection coincide at the ramphoid cusp. We note that the 
other two intersections of the quartic and the conic on the inflectional points i 
have their parameter values given by 


(3) > (2cd — be) t? — cet = 0 


which shows that the conic on the points of inflection cuts out four coincident 
points of R,* at a ramphoid cusp. 

Upon consideration of the five fundamental invariants Í of R,* we find 
that i È 
(4) I’, — 4I = 0, L =0, Ig = 0. 


The first of these invariants vanishes when the curve has three double lines 
on a point; I, is the undulation invariant and Ie the cusp invariant.§ So the 
curve with a ramphoid cusp satisfies both the cusp and undulation conditions. 
This follows from the fact that two points of inflection coincide to form either 
a cusp or an undulation as the discriminant of the sextic giving the para- 
meters of the inflectional points involves both cusp and undulation invariants. | 
This discriminant, being of degree 10 in the p’s, can only differ from the 
product of these two invariants by a constant factor and we find that 


(5) 2A = Lle. 


The curve may have cusps without affecting the fundamental involution 
but undulations do affect this involution. The ambiguity on this point which 
is evident in most references is removed by the following. When the curve 
has one undulation the fundamental sextic becomes the sixth power of the 
undulation. And as line sections of the curve are the second polars of the 


* A, Brill, “Ueber rationale Curve vierter Ordnung,” Mathematische Annalen, 
Vol. 12, p. 104; J. E. Rowe, “ Bicombinants of Rational Plane Quartic, ete.”, Transac- 
tions of the American Mathematical Society, Vol. 13. 

+ Stahl, “ Rationale ebene Curven vierter Ordnung,” Crelle’s Lot fiir Mathe- 
matik, Vol. 101, p. 307. 

The Morley invariants as given by Winger: American Journal of Mathematics, 
Vol. 36, p. 55, and Rowe, Transactions of the American Mathematical Society, Vol. 12, 
p. 304. 

§ Rowe, Transactions of the American Mathematical Society, Vol. 12, p. 304. 

|| A. Brill, “Ueber rationale Curve vierter Ordnung,” Mathematische Annalen, 
Vol. 12, p. 112; Stahl, “ Rationale ebene Curven vierter Ordnung,” Crelle’s Journal fiir 
Mathematik, Vol. 104, p. 319. 
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sextic and three independent ones recover the curve this type curve cannot he 
recovered as only the undulation line can be gotten from the sextic. Then 
if the curve has two undulations the sextic is not unique but becomes a pencil: 
of sextics which includes the sixth powers of the undulation parameters as 
members. And again the curve cannot be recovered from the sextic as all 
second polars are lines of a pencil which includes the two undulation lines. 
If the curve has three undulations there is a net of sextics which includes 
the sixth powers of the three undulations as members. Any member of the 
net which is a linear combination of each of these sixth powers will have a 
net of second polars which recovers the curve. For instance, if the undula- 
tion parameters are 0, œo, + 1, the net is 


AtS + pT? + v(t — T) = 0 


and if A, » and’y are not zero the second polars will recover the curve. 

The curve may have an undulation or a cusp in addition to a ramphoid 
cusp, but requiring the curve to have two ramphoid cusps forces it to degener- 
ate into two double contact conics. 

The condition that a binary sextic have a triple root is that Salmon’s three 
invariants A, B and C must satisfy the three relations* 


(6) A?—100B=0, 44B—50—=0, AC— 80B? =0. 


We shall now show the equivalence of conditions (4) and (6). Computing 
all invariants involved and using the general form of the flex sextic with one 
root 0 and one oo’ we have 


I, = Pos P23 — Po2Pe4 -+ Pi2Pis + Pi2P23 — Pis 

I = 8 Pos Pas = 12 posprs as 12 pr2Pis + 36 py2Pos oa Pos — 49713. 

L= Pos — 16 p%.Pis one V2 PozP o4 P24 + 96 Pos P 04923 = 576p? P12P23 
+ 96 P oa Pi2Pia -+ 1296 poop" o4. 

Is = 36 Poa P 12P13P 23 = 42 Poa P i2P23P24 == 42 P 9221 4D 03 -+ 6 poop 12D" 283P24 
= 9p 20" 13724 + 12 p02 Pos P23 P24 =m 24.0030" 12)*23 — 24D P14 P28 
+ 16p*;2p" 25 + 12D 02P12P14P 24 + 48. o2Di2DosD 24 m 16 p* 2p 04 
+ 27D 2D 28 + 27 p* oP 24 

A= —(1/ 40) (pos — 8 Poss F 60PozP24 — 48 Pos P23 — 48 Dio Pi4 
— 96 DroPe; -+ 64713). 


'* Salmon, Modern Higher Algebra, 4th edition, p. 263. 














392 NerLLeY: Compound Singularities of the 


= ATES: 10*) (ptos i 10000 po2p724 — 4032p°04P12P23 — 5120 P02 P04 P*23 
= 5120 P04 P"12P24 = 12800 pooPi2ePesPoa —= 200 Dep” 04P24 
-+ 8704-092)" 1sPo4 = 169° 04P13 — 128p? oap” E 1024 po4p* 13 
+ 4096p! 13 + 224p? osP12P14 + 2048 posPisPisPis + 14336 pospi2p" 23 
+ 224P p? 04P23 + 2048p raPisPos + 1433607 s2DisPo4 + 1024p? o3p? 23 
+ 4096 p710p723 + 102497129714 — Sree 18P23 — 6144Pp12p°13 P14 
— 12288p12p 7133). 
CO = (1/29 - 5°) (— p®oa + 1000000 p*yop*o4 — 262144p%15 

= 67200 Poz P 04P12P23P24 = 480000 p7o2PosPosP"24 
= 480000 po2PosP" 1224 E 1920000 p%o2P12P23P24 = 30000p" 2p" 04D" 24 
— 1920000 p7 0971397024 + 84480 2% 940712924 — 521968p7o49712P14Pe3 
+ 1915392979471 723 — 122880 p? 0714723 + 24D" osPrs 

“+ 96 p*o.P718 — 6656 p%o4p"13 + 6144po4p*13 + 98304. p04p"15 
— 49152 p%o2p*14 — 1382400 pop *23 + 84480 MooPosP"osPos Pes 
a 5119687793 9129"24 = 12288093712" 24 == 99072 p04 P12P13P23 
— 21 5040 poop" 1214 Poa — 215040 poop osp72sPze 
= 1536000 p02p*12p 2s Poa aca 336 p*osPi2Pr4 + 9216Po4P12P13P14 
+ 27648 p7o4P12P"13 P14 = 270336 posPr2P*s3 P14 = 10752p*04P12P23 
+ 473088 p* 04P12P" 13P23 — 1425408 pospiop® i323 

T 921600 po2Poap” 13°23 — 2260992 Pop" 189? 23 4 921600 p4p? 12 apai 

; + 2899968 Mo 2M12P718PosPoa + 208896 P04 P 12P18 P14 
+ 1155072 p*o3P129"23 + 2810144 sp712p*%23 + 300 posP*osPos T 
— 4915297307 040723 — 1382400 p*12p"24 + 9216 p*osPosPrs Poa 
+ 27648939907 14P23 + 208896p°o3P14 P23 + 1155072 97,09 saps 

as 2310144p*, e013 PeaPea — 82768 p* 2914 — 82768 p* os os ' 
— 262 144p"i2p*23 — 336 Pos P o4 P23 — 210336 pos p*r P24 
— 2260992 p7109°15 P24 — 3194889710971 99714 — 319488 p"sp712p"28 
= 1277952p°12p"183 p23 + 589824PposP*13P23 + 589824P12P*13P14 
+ 1179648p120*13P23)- 


From these we obtain the relations 
- (7) E (Ia —4In)* — Ta = 320 (4? — 100B) 
(8) 80%2Ie — 1921:14 + (T'a — 4I)? (I's — 2012) agi 104(4A.B —- 


as alte gd 
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(9) 1024016 (6073 + Ta) + 5LF + I (106401 -++ 440I: — 9r) 
— 2 (I', — 4I)? (5601: + 1201.1’, — I’ 2) =— 2° : 10° (A0 — 80B?) 


So if equations (4) are satisfied the conditions that the flex sextic have a 
ttiple root are fulfilled. Thus the conditions (4) are sufficient to make 
three flexes coincident. To show that they are necessary, suppose the condi- 
tions (6) satisfied, whence . 


(10) i aS 
(11) 80721 = (Iz — 4l)? (212I — I's) 
(12) ' (I'a — 41a)? (260I, — I's) (601a + Pa) =0 


Since (st)? has a triple root its discriminant vanishes, whence 
(13) l (1/28) LI. = 0. 


Therefore either I, == 0 or Is==0. If I, =0 then I’, —4I,—0 and then 
I= 0 from (10) and (11). If J, vanishes there are two cases. Wither 
I’,—~4I, or 2122, — I’, vanishes. If I’,—-4I,—0, I, vanishes and con- 
ditions (4) are satisfied. But if I’,—4Z, does not vanish we have 
2127, —I’,—= 0 and either 2607, — I’, = 0 or 60I; + l'a==0. In any case 
all second order invariants of the curve vanish and consequently all invariants 
vanish. This form of Rt has been discussed by Winger,* and avoiding this 
special type of the curve we have the theorem: The necessary and sufficient 
condition that the rational plane quartic have a ramphoid cusp is that three 
points of inflection coincide. This requires that the three invariants Prl, 
I, and I, vanish simultaneously. 


` 8. The Tacnode. The tacnode has been considered as the result of two 
coincident nodes and as the nodes are associated with the catalectic sets of the 
fundamental pencil the tacnode condition has been given as the coincidence 
of two of the iene sets.+ Jf the fundamental pencil associated with 
R,* is 
(Bt)* + A(yt)* 


the catalecticant is 
BotaAyo Bitay BeF àye ` 


(1) Bitayn Be + Aye Be +Hàys | =0 
| Bs +Aye Bs + àye Bs + Aye 


= American Journal of Mathematics, Vol. 36," p. 56. 
t Rowe, Transactions of the American Mathematical Society, Vol. 12, p. 304, 
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and its discriminant is 
(2) —(1/2°) {Iola — Ia (I'a — 41a)? — 641} 


which is taken as the tacnodal invariant. It is obvious that the ramphoid 
cusp is one type of the tacnode as its conditions make (2) vanish. 

` Consider R-t with a tacnode and an acnode. Call the contacts of the two , 
tangents to the curve from the tacnode 0 and co and the pencil of lines on 
the tacnode cuts out the involution t -+ T =0. Naming one tacnodal para- 
meter 1 the other is —1. Then using the real double line and the joints of 
its contacts t, and t> to the tacnode as reference lines we have Rat given by 


Lo = (E — 1) (E — t?) 
(3) a= (?—1) (PF — t?) 

z = (t—t,)?(t{— te)? 
and 


u) (BN = — that 
(yt) * == tate (ti F te) tt — 2(1 + ty? F ta? + tata? + Atita) t? 
4 Gtyte(ty + te) 4? + tita (ty + te) 


The parameters of the acnode are 

: (5) t = + (— tt) % 

Now the line on the tacnode which with the tacnodal line forms a pair apolar 
to £o and a, of (3) cuts out the quartic 

(6) (h + të —2)t4— 2 (h t? — 1) + (26t? — h? — ta?) 


If this line is on the acnode tı = 1/t, and the acnodal parameters: are = i. 
Then the curve is self-projective. We show this by observing that Salmon’s 
invariant M, the equivalent of the Morley invariant I, vanishes. 


(7) W = A (AE — I’)? — 8D (I? — 9AEI + 54DE) 
i where E == 0 is the tacnodal condition, so 
(8) WP = F(AI— 8D) and AI— 8D =0. 
However I0. This condition (8) for a self-projective Rt with a tac- 
node in the Morley invariants is 
(9) L” + 681I, + 4821313? — 288013 — I'l, — 121.1, — 10247, = 0. 


„TÉ the curve has a tacnode and a crunode the reference scheme gives the 
erunodal parameters as +:(t,t,)%. Now to make this curve self-projective 
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the crunode must lie on the line (6), but in that case the crunode coincides 
with the tacnode and we have an osenode.* This type of curve will be dis- 
cussed in the next section of this paper. 

We wish to establish the theorem that a tacnode is in result of two 
coincident double lines of the curve. Call two inflectional parameters t = 0 
. and {= œ and use the inflectional lines and their join as a triangle of refer- 
ence. Then R; is 
i To = t*/e + B/d 

Tı = B/d+P/e+t/b 
(10) Tz = t/b +- 1/a 
and 
(11) (Bt) =at 44b + 6ct?, (yt)t= 6ci? + 4dt + e. 


A double line of the curve is of the form 
(12) (#2 + 2at + a)? 
and the quartic (12) must be apolar to the two base quartics (11). So 


au? — 4brAp + 20u + 4dr? = 0 


(13) 
dcr? — 4dd + 2p + e = 0. 


Eliminating A from (13) we have 


(14) a?cu* — 4b (ad — 2bc) p? + 2(2ad? + 2b?e — 8bed — ace) p? 
— 4d (be — 2cd) p -+ ce? == 0 


which gives the four values of p which, together with the four corresponding 
values of A, make (12) represent the four double lines of R.*. The discrimi- 
nant of equation (14) is 

(15) (1/4) (ad? — be) Te ce, 


Where J’, is the tacnodal invariant. So we have two possible conditions for 
(14) to have a double root. But ad?—6?e—0 does not give a double root 
for À and so (12) does not represent two equal forms under this condition, 
as we have four distinct double lines. Thus a tacnode is the only condition 
upon which we have two coincident double lines of the curve. If » were 
eliminated from equations (13) we would come to the same conclusion from 
a study of the resulting quartic in A. Hence the theorem: The necessary 
and sufficient condition for a plane rational quartic to have a tacnode is that 
two double lines be coincident.t This theorem shows that the tacnode is a 


* Salmon, Higher Plane Curves, 2nd edition, p. 207. 
t Wieleitner, Theorie der algebraischen, héhern Kurven. 
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self-dual compound singularity, two coincident nodes or two coincident double 
lines being the necessary and sufficient condition for such. 

We may distinguish between the tacnode which is an embrassement and the 
one which is an opposition by consideration of the quartic (14). This quartic 
has a double root when the curve has a tacnode and the other two roots form 
the coefficients of the remaining two distinct double lines. In the case of tie 
embrassement the distinct double lines are real and so the distinct roots of 
(18) must be real. But for the opposition the remaining double lines are 
imaginary and so the distinct roots of the quartic must be imaginary. So we 
have the embrassement or opposition according as 


(16) .  RHga—3ag, 0 


where «œ is the leading coefficient of (13) and H, g, and gs are the regular 
invariants of the binary quartic.* 


4. The Oscnode. The three nodes of the rational plane quartic may 
coincide as consecutive points giving rise, not to a triple point, but to an 
osenode which is an osculation of two branches of the curve. We shall now 
show that this compound singularity is due to three coincident double lines. 
With a reference scheme similar to that of the previous section the catalectic 
cubic is 

cA + (3c? + be — bed — ace) dr? 
(1) + (8 + ad? — 2bed — ace) à + = 0 


and the quartic giving the coefficient of the double lines is 


16ac?A* — 32 (acd — bc?) d® + 8 (ace + Rad? — 4bed) A? 
(2) — 8 (ade — bee — 20d) A +- ae? — 4ce = 0. 


We have an osenode when (1) is a cube and the condition is the identical 
vanishing of its Hessian. That is 


3c _ 3P + b’e—2bced—ace 8c? + ad’ — 2bed — 
3c? + be — 2bed—ace — 8e + ad? — 2bed —ace ~ > 3c? 


Equating these in pairs we have the condition that (1) be a cube. That is 


(3) A=B=C=0 
where 


* Burnside and Panton, Theory of Equations, Vol. 1, Ex. 31, p: 153. 
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A= Ree + ad — 2a°cd?e + bactd? — 3acte — 4abed? +- 4abc’de 
-+ 4b7c?d? — 3b°c%e — 6be4d. 
B=a’cd?e — aee? — ab?d’e -+ abee + 6acte — 4abe*de + 2abcd* 
+ 12be4d — 3a d? — 3b7c8e — 4b7c"d? + 20% cde. 
. 0 = a°0?e? — 8ac8d? — 8acte — 2ab2ce? -+ 4abc?de — 6betd + 6b7c%e 
-+ 4b?0?d? — 4b?cde + bte. 


Then the conditions that equation (2) have a triple root are that its invari- 
ants gə and gs ‘yanish. Computing gə we find that it is (8/2°)4. Now 
using the fact that the Hessian of cubic (1) has the same discriminant as the 
cubic we have ` 

(4) 440 — B? = KI’, 


where J’, is the tacnodal invariant. But the discriminant of the quartic 
(2) is , 
ge om) 2795" = 28], 
whence 
(5) gÈ — 2792" = Ke (440 — B°). 


And relation (5) shows that three coincident nodes necessitates three coinci- 
dent double lines. Then the converse is true when we neglect the factor c. 
This may be done as c= 0 gives a curve with two distinct cusps and so can- 
not be a type of oscnode.* So we have the theorem: The necessary and sufi- 
cient condition for a rational plane quartic curve to have an oscnode is the 
coincidence of three double lines of the curve.t 


5. Lhe Oscnodal Conditions. Considering an oscnode as formed by 
sending the third node to the point of a tacnode on the curve and using a 
reference scheme similar to that proposed for the tacnode we find that the 
contacts of the real double line are in the relation t: == + 1/t,, where the sign 
depends upon the third node being an acnode or a crunode. In both cases the 
curve may be represented by 


to = tt — (1+ 1/t*) t + 1/6? 
G) m= (1E +42 
ty — (i — 1/6) H (i — 4-4 1) HR 1h) $1 


* If 6c and 6c’ are the coefficients of ¢? in the members of the fundamental pencil 
we do not have two cusps if either o or o’ vanishes but the curye has distinct double 
lines. ° g 

+ Wieleitner, 7. ¢. is 
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and 
(2) (Bi) =t +t 
(v= Rh 1h) + 6 +1. 


The catalecticant is 43 == 0 and consideration of the Morley invariants shows 
that together with the tacnode invariant there is an . 


Ï = (I’, — 4I) (P + 6022) — I, 


which vanishes. When this I, is calculated for a curve with a taenode, it 
vanishes if the third node is at the tacnode. But Z,==0 for the ramphoid 
cusp so to distinguish between the two types of curve it is necessary that 
Ig5&0. Hence the theorem: The necessary and sufficient conditions for an 


oscnode are 
I'e = 0, I,—0, Le 0. 


If there is a cusp at the oscnode we have the same curve which. would arise 
if the ramphoid cusp type had the third node coincident with the cusp. In 
addition to the ramphoid cusp invariants the type requires that: each of the 
self-apolar members of the fundamental pencil be apolar to the Hessian of 
the other. 

Using for reference lines the line on the oscnode which with the oscnodal 
line forms a pair apolar to z, and 2, of (1), the oscnodal line and the other 
double line, the curve is given by 


Lo — tt — 1 
(3) t =t — W1 
t = {P — (h —1/h)t— 1P. 


This representation shows that the curve is reflected into itself by (1,0,0) 
and zo That this type is self-projective is easily verified by the vanishing of 
the Morley invariant I. 


(4) I? = A(AE — 1°) — 8D(I® — 9AEI + 54DE) 


where F is the tacnodal invariant and T is the oscnodal invariant introduced 
above. 

Attention is called, however, to the fact that the invariant form AI — 8D 
does not vanish for an osenode. Remembering that it does vanish for the 
self-projective curve with a tacnode and that the invariant I does not, we 
have a method for distinguishing between the oscnodal and the self-projective. 
curve with a tacnode. 
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6. The Tacenodal and Oscnodal Surfaces. It is well known that all 
forms of the rational plane quartic with simple singularities are, to within 
projection, plane sections of the Steiner Surface. This surface has three 
double lines which give the nodes of the plane sections. Now curves with - 
tacnodes have two coincident nodes, considering this fact and using Salmon’s 
suggestions for modified forms of the equation of the Steiner Surface,* we 
have constructed a tacnodal surface S,, which has the equation 


Tot + 14725" + Lo Tıg = 0. 


The second surface Sz we present has one double line and the surface 
osculates itself along this line and has the equation. 


(xy? — Loe) 2— LoT = 0. 


All plane sections of these surfaces are rational quartics with tacnodes and 
oscnodes and, to within projection, all forms of the curve with these singu- 
larities may be cut from these surfaces. These surfaces and types of their 
plane section are given in the lower part of the figure on page 399. 


The curves with isolated tacnodes and oscnodes have these singularities 
represented by two and three dots respectively and such belong to the curve 
immediately below or to the left of the dots. The last five drawings under 
N, are degenerate forms which include the conic of the tropes and the squares 
of the two double lines. The last three drawings under 9, are also degenerate 
forms being the trope conic, two osculating conics and the double line tangent 
to a conic. 


* Salmon-Rogers, Analytic Geometry of Three Dimensions, Vol. 2, p. 214. 
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By ALAN D. CAMPBELL. 


We define a conic in a Galois field of order 2%” [which field we write 
more briefly ŒF (2”)] as the locus of all points whose coordinates 2, y, 2 eS 
an equation of the form 

(1) aa? + by? + cè + fyz + gez + hay = 0, 

whose coefficients and variables represent numbers in this @F(2"). The dis- 


criminant of (1) is 


(2) >- A= fgh + af? + bg + ch. 


A pencil of conics then has the equation 


where O, = 0 and C,;=0 are two distinct conics. In this paper we derive 
the classes, or sets of classes, of projectively equivalent pencils and we give a 
typical pencil for each class, or set of classes. If there is an arbitrary coeffi- 
cient in the typical pencil we say this pencil represents a set of classes, when- 
ever different values of this coefficient may give nonequivalent pencils and so 
represent distinct classes. The discriminant A of the general conic of a pencil 
we call the discriminant of the pencil. If we subject (3) to the transform- 
ation 


(4) s= aye’ + by’ + 2’, Y= aoe’ + dry’ + O22’, 
2 = at! + bay + C92’, 


. with determinant j Qis be, Ca Wa 0, we get for the new pencil 


= | Gy, be, C3 i? A. 


(After such a transformation as-this we drop the. primes from the variables, 


without explicit mention of this fact). 

We note that in a GF'(2") every number is a perfect square with just one 
square root, also (ax -+ By + yz)? = ata? + By? + yz. In any GF(2*) we 
have the following typical conics 


@ =o, X 
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(7) z? -+ y? + avy = 0, 
where 2° -+ az + 1 = 0, z = g/y, is irreducible in this GF(2*)*, 
(8) x? == 0. 


We first divide the classes of pencils of conics into the following sets: 
Set I. Each pencil of this set contains at least one double line. 


Set II. Each pencil has no double line, but has at least one real line 
pair. 


Set III. Each pencil has no double line and no real line pair, but has 
at least one conjugate imaginary line pair. 


Set IV. Hach pencil has no degenerate conics of any description. 
Set I. We put (3) in a form (A) where C, = z? and C,—0 is of the 
form (1) witha=0. If f=g—h=—0, b=40 in (A), we put 
waa, y= (1/b%)y’ + (c%/b%)2’, z=, 

ana we get the following class with a ie pencil and its discriminant 
(9) Class 1, Ae? + py =0, A/O. 

If k0, f=0 in (4),t we put 

„E=, y= (1/h)y + (g/h), 2=7, 


and we get a pencil (A’) with C,’ = z? and a’ = F = g' = 0, K = 1 in C2’. 
If c’ 40 in (A’), we obtain by an obvious transformation 


(10) Class 2, AT? + p(z + ey) =0, A= p. 
© Ee =0, £0 in (A’), we have 
(11) Class 3, . Ast + p(y? + ay) =0, A=0. 


The pencil (11) has only one double line and so is not equivalent to (9). 
If b’==c’ = 0 in (A’), we have 

(12) Class 4, Az? + pry = 0, Az=0. 
* See L. E. Dickson, “ Linear Groups,” p. 199. 


If k= f= 0, g £0, we put æ = g, y =z, z =y and we have again the case 
h 0, f =0. ù 
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The pencil (12) has just one double line and so is not equivalent to (9). 
Any transformation (4) that is to send (11) into (12) must have 
bı = c1 = cz = 0, bets=*0. But then (4) sends C, of (11) into 
aT”? +- bay? +--+ - which has a term in y, whereas (12) has no such 
term. 
If f 40 in (A), we can reduce this pencil to a form (A”), with C/ = 7° 
and Cx? having a’ = W = g' = 0, f/=1. If C,’—0 is reducible to (7) 
‘we get i . 


(13) Class 5, Aa? + p(y? + 2? + ayz) = 0, Ass p. 
If C: = 0 in (A”) is reducible to (6), we get 
(14) Class 6, Aa? + pyz = 0, A= A. 


The pencil (14) has a real line pair and so is nonequivalent to (13). 


Set II. We put (3) in a form (B) where O, = cy and C, has h = 0. 
If cg £0 in (B)* and az? + cez? gzx is factorable, we can reduce (B) to 
a form (B’) with 07 = cy and a’ = 0 c’g’ £0. If in (B’) b’y? + Fyz + ez? 
is factorable and f 4 0, we can reduce (B’) to a form (B”) with O” = ay 
and cfg’ =&0, a” = b” = h” = 0, and we obtain 
(15) Class 7, Avy + p(z + yz + zr) = 0, Az=Ap(A+ n). 

If in (B’) f’ s£0 and the terms in y and z alone are not factorable, we 
obtain ` 
(16) Class 8, Asy + e(z? + y? + ayz + ze) = 0, 

A= p(X + pw? + arp), 

where g makes the quadratic factor in A irreducible. 

If in (B’) f= 0, we have i 


(17) Class 9, Asy + p(z + ze) = 0, A= Xp 
If in (B) neither the three terms in v and z alone nor the three terms 
in y and z alone are factorable, we arrive at 


(18) Set 10, Avy + p(a? +y? -+2 + ayz + Ber) = 0, 
aB Æ 0, where 2? + 2 + Bzz and y® + 2? + ayz are irreducible, with 


* We must have g <0 or f ~0 or fg 0, otherwise C,=0 is a double line. If 
g =0, cf < 0, we can put a= y’, y= a’, g= 2’ and get the case cg z£ 0. g 
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A= pla? + apan + (0? + Bye]. 
If the quadratic factor of A is irreducible, then (18) may possibly be equiva- 
lent to (16). However in this case (4) must have bı = c, == 0, m 40, 
az = Ca = 0, b254 0, 63540, ay? + a? + paas =0 [because (16) has no 
term in.s?]. But this last equation has only the solution a, = as = 0. H 


the quadratic factor of A is reducible, then (18) may possibly be equivalent 
to (15). However (4) must then have 


' Qil == 0, bib = 0, a,” + ag + ag? + Alalg + Parts = 0, 
b2 + ba + bg? + Abed, + Bbibs = 0, 


since (15) has no terms in 2 and y*. But then we have a, ~0 (say), a, = 0, 
which gives us a,” + a,” + baas =0 (an irreducible equation). 

If in (B) c= 0, f 0, we have a pencil reducible to (17). 

If in (B) c=f —0, b0, we have 


(19) Class 11, Asy + p(y? + zr) = 0, A= p. 


If in (B) c =f =b = 0, we obtain 
(20) Class 12, Acy + prz =0, A= 0. 


If in (B) f= 0, cm0, and the three terms in v and z alone in, Cz, are, 
not factorable, we get 


(21) Class 13, Ay + u(a* + 2° + azn) = 0, A = Xp. 


The line pair C= 0 in. (21) is conjugate imaginary, so this pencil is non- 
equivalent to (17). 


Set III. We put (3) in a form (C) with Cı = 0 of the form- (7) and 
with h = 0 in O2 We must have f+ 0 or g 4 0 or fg 0, otherwise -03 = 0 
is a double line. We suppose gs40 (the case g = 0, f 40 is reducible to 
this). We must also have c40, otherwise (C) contains a real line pair: 
We now transform (C) to a pencil (C’) with C,/—0 of the form (7) and 
with ¥ = h’ = 0, d £0, g =1. Also in (C’) either a’ 0 or b’ 540 or 
a'b’ =~ 0, otherwise C2’ = 0 is a real line pair. 


If 6’ 0in .(@’), we get i 
(28) Set 14, A(z? ++ y? + Bay) + aly? + 2 + yor) = 0; 


By 0, Ass BLB. y?Ap -+ yp): We assume for this set that y makes 
the quadratic factor of A irreducible. 


CAMPBELL: Pencils of Conics.in the Galois Fields of Order 2%. 405 


If the quadratic factor of A of (23) is reducible, then we take for C,’ = 0 
and O7 ==0 in (C’) two conjugate imaginary line pairs with vertices at 
-(0, 0,1) and (0,1, 0) respectively.* We obtain 


(24) Set 15, A(a? + y? + aay) + p(a® + 2? + Boz) = 0 | 
A OO as 0 A EE to (1), == Auau + fu). The ‘died 
degenerate conic of (24), which must be a conjugate imaginary line pair, is 
o (8/2 1) a? + (B?/a?) y? + 2° + (B?/a) ay + Boz = 0.4 
This reduces to the form (17)- with «/(a? + @?)* instead of a. 
If b= 0 in (C’) we get Set 15 again. 


We note that there is no pencil with just one (or with just two) con- 
jugate imaginary line pairs for its degenerate conics. 


Set IV. We reduce the discriminant of (3) to the form 


(25) A= +4 Ap + ap’, 


which is to be an irreducible cubic. Then we put (3) in a form (D) with 
Cy ==2? + yz; We must have g 0 or h 4 0 or gh =Æ 0 in C2 of (D), other- 
wise (D) has a double line. We suppose g 40 (the case g = 0, h0 is 
reducible to this). Now we reduce (D) to a form (D’) with OY =z + 
by? + yz and with f’ = h’ = 0, g’ =1 in C,’, by transformations on w, y, 2 
alone. The discriminant A= A? + 6’p3 + a'u + 6” Au? must be of the form 


(25), so we have b’ =a, a’ = 1, b”=0. We get 


(26) Set 16,  A(2? + y2) + ala? + ay? + fa? + az) =0, 
with (25) as its discriminant. 


Suppose now that in GF'(2") we have 23” = 3k +1 and the aie (38) 
has a discriminant reducible to A = d* + gu’, where « = cube. ‘We put the 
discriminant in this form, we reduce O, = 0 to the form (5) ; then our pencil 
has a discriminant A = X + Aju? + cd?u + (fg + h7)Ap], where As belongs 
to 0,0. So we must have c= 0, also f s40 or g 0 or fg 0 (other- 
wise the pencil has a degenerate conic). We suppa f= 0 (the case f = 0, 


* A pencil containing two conjugate imaginary line pairs with the same vertex 
contains also a double line. 
{This set evidently does not exist in GF(2). 


k E 
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g 540 is reducible to this). We perform some evident transformations and 
get the pencil into the form 


Alms? + 2? + ay) + pCa? + by? + yz) = 0, 
with A =X + lap? + aru. So we have a,=0, and we get 
(27) Set 17, Aa? + ay) + plaa? + By? + yz) = 0, 
A=) + api, 'a E ibe. l 


We now append a list of the classes of pencils of conics, together with 
their typical pencils and their discriminants. 


Class 1, Av? + py? =0, Az=0. 


Class 2, Aw? + p(2?+ay)=—0, Asp. 
Class 8, A?+y(y?+ay)—=0, A=0. 
Class 4, Az? + pry=0, A= 0. 
Class 5, Aw? ply? +z + ayz) = 0, A= Ape. 
Class 6, às + py = 0, A==)dp’. 
Class 7, Asy t+ pl? +yz- rz) =0, A= (à + n). 
Class 8, acy + u(2? + y? + ayz + az) =0, A= p(X + p + au). 
Class 9, Ary + p(z? + z0) =0, A= Xp. 
Set 10, Avy + ul + y? + 2? + ayz -+ Bez) = 0, 
Ass p[d? + aBn + (a? + B?)p?). 
Class 11, roy + p(y? + zs) =0, A=. 
Class 12, Asy + pez = 0, A= 0. 
Class 13, Agcy + p(a? + 2? + arz) = 0, A= Ap 
Set 14,  A(a?-Ly*-+ Boy) + aly? + 22+ yee) =0, 


As p(B? + y’Au + e). 
Set 15, A(z? +y? + any) + elr +2 + pez) = 0, 


As=Ap(a°d + Bn). 
Set 16, A(2*+ yz) + e(a + ay’ + Be + az) =0, 
A= A + dn + ap, 
Set. 1%,  A(2 + ay) + elar? + By? + yz) = 0, 
AeA? + op, 


t 


SYRACUSE, New YORK, 


On Generalized Lacunae.* 


By JoHN J. GERGEN. 


1. Introduction. The lacunae of a Taylor’s series are those terms with 
zero coefficients; a series 


“oo 
T (a) = X, Cm” 
m=0 
having lacunae can‘ be written in form 
foe] 
(1) T(2) => a,2 
n=0 


where Cm = 0 if m =£ Àn, and Cm 5&0 if m= Àn The effects of lacunae in 
series upon the nature of the singularities of the function defined by the’ 
series have been considered by many writers.** Thus, for example, Hada- 
mard ¢ has proved that if in series (1) 


(Ans — An) /An >AD>O (n=0,1,2, °°), 


then the circle | v | = R, where Rri = lim | cry, | 1A" and is supposed finite 
but different from zero, is a cut for the function 7'(x). Fabry f has general- 
ized this theorem by proving that the same conclusion holds if 


lim (Am — An) = o. 
Mandelbrojt § has proved that if, for some integer p = 0 23 
Tim (Ans — 2?An) = o, 
then T (s) cannot be written in the form _ 
$(2)/[P(2)] Ve, 


* Preliminary report presented to the American Mathematical Society, April 16, 
1927. A résumé of the theorems appears in the Comptes Rendus des Séances de VAca- 
démie des Sciences, t. 184 (1927), pp. 1040-1043. 

** For a bibliography and discussion of the work that has been done on the series 
of Taylor and their analytic prolongation see Hadamard et Mandelbrojt, “La Série de 
Taylor et Son Prolongement Analytique,” Scientia, No. 12, Paris (1926). 

t Hadamard, Journal de Mathématiques, t. 8 (1892), p. 101. 

ł Fabry, Acta Mathematica, t. 22 (1898), p. 65. 

§ Mandelbrojt, Annales Scientifiques de Ufcole Normale Supérieure, 3e série, t. 40 
(1923), p. 413. Dr. Mandelbrojt suggested this problem on generalized lacunae. 
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where $(a) is regular within a circle | s | = R’ > R, and P(e) is a poly- 
nomial. Tsuji* and Pólya ł independently have E this theorem by 
showing that if 

Tim (Ansi — An) = 


then T(x) has on the circle | v | =R at least one singular point which is 
not an algebraic-logarithmic singular point. 

It is the purpose here to determine facts about the singularities of func- 
tions defined by Taylor’s series having geenralized lacunae. Mandelbrojt § 


foe] 
defines the generalized lacunae of the series © anz”, relative to the entire 
0 


[eo] 
function g(z), as the ordinary lacunae of the series © g(an)2". It should 
x 0 


be noted that if one chooses g (z) such that g(0) = 0, a series having ordinary 
lacunae can be made to have generalized lacunae with respect to this function 
g(z). On the other hand, the fact that a series has generalized lacunae does 
not imply that it has ordinary lacunae. 


2. Preliminary Definition and Theorem. Definition. Suppose 8 an 
essential singularity of f(z) and that f(x) is regular except at 8. We say 
that B is a singularity of the exponential order q (= 0) if the entire || func- 
tion in v, f((w8 +1)/x), is of the apparent order q.f If f(x) is an entire 
function, the point at infinity is a singularity of the exponential order q if 
f(z) is of the apparent order q. 


* Tsuji, Japanese Journal of Mathematics, Vol. 3 (1926), p. 69. 

+ Pólya, Comptes Rendus des Séances de VAcadémie des Sciences, t. 184 (1927), 
p. 502. 

The function f (æ) is said to have at the point a an algebraic-logarithmie sin- 
gular point if it can be represented in a circle © with center ~, by the sum of a finite 
number of terms of the form 

(æ — m)" [log (w— a) 1% (a), 
where s is a rational number, g a non-negative integer, and ¢(#) is regular in 0. 

§ Mandelbrojt, Bulletin de la Société Mathématique de France, t. 53 (1925), p. 235. 
The above definition is less general than that given by Mandelbrojt but is sufficient for 
our purposes, 

|| We do not classify polynomials as entire functions. See Borel,’ Legons sur les 
Fonctions Entiéres, 2nd ed., Paris (1921), p. 1. 

J The entire function f(z) is of the apparent order q if corresponding to an 
arbitrary e > 0 there exists an Te such that if |z ] =r>r, then 

maximum-of | f(z) | on |z|=r< err: 
and if g is the smallest number having this property. See Borel, loc. cit., p. 75. 
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Since for at, where ¢ is an arbitrary positive integer, we have 
[at | < ole 


for |æ | sufficiently large, e being arbitrarily small, we shall say that 8 is a 
singular point of f(s) of the exponential order zero if it is a pole of f(s) and 
f(x) is regular except at £. 

Finally, if F(x) = f(x) +¢(2) and if $(z) is regular at 8, we shall 
say that £ is a singular point of F(s) of the exponential order q if it is that 
for f(a). 


We then have, the preliminary theorem. 


co 
TuHrorem I. Let f(x) = $ anz” be a uniform function having as its 
0 


only: possible singularities the pth roots of unity and the point at infinity. 
Suppose that no singular point of f(x) on the circle | «| = 1 is of the eapo- 


co ` - 
nential order greater than q.* Let g(z) = > amz” be an entire function such 
. 1 
that + 


| am [1/7 = 0 (e720 ™) 


oo 
Then the function G(x) = € g(an)a" has as its only possible singularities 
S è 
the pth roots of unity and the point at infinity.t 
For the function g(z) we might take 


o0 
> am / m lemm 
1 


* This assumption implies that if By is singular point of f(s), we can write 
fla) = (8) +T (2) 
where §,(@) is regular except at the point £, and T(x) is regular at 6,. This is 
possible if f(@) is uniform. R 
t This is the notation of Landau. In this instance it means that 
lim | CA [v= elln — 0, 
m=O é 
; + For theorems of similar nature see Hadamard et Mandelbrojt, loc. cit., pp. 48-53. 
See also Soula, Journal de Mathématiques, t. 86 (1921), `p. 94, and Leau, Comptes 
Rendus des Séances de la Société Mathématique de France, t. 25-26 (1897-98) , P. 267, 
and Journal de Mathématiques, t. 5 (1899), p. 365. For the case where one has 


lim (e—8)* f(s}) =0 


for all the singularities £, Leau replaces the above condition on g(z) by one much 
less restrictive. The above theorem is proved in a manner similar to Leau’s. 
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Proof: Consider the sequence of functions {f,,(#)}, where. 


fit) = f(a) = Sanat, 


oo 
f(a) =H (fs, fna) = X, ante" (m=2,8; >). 
By Hadamard’s * theorem on the multiplication of singularities fn(x%) has as 
its only possible singularities the set 8 consisting of 
Br = E27 H/P) (k=0,1,: +, p—1), 


and y the point at infinity. ‘Moreover, fm(s) is a uniform function.} 
Let e& > 0 be arbitrarily small but < | 81 — Bo |/2 if p> 2, or < 1/2 
if p< 2. Let R, be arbitrarily large but >1-+e Let Dı be the open 


region lying exterior to the circles | 2 — Br | =e, but interior to the circle 
| z | =E. We desire to prove that the series 
(2) afi(£) + fals) °° ++ @mfm(%) + °° 


converges uniformly in Dı. 
o0 : œ 
' Consider the uniform functions ọ (2) = $ ung”, y(x) = X vae” hav- 
$ 0 o 


ing as their only possible singularities the set 8. Let n > 0O be arbitrarily 
small but SS e, and o be arbitrarily large but = Ry. Let 7/ = (1-+7)!—1, 
o’ =0/(1—7). Construct a circle K’, |c|=o’. Construct the circles 


‘bY, |e— fy | =x. Let S be the open region lying exterior to the circles 


by but interior to the circle K’ and let T” be its boundary. Through the 
points of intersection of bx with the circle | æ | == 1 construct radii to K’. 
Let Ix’, Ix” be the segments of these radii from |æ |= 1 to |æ |= v7, where 


angle of inclination of 4,’ = amplitude Br + w, 
angle of inclination of lx” = amplitude Sy — o. 


If we regard the segments lx’ as forming cuts of two sides the curve Kı 
consisting of T” and the segments J,’ bounds a simply connected open region 
Sı If is any point in 8; and z any point on Ki, then æ/z is not a point 
of 8, for if it were, we should have either s =— z@,, whence æ would be a point 
of K,, or else x would be the point at infinity. The function 


* Hadamard, Acta Mathematica, t. 22 (1898), p. 55. 
} Borel, Comptes Rendus des Séances de la Société Mathématique de France, t. 
25-26 (1897-98), p. 238. 
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: 1 [2 dz 
File) = 3G ie $(2) y G) F 
is then as in Hadamard’s theorem the analytic prolongation of 
wo 
(3) È Unva” 
. @ 
for z in 8; Moreover, for these values of x we have ' 


F, (2) = ale: $(2) ý E a 


since the integral over the segment lx’ is cancelled when the direction of inte- 
gration is reversed. 


Similarly, the curve K, consisting of T’ and the segments lẹ” bounds a 
simply connected region S2, and the function _ 


ra= 5 fey E)E 


-54 f t0 Ge 


is the analytic prolongation of (3) for v in S} But F(s) = F(x) for z 
in the common parts of 8; and S2, since (x) and y(x) are uniform functions. 
Hence F,(z) can be prolonged analytically across the segments lẹ’ and its 
value at each point of 8’ is that of the integral 


-Hence H (¢, y), the analytic prolongation of (3), is given for x in 8’ by the 
formula 2 


(4) HOWN= af, sorv(Z)eZ. 


The relaticn (4) is true in particular in the region S lying interior to 
the circle | æ | =o but exterior to the circles | s — 8r | =n. Moreover, for z 
in S and z on T’ we have z/zin 8’, For if z is on K’, then for all æ in 8 


| w/z | < o/d =1—y < 1—7, 
while if z is on some bz’, 


12/2] $ ofA) < 0/(1—1) =o 
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and | (2/2) — B; | = | (2 — 28s) /2 | 
> (ya—-)/1 +7) = 7 


since zB, is a point on one of the circles bx. 


If then oe: f 
i | (2) | < N for zon T . 
and Be |yle)| <N” for a in S, 
it follows that es ate 
"rry o’ # 
(5) | H($,4) |< ete WN” 


for all v in S. a 
The inequality (5) permits us to demonstrate that the series (2) con- 
verges uniformly in Dı. Let ; 


€r ==(1-+ e,)?—1 r 
= (1 + 4) 1273 1 (r= 2, 3,° i J 
Rr = Rr-1/ (1 — er-1) (r= 2, 3, ° *). 
Let D, be the open region interior to the circle | «| = Rr but exterior to the 
circles | c—- Be | = er. Let O, be the boundary of D,. 


Since f,(x) is holomorphic in D, and continuous on its boundary there 
exists an M, independent of æ in D, and on Cr such that for these values of x 


| f(z) | <M, (r =1,2,8,: - ‘). 
It follows that in the region D, the series 
co oo 
(6) È dmfm(%) << E | om | Le Ls + + + Lm Mn, 
2 2 
where L, = (R, + ep)/(1— er) 


for we can conclude that 
| f(a) | < Le Ls* © © Lm Mn” 


for these values of z by applying the results obtained for ¢(z) and y(x), 
replacing ¢(x) in turn by fa(e), fels), °° +, fm-r(); (x) in each case 
by fı(x) ; the region S’ in turn by Dn, Dna,‘ ' +, D2; the region S in turn 
by Dm-1, Dm-2; © * +, Dı; N in each case by Mm; ete. 


We note that 
a= (i+e«¢)—l=—e [G+ e) rinze o oe 1], 
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so that 
6/2" < er < 1/2" . (V=1L,2,° © *)- 
Moreover, P 
R =R I [1/(—4)] 
i <& Ñ [1/a—«)] 
© <k Ñ 1 +1/@—0) 
< R, 


- where R is finite and independent of r. 
Hence : 

Ly < (B+ p)/(1— er) 

and 
L: Lz: c> Ln < (R+p)” ii [1/ (1 — e«s) ] 
< [R(R + p)]”. | 

We can then replace (6) by 
(1) È anfa(t) < E | am| [R(B + p)Mm]”. 


In order to find a bound for Mm we write 


fila) = &(x) + é& (e) +: ++ élt) + &(2), 


where &(2) is regular except possibly at the point £, and é (x) is regular . 
except possibly at the point at infinity. The values of | &(x) | for which 
|e— Lr | =p are the values of | &[ (z8r + 1)/x] | for which | «| <1/p. 
Then, since every singular point of f(x) is of the exponential order = q, we 
have for | æ | 5 1/p, 


| ér (br +1)/a | < Npe d/o (k=0,1,: +, p—1), 
where W» is independent of 2 Consequently, 
| x(x) | < Nyets/rerss 
for | s— r| =p. Hence, for | — fx | = en 


| & (a) | < Nye (t/em) t, 
< Npn tS, 


Let Ny be a bound for | é&y(s) | for |s| =R. Let 


Ñ =N, 4 Nat H Noa +My, 
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then 
Mn < N erlt 
< M gee. 


where M is independent of m. 
We may then replace (7) by 


(8) È cnfin(t) << È | am | HE raen, 


where M = M (R + p)R. 
By hypothesis 
| Om | 1” = 0 (3), 
Hence the series 


o 
> Om em2arD ym 
2 


. wo 
converges absolutely for all values of x. It follows that = Gnfm(a) con- 


verges uniformly to: a function G(s), Holomorphic in Dy. Moreda, by a 
well-known theorem of Weierstrass ' 


Cc 
2 tim $33 (n==2,3,°**), 
converges uniformly to G(x) in Dı. Hence 
oO CO 
G(0) = 2 &mfm (0) = = Amao" = g (do) 
m= m= 
and in general ] 
00 oo 
EO (0) = E amfm® (0) = 21.3) aman” =n! g(an). 
m=1 mal 
We have then as the unique expansion of G(x) at the origin 
- fo 9] ‘ 
G(s) = X G (0) ar/n! 
° ; 


© 

= ¥ g(a) 
The function G(x) was proved to be holomorphic in D.. But since €, was 
‘arbitrarily small and R, arbitrarily large its only possible singularities are the 
pth roots of unity and the point at infinity. 
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3. Notes on the Preliminary Theorem. 
a. An entire function g(z) satisfying the condition of Theorem I is of 
the apparent order zero since * 


! 
lim 28 D o. 
4 s m=oo log | &m | 
“It is then of the class zero ł and can be -written in the form 


4 


g6) = Ast TI [D (2/m)], 


where A is a constant independent of z, t a positive integer and un the nth 
zero of g(z), it being supposed that 0 < | yn | Span. 
If we suppose g(z) a polynomial of degree m, 


g(2) = aa + a? Lf ome, 
then , 
g (an) = Qian F Aan? ++ + > E Aman” 
and 


oO foe] fos) oo i 
D g(an) t” = a Sane" + aa D ana” > + + H Om D Ana”. 
2 2 ct) o 


The Theorem I is then true in this case even though we suppose nothing 
about the order of increasing of f(x) in the neighborhood of its singular 
points. However, in the theorems that follow we shall consider g(z) an 
‘entire function rather than a polynomial. 


- 


b. If in Theorem I the only possible singular points of f(s) are the pth 
‘roots of unity, the point at infinity being a regular point, then G(s) is regu- 
lar at the point at infinity. This follows immediately from a theorem of 
Weierstrass since fm(x) is continuous on the circle | «|p > 1, is regular 
for || > p, and the series (2) converges uniformly on |æ | = p. l 


If f(s) is an entire function, then f(z) is likewise an entire function 
and we can replace M, by a number Q independent of |s| RF and of r. 
We then have instead of (8) 


È anfa(2) < È | am | (QM) 


for | s| < R,, which is sufficient to prove that if g(z) is simply an entire 
function, then G(#) is regular except possibly at the point at infinity. 


* Hadamard et Mandelbrojt, loo, cit., p. 50. 
t Borel, Fonctions Entiéres, loc. cit., p. 76. 
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c. If in Theorem I the only possible singularities of f(x) are the pth 
roots of unity then either G(s) reduces to the constant g(a) or else it has a 
singularity at one of the pth roots of unity. It is sufficient for the latter to be 
true that for a single an, 1540, g(an) £0. . 


4. Theorems on Generalized Lacunae. We shall designate by {An}; 
{An} two increasing, infinite sequences of positive integers complimentary 
with regard to the sequence {n}. If there exists a series 


2 + 
p(x) T = by aa " 
n=0 


with radius of convergence equal to one and having on the circle |% | = 1 
an algebraic-logarithmic singular point or an isolated singlar point around 
which ¢(x) is uniform, we shall designate {An} by Sy',. ` 

The sequence {An} == {nk}, where k is a positive integer > 1, would be 
properly designated by Sx, for the series 


1/(i—at) = $ ar 


has a pole on the circle | æ | = 1. 
_ The coefficients of a series 


iss) 
y(t) = > Cna” - 
having the subscripts of a sequence Sy, we shall designate by S(ey’,). 


A theorem proved by ea and generalized by Pólya ł states 
that if in the series 


¥(z) = 2 Cn” 


with radius of convergence equal to one, each term of a sequence S (exw ,) is 
zero, then y(x) has at least two singular points on the circle | æ | = 1. 
We shall designate by Hg, q the set of zeros of an entire function 


es) 
g(2) = È ema 
m=1 


* Hadamard et Mandelbrojt, lec. cit., p. 99. 
+ Pélya, loc. cit. 
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having the property that for a certain number q 


| am [27m = 0 (02m), 
We then have 


i oO 
Turorem II. Suppose the function f(x) = Dane” is regular for 
1 


|s| <1 and has a singular point at s =1. Suppose that the terms of a 
sequence S(ay',) take only the values contained in an Eg, q and that for 
some An ~ 0, g (an) Æ 0, then either f(x) has at least two singular points in 
the extended plane or else the point 1 is a singularity of the exponential order 
greater than q. 


In a word, we suppose that the terms for which n =A a are generalized 
co 

lacunae of Si aag”, relative to the entire function g(z). The proof is im- 
2 


mediate. If f(a) is regular except at thé point 1, it is a uniform function, 
and if this point is a singularity of the exponential order <q, then the 
_ function G(s) = 3 g(@n)2* is regular except at the point 1, which must be a 
singular point. ° 

On the other hand, each term of S(g(ay’,) is zero. Hence by the theo- 
rem of Mandelbrojt and Pólya stated above the function G(x) has at least 
two singular points on the circle | s | = 1. It follows that either the point 1 
is a singular point of the exponential order greater than q or else f(x) has at 
least two singular points in the extended plane. 

Finally, we have 


(ss) 
TaroreĮ III. Given the function f(x) = $ ans”, with integral coeffi- 
o 


cients * and radius of convergence equal to one. Suppose that the terms of 
a sequence S (ax) take only the values contained in a set Eg, q. Suppose 
that lim | g(a,,) | = 1 and that lim (ànn — An) = œ. Then the circle 
| x |= 1 is a cut for the function f(s). 

Here again we are supposing that the terms of S ana” for which n =’, 


are generalized lacunae of this series, relative to g(z). 

We have first, because of the hypotheses as to integral coefficients and 
unit radius of convergence, by a theorem of Carlson + and Pólya f that either 
the circle | «| = 1 is a cut or else we can write f(x) in the form 


*a, is said to be integral if a, = b, + ci, where b, and c, are integers. 
f Carlson, Mathematische Zeitschrift, Bd. 9 (1921), p. 1. 
Pólya, Mathematische Annalen, Bd. 77 (1916), p. 497. 





t 


418 GERGEN: On Generalized Lacunae. 


_P(2) 
A a 6 SS a 
where P(x) is a polynomial and p, t are positive integers. Hence, if we sup 
pose that the circle | s | = 1 is not a cut, the only possible singularities o 


co 
G(c) = $ g(an)2" are the pth roots of unity and the point at infinity 
oO 


Moreover, G(x) has at least one singular point on the circle | æ | = 1. 

On the other hand, by the theorem of Hadamard and Fabry stated in th 
Introduction the circle | v | = 1 is a cut for the function G(x). It follow 
that 
P(x) 


Hence the statement of the theorem is justified. 


TAE Rice INSTITUTE. 





Properties of Certain Aggregate Functions.* 
By Lester S. HILL, 


1. Introductory Notes. Many mathematical papers have made use of 
arguments reposing upon the idea that rather general aggregates may conve- 
niently be regarded as functions of other general aggregates. In fact, the 
notion is merely that of establishing a correspondence between two sets of 
aggregates, and is thus by no means new; the ordinary functions of element- 
ary analysis, when considered geometrically, involve precisely this notion. 

R. L. Moore, in a recent study of the structure of a continuum, was led 
to propose for consideration what he called “upper semi-continuous collec- 
tions of continua,” and to develop interesting properties of such collections.{ 
But, while the term “upper semi-continuous” is very suggestive of ordinary 
functional relations, Dr. Moore does not introduce a variable. H. Hahn has, , 
in like manner, closely approximated the formal consideration’ of upper-semi- 
continuous functions in which the function values are aggregates of points.{ 

W. A. Wilson, in a recent paper,§ has formally introduced a variable with 
a definite range, and used a specific upper semi-continuous function in the 
study of continua irreducible between two points. i 

In the present paper, an attempt is made to develop certain fundamental 
properties of the aggregate functions thus appearing, implicitly and explicitly, 
in current investigations of analysis situs. Correspondences in which aggre- 


gates of points are functions of the points of an aggregate are considered from 


the standpoint of the theory of functions of real variables, and a few essential - 
theorems are derived. These theorems constitute generalizations of standard 
relations in analysis. Thus, for the functions of the general class treated, 
we may assert that every monotone descending and convergent sequence of 


i Communicated by title at the Çolumbus, Ohio, meeting of the American Mathe- 
matical Society, September, 1926. 

tR. L. Moore, “Concerning Upper Semi-Continuous Collections of Continua,” 
Transactions of the American Mathematical Society, Vol. 27 (1925), pp. 416-428; also, 
Proceedings of the National Academy of Sciences, Vol. 10 (1924), No. 8. 

+H. Hahn,“ Ueber irreduzible Kontinua,” Sitzungsberichte der Akademie der Wis- 
senschaften, Wien, Vol. 130 (1921). 

§W. A. Wilson, “On the Structure of a Continuum, Limited and Irreducible 
between Two Points,” American Journal of Mathematics, Vol. 48 (1926), No. 3. 
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upper semi-continuous functions defines an upper semi-continuous function; 
that every sequence of continuous functions which is uniformly convergent, 
or which is merely “semi-uniformly ” convergent, defines a continuous func- 
tion; that every function which is upper semi-continuous, or lower semi-con- 
tinuous, at each point of the set T is at most pointwise discontinuous in T i 
when T is either a bounded region or a bounded perfect set. j 

But, aside from their intrinsic interest, the theorems presented in the 
following pages have the merit of providing a convenient basis for a study of 
very general types of regional frontier. In a paper soon to be offered for pub- 
licafion, it will be shown that certain upper semi-continuous transformations 
of the circumference of a'circle into the frontier F of a bounded plane region 
can be extended, whenever F is the sum of two rather. general continua irre- 
ducible between two points, so as to yield homeomorphic transformations of 
the-bounded region into the interior of the circle. 


2 Terms and Notations. Limit Sets. Let x be any point of the 
Euclidean space Æ; let T be a set of points in F; let r be a point of T. 
These relations are expressed by > CT CH, or by HIT Dr. lfc is any 
positive number (e > 0), we denote by U.(x) the set of all points of # whose 
distances from « are less than e; by Ve(r) the divisor of U.(r) and T; and 
by V.*(r) the set obtained by omitting the point r from V(r). 

The divisor of two sets A and B will be indicated as the logical product 


A - B, and the union as the logical sum A -+ B. By A we shall denote the 


sum of A and its derived set. 

If with each point ¢ of a set T lying in the Euclidean space Æ there be 
associated in any definite way a set X; of points lying in the Euclidean space 
G, we shall say that there is defined the “function” X; = f(t) of the “ vari- 


` able” £ over the “range” T. 


Let r be a point of the range T. Let æ be any point of G such that, for 
every e > 0, and every ô > 0, U.(x) contains a point of X: = f(t) for some 
t in V(r). If K is the class of points in G satisfying this condition, we 
say that K is the upper * limit of X, = f(t) as t— r, and we write 


K = Lim X; = Lim f(t). 
tor tr 


Let x be any point of G such that, for every « > 0, there exists a § > 0, 
for which U.(x) contains a point of X: = f(t) if t is any point of Va(r). 
If L is the class of points æ in @ satisfying this condition, we say that L is 


* The upper and lower limit sets here defined are natural extensions of the “ èn- 
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the lower limit as t—r.of X:—f(t), and we write L= Lim X:= 
tor 
Lim f(t). f 


tor 

If K =L, we say that X: = f(t) “converges” to the limit K = L = 
Lim X; = Lim f(t). 
tor tor 


If [ti], (i= 1, 2, 3,- -), is a denumerable sequence of points of T, 


the notations Lim X;,, Lim X: Lim Xz, are almost self-explanatory.* 
4-900 i>% 400 


It is easy to see that the set Lim X+, or the het Lim Xs, may be void 


tor : 700 





(may contain no point). But we note: 


THEOREM 1. If the union of all the X: sets in G is a bounded set, 


Lim X; will contain at least one point: Lim X: 560. 
t-r A tor 


It is to be observed that.some or all of the X: sets may consist of single , 
points, and that some or all of these sets may be identical. _ 


3. Continuity and Semi-Continuity of the Function X;—=f(t). Let 
r be a proper limit point, in'the ordinary sense, of T. We shall call the func- 
tion X; = f(t) upper semi-continuous, supracontinuous, lower semi-continu- 
ous, infracontinuous, respectively, at t == r, according as 


X, D Lim Z, X¥,— Lim X, X, C Lim X, X, = Lim X; 


ter tor tor tr 


the notations A C B, B D A implying that every point of A is a point of B. 
We may agree that X; = f(t) possesses each of the four types of semi-con- 


semble d’accumulation ” and the “ensemble limite” of Z. Janiszewski. Of, “Sur les 
continus irreductibles entre deux points,” Journal de PÉcole Polytechnique, Ser. TI, 
Vol. 16 (1912). 
* Let [X™] he a sequence of sets lying in the Euclidean space G, and depending 
upon one index n which ranges over a denumerable sequence of values [n]. Then 
Lim X® is the class of all points v of @ having the property that U (æ), for any 
n00 
e > 0, contains points of X for an infinity of values of n; and Lim X™ is the class 
R00 
of all points w of G having the property that U (æ), for any e > 0, contains points 
of X® for all except (at most) a finite set of values of n. The set Lim X™ exists, 
A aa n00 i 
and is the same as Lim X™, when the latter set is the same as Lim X™, 
nO n00 
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tinuity at an isolated point of T. Evidently, supra-continuity implies upper 
semi-continuity, and infracontinuity implies lower semi-continuity. 

X: = f(t) is continuous at t = 7 if and only if it possesses there all four 
types of semi-continuity. It is therefore continuous at an isolated point of T; 
and it is continuous at the proper limit point + of T if and only if 


X, = Lim X; = Lim X; == Lim X}. 


tor tor tor 





A simple example, in two-way space, will be sufficient. 


Example: In the ordinary Cartesian plane, with rectangular coordinates, 
let T be the set of points — r/2 S s 3, y = 0; and for each point of T, 
write t= 2. 


We define a function X; == f(t) over the range T as follows: 


(1) At t= — 7/2, X: consists of the two points «= — 7/2, y = 1, — 1. 

(2) For —72/2 < t < 0, X, is the point s =t, y = sin t. 

(3) At t = 0, X; is the segment of the Y-axis: ¢ = 0, —1 Sy 5&1. 

(4) For 0<t1, XY: consists of the two points: s= t, y == sin(1/t), 
y = cos(1/t). o 

(5) For 1 <t< 2, X: consists of the closed set of all points of the broken 
line ABC. 





AA tzx 2. N 


with AB = BC, and tan BAC = (2 — t) / (t ed 1) = AQ/MA. 
(6) At t= 2, X; is the point c—2, y = 0. 
(7) For 2<t< 3, X: =X, with h —4—t. 
(8) At t = 3, X: consists of all points: s = 8, y È 0. 
This function is illustrated in the figure for the interval (t = g= 1 to 
t =g = 3) only. If ” and t” are two points of that interval which are 


symmetrically located with respect to t = 2, then Xr = Xv. 
There are only four points in T at which the function is not continuous. 
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At t= 0, it is supracontinuous; at t = — 71/2, it is merely upper semi-con- 
tinuous. At t= 1, it is infracontinuous; at t== 3, it is merely lower semi- 
continuous.* 


, 4 Concerning the Limit Sets of X:—=f(t). Several theorems express- 
ing useful or significant properties of the limit sets of X; = f(t) will be re- 
corded without proof. 


THEOREM 2. Let r be a limit point of the range T = {t}. For some 
è > 0, let the union of the X: sets, as t ranges over V5*(r), be bounded. Let 
K = Lim X;, L = Lim Xi. Then, for every « > 0, there exists a e > 0, such 

ter tr 

that X: les in U.(K), and L lies in U.(X:) whenever t lies in Va,* (r). 

Since X; = f (t) converges to a limit set, as t — r, if and only if K = L, 
Theorem 2 serves to emphasize the essentially bipartite character of converg- 
ence. The following theorem throws some further light upon the nature of 
convergence. 


THEOREM 3. Under the hypotheses of Theorem 2, X; = f(t) will con- 
verge as t — r, if and only if there exists a set M having the property that for 
every denumerable sequence [t;] of points in T converging to r, M = Lim X;,; 

4=00 - 

and if the set M exists, M = Lim X+. 
4 tor 

As might be expected, Lim X; and Lim X; can be related, respectively, l 


ey . tr t>r 
to a divisor set and a union set. 


THEOREM 4. Under the hypotheses of Theorem 2, let B be any closed 
set in the space G having the property that, for any «> 0, there exists a 
ôe > 0 such that, when t lies in Va (r), the set X, lies in U-(B); and let 
C be any set in G.having the property that, for any «> 0, there exists a 


* It is to be noted that: Lim X, = Lim X,=Lim X, consists of all the points 


tl t33 [3 
g= l, y = 0 and all the points # = 3, y = 0; while Lim X, consists of the two points 

: 71 
= 1l, y=sin 1 and a=1, y= cos 1. Notwithstanding that Lim X,=Lim X, 


t3 t>3 
the function X, ==f(t) is not continuous at = 3; the reason being that X, for 
t = 3, is a proper subset of Lim X, = Lim X, =Lim X, Continuity at t =3 would 
s T t3 t3 t3 
imply that X, = Lim X, 
t>3 
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e > 0 such that, when t lies in Vač (r), the set C lies in U.(X1). Let 1 
be the divisor of all sets B, and U the union of all sets C. Then K = Lim X 
j $ 2 tor 
is the set D, and L = Lim X; is the set U.* 
tor 
With the understanding that a void set is closed, we may assert, eve 
independently of the hypotheses of Theorem 4, that Lim X; and Lim X; ar 


tor tor 





always closed sets. 


We now record a kind of uniformity property of Lim X+. 
Tor 


THEOREM 5. Under the hypotheses of Theorem 2, there exists, corre 
sponding to any «> 0, a 8 > 0 such that, if t lies in Va ¥ (r), and if pi 
an arbitrary point of Lim X:+, the divisor set X,-U.(p) is not void. 


tor 


Properties of the limit sets of a function X: = f(t), and continuity prop 
erties of the function, may be stated in terms of the “ displacement” of sets 
Let d(A,B) denote the distance between the sets A and B in a Buclidea 
space; d(A,B) is the greatest lower bound (minimum) of d(a,b) as th 
points a, b range independently over A and B. We may define: 


(A,B) =the least upper bound (maximum) of d(A,b) as b range: 
over B. 


r° (A,B) = the greater of the numbers (A, B), «(B, A), or their com 
mon value. ; 


These displacements were introduced, purely as definitions, by Hausdorff.’ 
It is not difficult to establish the following theorem: 


THEOREM 6. In the function X: = f(t), let the X: be closed sets, anc 
let their union in G be bounded. Let r be a proper limit point of the range T 


If Xı= f(t) is upper semi-continuous at t =r, then lim r(X,, X1) = 0 
tor 


and conversely. If Xı= f(t) is lower semi-continuous at t+, ther 


lim r(X:, X) = 0, and conversely. Hence, for f(t) to be continuous a 
tor 


t =z, it is necessary and sufficient that lim r° (Xr, X:+) = 0. 
tor 
It is to be observed that + and x°, as here defined, are real-number func 


tions of familiar type, and that “lim” denotes the ordinary limit of real 


* For definition of U ef. Section 2. 
+ F. Hausdorff, Grundzüge der Mengenlehre. 
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variable analysis. The equation “lim” <0 implies, of course, that the 
limit exists. 


5. Concerning Sequences of Functions. The following theorem is es- 
tablished by a kind of argument which is very familiar in analysis. The 
proof will be omitted here: . 


TrnonEM y. Every monotone descending narini of closed sets con- 
verges to its divisor set. Given the sequence of closed sets [Xi], with 
Xi D Xin, we mey write: Dv[X:] = Lim Xi.* 
4700 


THEOREM 8. Let r be a proper limit point of T = {t}. Let each func- 
tion of the denumerable sequence X:™ = f™ (t), (n = 1,2,3,° + +), be up- 
per semi-continuous at t = r, and let X ™® DX. Finally, let X; =f (t). 
= Lim ¥,~ — Lim f™ (t). Then Xe = f(t) is upper semi-continuous at 


nO R-POO 


t= r.f 


Proof: Understanding that a void set is a subset of every set, we note 
that the theorem is obviously valid for the case K == Lim X; = 0. 
i tor 


Let K FÆ 0, and let p be any point of K. For any « > 0, and any ô > 0, 
there exists in Vs*(r) a point ¢” such that U.(p) contains a point of Xr. 


But Xr == Lim X;™. Hence for n sufficiently great, and therefore, in view 
n->00 


of Xr TD Xy “PY, for any n, there exists in Va* (7) a point t such that 
U.(p) contains a point of X;™. It follows that p is, for every n, a point of 


Lim X¥;™; and therewith, in view of the upper semi-continuity of X;, a 
tor 


. point of ¥,™ ; and consequently Í a point of X,;—LimX,;™. Thus 


n->00 


X, 2 Lim X; = K, and f(t) is upper semi-continuous at t =r. 
tor 


Definition: Let X,™ == f™(t) be a denumerable sequence of functions 


defined over T, and converging, in T, to the function X: = Lim X¥:™. We 
shall call this convergence “semi-uniform ” if, corresponding to every « > 0; 


there exists an infinite set Ne of positive integers, Ne depending in general 
upon e, such that, for any ¢ in T, and for any integer n in Ne we have: 


r? (Xi, XP) Le 


* Cf. footnote, page 421. 

7 Cf. footnote, page 421. - 

+ Since U <i?) contains at least one point, p, of X,© for every n, we see that p 
is a point of Lim ,, and therewith a point of Lim x w, Cf. footnote page 421. 


N-?00 Re 
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The convergence is “uniform” if, corresponding to every « > 0, thi 
exists an index ne such that, for n > ne and for any ¢ in T, 7°(Xi, X) < 


THEOREM 9. Let + be a proper limit point of the range T. 1 
X;™ —f™ (t) be a denumerable sequence of functions converging sen 
uniformly, in some partial range Q = Va(r), to the function X: == f(: 
Then if each function f(t) is continuous at t= 7, so is the functi 
X: =f(t). 


Proof: Let [t:] be any denumerable sequence of points of Q convergi: 

to r. Let e be any positive number. There exists an infinite set Ne of i 

dices, such that, for every index n in Ne and for every i, we ha 

wo (Xt,,X1,) <e Thus, for every n in Ne, and for every 1, we may writ 
(1) Xe, G U(Xe,), and (2) Xz, G U(X). 

_ Denoting by U.(A), as usual, the union of U.(A) and the set of : 

limit points, we may conclude from (1) that, for every n in Ne, and for eve 


i: Tim X, C 0-(Lim X:,™), and* therefore Lim X: C U(X). 1 
4-00 400 ont; i700 
establish this conclusion, suppose that Lim X+, contains a point p such th 
4-00 
the distance d(p, X;™) =e + é, with €>0. Since Y,™ = Lim X, 
4-900 
we have only to make 7 greater than a definite integer 4 to insure thi 
d(p,X:,”) >e«+£/2. But, for an infinity of indices i, all greater than í 


‘the set Xz, will have points in common with Uy, (p), since p is a point 


Lim Xs. Let 7 be one of these indices, and let qg be a point of the divis: 
i>% 
set Xi, Uta (p). Then, clearly, d(qg, X4, ™) > e+ ¢/4 Thus (1) is coi 
tradicted for i = j. 
An analogous argument derives from (2) the formula. 
Lim X;, C Üe(Lim X;,), and therewith the formula X, C 0. (Lim X:, 
4-900 4-00 400 ` 
valid for every integer n in Ne 
‘Recalling that X, = Lim X,™®, and allowing n to approach infinit 
NO 
within Ne we find that, for any A>, certainly: (3) Lim X;, C 0 (Xr 
— 4-900 
and (4) X, C U,(Lim X+). Since eis arbitrarily small, so is A, and there 
4-00 & 


fore we must have: X, = Lim X+. By theorem 3, it follows that Y,= 
490 


tor 


, Lim X:, and that X; = f(t) is continuous at t =r. 


* By hypothesis, Lim X, = Lim X, =X, 
400 ico 
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Corollary: Let + be a proper limit point of the range T. Let X; = 
f(t) be a denumerable sequence of functions converging uniformly, in T, 
to X;—f(t). Then, if each function f(t) is continuous at t= r, so is 


f(t). 
* 6. Upper Semi-Continuous Transformation of Bounded Continua. 


TurorEm 10. Let T be a bounded continuum in the Euclidean space E. 

In the Euclidean space G, let each X: be a continuum, and let the union 
U{X:} of all the X: sets be bounded. Then, if the function X: = f(t) ts . 
upper semi-continuous in T, the union set U{X+} is a continuum. 

We first show that U {X+} is a connected set. If this is not the case, 
there exist two sats U, and U, such that U = U, + U: and ULU: + U0 0. 
Since U is bounded, we have d(Ui,U02) > 0. If ¢ is any point of T, its 
image, X;, will lie wholly in U, or wholly in U2, each set X; being a bounded 
continuum. Let Tı, T} be those subsets of T whose images lie in Ui, U2 
respectively. We see that 7,7,-+T.7;—0. For, plainly, T, and 7, can 
have no common point, and no point of either can be a limit point of the 
other. If the point ¥ of T, is a limit point of T, there is a denumerable 
sequence [¢;] in T, converging to t. Since X: == f(t) is upper semi-con- 
tinuous, theré exists, corresponding to any e > 0, an integer ne such that, 
when i > ne we have X;, lying wholly in U.(X+). This is, however, im- 
possible; Xy lies in Ui, while X+, lies in U2, and d(U:,U2) > 0. Since, 
obviously, T = T, + Ta the relation TT + T-T, = 0 contradicts the hy- 
pothesis that T is a continuum. ` 

To show that U = U{X+} is closed, suppose that it has an improper 
limit point gin G. Then q is not a point of any Xz. 

x Let [qi] vė any denumerable sequence of different points in U converg- 
ing, in the sense of aggregate theory, to the point q. Let [t:] be any denu- 

.merable sequence of points of T such that q: is a point of X;, as we may 
evidently do. It is plain that there are an infinity of different points in the 
sequence [¢;]: for otherwise an infinity of points of [g:] would lie on one set 
Xin so that, Xz, being closed, the limit point q of the convergent sequence 
[gi] would lie in X;,, and therewith in U, contrary to hypothesis. Since T 
is bounded, the sequence [¢;] will have at least one limit point 7, lying in the 
closed set 7. Consider the closed set X,. In view of the fact that q is not 
a point of X,, let d(q,X,) =h > 0. 

Since X; = f(t) is upper semi-continuous in T, so that X, D Lim X, 

tr 
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there exists in [t;] an infinite * subsequence [si], si = tu, such that, for 
t > to ‘where io is a determinate integer, we have + Xs, C Unj2(X-), and Í 
consequently d(qn,,g) > h/2. But this is a clear contradiction, q being the 
limit point of the convergent sequence [qi]. 

The set U{X1} has, therefore, no improper limit point, and is closed. 


Since it is both closed and connected, it is a continuum. è 


%. Semi-Continuous Functions on Regional or Perfect Ranges. We 
proceed to obtain another generalization of an important theorem of analysis. 
We shall understand, in what follows, that X+= f(t) is “semi-continuous ” 
over, or in, the range T if it is upper semi-continuous at each point of T, or 
else lower semi-continuous at each point of T. > 


THEOREM 11. Let the range T be bounded, and let it be either a region 
or a perfect set. If the function X: = f(t) is semi-continuous in T, it is at 
most point-wise discontinuous in T. ' 


To establish. this theorem, we shall make use of two auxiliary real-num- 
ber functions, and their properties as given in two lemmas. The functions 
8.(7) and 8.*(7) are defined as follows: 


(a) Let +r be a point of T such that, for some point 7’ of T, X, does not 
lie wholly in U.(X,'), respectively Xy does not lie wholly in U.(X,). Then 


` Se(r), tespt. 8-*(r), is the least upper bound (maximum) of those real num- 


bers § having the property that, if r* is any point of Va(r), X; C U.(X,*), 
respt X,* C U,.(X;). 


(b) Let r be a point of T such that, for every point r’ of T, the set X, 
lies wholly in U.(X-'), respt. the set X, lies wholly in U.(X,). Then 
Se(r), respt. 8.*(7), has the value k, where k is a fixed positive number, inde- 
pendent of r, which is greater than the diameter § of T. 

If & (7), respt. &* (r), is upper semi-continuous in the ordinary sense at 
r==7*, we may write: 


Tim 8.(r) S8-(r*), respt. lim èc (r) SS 8-*(7*) 
TT T->1T* . 


* Any subsequence which converges to 7. 

+ Cf. Theorem 6: 

$ Note that q, is a point of X,,, and q,, isa point of X, =X, . The sequence 
Ca, is a subsequence of Lgl 

§ The diameter of T is the maximum of the numbers d(t,t,) for all pairs of 
points ¢,, t of T. 
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where lim 5.(7), respt. Tim, ôe* (r), denotes the minimum ne lower 


e as 10, of fie, maximum (least upper bound) of &(7r), respt. 
d"(r), in Va(r*). 


Lemma 1. If X:=—f(t) is lower semi-continuous, respt. upper semi- 
continuous, in T, the function 8-(r), respt. 8.*(r), is everywhere upper semi- 
continuous in T, in the ordinary sense. 


Proof: Each function is clearly upper semi-continuous wherever it has 
its maximum value k. We shall prove the Lemma for other points of T in 


the case of d.(r). A precisely similar argument may be used in the case 
of 8 (r). 


Assuming that X; = f(t) is lower semi-continuous in T, let 7* be a point 
of T where 8.(7*) < k. Suppose, for argument, that 6.(r) is not upper semi- 
continuous at r==r*. Then, of course: 


lim e(r) = u + &(7*), with p> 0. 
tT 


' Let 6=8(7*) + y/2, b= Be(r*) + 2/4, pi = (6/10), oi =e + pi 


There exist: a denumerable sequence of positive numbers, converging 
steadily to zero: £; > f2 > s >: `> ; and a denumerable sequence of points 
of T, converging to r*: T1, 72, Ta, * ` >; Such that the following relations hold: 


(1) re in Vei(r*), (2) Se(rs) > 8, (8) Xe* C Un (Xn), 


the postulated lower semi-continuity of X; = jG ) giving (3), in view of 
Theorem 6. 

By definition of 8&(7:), we may assert in view of (2) that, for every % 
if r is any point of V,4(ri), we have X,, C U.(X-) ; and therefore, in view of 
relation (3) above, X,* C Ue, (X+). l 

But +; converges to r*. Hence, for + sufficiently great, we shall have 
V g(t*) C Vo(rs). Thus, if + is any point of Y(T") we shall have, for 
every i, X,* C Uo,(X7). This implies that for any point r of V4 (r*), we 
shall have X¥," C U.(X,), a result contradicting the definitional property of 
the function d(T), in that $ > 8-(7*); 


Lemma 2. If X: = f(t) is lower semi-continuous, respt. upper semi- 
continuous in T, and if T is a bounded region or a bounded perfect set, then 
8.(r), respt. 8.*(r), is at most point-wise discontinuous in T. 
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This Lemma results immediately from Lemma 1 and a standard theorem 
of analysis. Compare the formulation of the theorem in question by C. Cara- 
theodory, Vorlesungen über reelle Funktionen, p. 144, No. 142: “ Jede halb- 
stetige, im Kleinen beschränkte Funktion ist punktiert unstetig, falls ihr 
Definitionsbereich perfekt ist, oder offen, oder der Durchschnitt einer per- 
fekten und einer offenen Punktmenge.” = 


Proof of Theorem 11: We may argue concurrently the two cases in- 
volved by considering at the same time the two point-wise discontinuous func- 
tions ôe(r) and (7). First statements made will apply to the case in which 
X: = f(t) is lower semi-continuous in T; alternative statements to the case 
in which X; == f(t) is upper semi-continuous. 

Let X, = f(t) be everywhere lower semi-continuous, respt. everywhere 
upper semi-continuous, in 7. Let 0 < e < 1/2, and consider the denumer- 
able sequence of positive numbers [e;], with e; = (e*/2)* Let rı in T be 
any point of continuity of e(r), respt. of 8.,*(7). In view of Lemma 2, 
if 7 is any point of T, and if e > 0, the point rı may be chosen in V.(7). 

Let pı > 0 be chosen arbitrarily small, and so as to satisfy the require- 
ments : 


(a) pı < 48a (T1), respt. pi < 48e,* (71) 
(b) If 7’ and +” are points of V, (rı), then 
| ba (7) Ta ba (7) | < 1a (71); respt. | ba" (7’) — ba" (77) | < 4a" (71) 


the absolute value of a real number a being denoted by | a |. 

In Fa (rı), choose a point rz at which .,(7), respt. 8.,* (7), is continuous. 
If T is a region, choose r so that it lies in the same component of T with rı 
This can be done, by virtue of Lemma 2. 

Choose pz > 0 so that: ; 


(a) p2 < 48e,(72), respt. pz < be” (T2) 
(b) If 7’ and 7” are points of Vp, (r2), then 
| elT) — bel”) | < Fee (T2), Tespt. | 8e" (7) — be” (7) | < Fe" (72) 
(c) pa < Di/4, where D, denotes the diameter of the set Vp (ri) 
(8) Valea) C Talr) 


(e) If T is a region, V,,(r2) lies in the component of T containing Ta 
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This procedure is to be continued indefinitely. In Vp,,(ri1), choose 
the point r; at which 8.,(7), respt. 8.,*(r), is continuous; if T is a region, 
74 is to be chosen in the component of T containing ri- Cf. Lemma 2. 
Choose p; > 0 in such manner that: 


(a) pa < Ze (7i), Tespi. pi < $a” (7) 
(b) If 7° and 7” are points of Vp, (ri), then 
| be (7°) — bei (77) | < Fes (71), Tespt. | 8e,” (1°) — be” (1) | < tbe” (74) 
(c) pi < Din where D; is the diameter of the set Vp, (r:) 
l (a) Valri) C Voa (Ti) 
(e) If T is a region, V»p,(7i) lies in the component of T containing ti 


' By the construction outlined, it is evident that in every case the sequence 
of points [r;] converges in the usual sense to a definite limit point r* in T. 
If 7 and 7” are any two points of V,,(7:), we have simultaneously the 

two relations: 


(1) XC Üa (Xr), (2) Zra Üa (Xr) 


which, are both valid whether X: = f(t) is lower or upper semi-continuous. 
To demonstrate these, relations, we note that in view of (a) the distance 
` d(x’, 7”) is less than 43.,(71) respt. less than 48,,*(ri) ; and that in view of 
(b) we have: l f 


| bei (74) — êa (7’) l < $8., (r1), respt. | be * (72) — 8e,* (7) | < $a” (7:4) 
as well as 
| be, (72) a de, (7’’) | < Fe, (74), respt. òa" (ri) — ĝa" (7’’) | < 48e,* (ri) 


It follows that both of the numbers 8e, (7°), 5e,(7’”), respt. both of the numbers 
bet (1), 8e,*(7”), are greater than 38e (ri), respt. 38e,” (ri). Consequently, 
both of the numbers 8e (7), Se (r), respt. both of the numbers &,*(7’), 
ôa 7 (7), are greater than d(r’,7”). By definition of the functions ôs (r), 
&.,*(7), the:simultaneous relations (1), (2) immediately follow. 

Corresponding to any positive integer 7, we can find a positive number q, 
such that Vg(r*) C Vp (ri), +* being the limit point of the sequence [7]. 
Thus we can choose g so that, if r is any point of Vg(r*), the set Xn, respt. 
the set X,*, will lie in U.,(X,*), respt. in Oe,(X,). 
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Given any e > 0, we can find an integer io, such that, for i > to, we have 
cei <e Hence, for any e > 0, we can find q > 0 such that, when r lies in 
Va(r*), we have X, C U.(X;"), TRE X,CU.(X;), the dash over the U 
being dropped. 


For the lower semi-continuous function X: = f(t), respt. for the upper 
semi-continuous function, we have found, in the arbitrarily small neighbor- , 


hood Vp (rı), of the point 74, a point 7* at which X,* D Lim X, respt. 


x," C Lim X;; and therewith, in each case, a point r” of Rur of the 
Tor 
function.* 

But 7, was chosen arbitrarily from a set of points everywhere dense in T. 
Hence T contains an everywhere dense set of points at each of which the 
function X; = f(t) is continuous, and Theorem 11 is established. 

The term “ region ” has been used to include the case of an open interval, 
or the union of a set of open intervals, when T lies in one-way space. 

The supracontinuous functions employed by W. A. Wilson, in Sections 
26-28 of paper cited,t have herewith been shown to be at most point-wise 
discontinuous. For Theorem 11 applies, à fortiori, to functions which are 
everywhere supracontinuous, or everywhere infracontinuous, in a bounded 
regional or perfect range T. 

It is not difficult to generalize somewhat the hypotheses of Theorem 11. 
So strong a limitation as that requiring T to be a bounded set is not necessary. 


YALE UNIVERSITY, 
New Haven, CoNNECTICUT. 


* From the relation X, C U(X); just established, we conclude, on the basis of 
Theorem 4, that X, D Lim Xy In like manner, Theorem 4 converts the relation 


‘ . tor 
XC U,(X,) into X,* C Lim X, 


tor* 
+ Cf. footnote §, page 419. 
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The Theory of Group-Reduced Distributions. 


By J. Howarp REDFIELD. 


In view of the similarity which will be admitted to hold between the sub- 
ject matters of the Theory of Finite Groups and of Combinatory Analysis, 
it is somewhat surprising to find that in their literatures the two branches 
have proceeded on their separate ways without developing their interrelation- 
ship, and with scarcely any reference to one another beyond the use by each _ 
of certain very elementary results of the other. 

In the present paper the connection established between the two branches 
takes the form of associating every permutation group with a certain sym- 
metric function. By means of these functions and certain differential opera- 
tions closely allied with those of Hammond and MacMahon, a theory is devel- 
oped which is in a sense an extension of MacMahon’s theory of Chess-Board 
Diagrams (Combinatory Analysis, vol. I, p. 224 ff.). From the point of view 
here adopted, this theory of MacMahon may be regarded as a special one in 
which the groups involved are exclusively such as are direct products of 
symmetric groups on distinct sets of elements, and in which we deal with 
collections of objects divided into kinds and freely permutable within each 
kind. In the extended theory the groups may be of any type whatever. 
We are thus enabled to treat a much wider variety of combinatorial problems; 
some of them have previously been solved by special devices, but even as to 
these we gain generality of outlook. One class of such problems, striking 
because having a convenient geometrical interpretation, though otherwise not 
more important than some others, has to do with configurations based on the 
_ regular polygons and polyhedra; the groups of rotations involved clearly lie 
outside the domain of the chess-board diagram type of group: 

At the same time nearly every problem which we are able to solve sug- 
gests others which do not yield to the methods here developed, but which 
seemingly should nevertheless be amenable to treatment by methods, further 
perfected along the same lines. Belief is therefore warranted that this border- 
land region would repay much more extensive investigation. While for the 
moment Combinatory Analysis will be seen to be the chief beneficiary, some- 
of the results obtained below are not without interest from the point of view 
of Group Theory, and both branches may be expected to profit by future work 
in this field. ` 
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1. Preliminary Definitions. We consider an assemblage A(n,q) of nq 
elements, divided into q ranges 81, Ba, * ` *, Sq of n elements each. We form 
therewith correspondences, here termed range-correspondences, of type defined 
by a representation wherein the ranges are written in g lines so as to form a 
rectangular array of n columns. Range-correspondences will be regarded. as 
identical if their arrays consist of identical columns; regardless of the order 
of the columns. Thus the number of possible range-correspondences will 
be (n!)ri, 

With each range S, (r= 1, 2,- +, q) we associate a specified permu- 
tation group (its range-group) G,, of degree n and order mr, operating on the 
elements of S,. The combined operations of these q groups will determine 
a group T of degree (n!)%1 and order mms: * + mg, whose elements will be 
the (!)%1 range-correspondences, which Tr will interchange among them- 
selves. In general, I will not be transitive, that is, the combined groups 
G1, Ga *' +, Gq will not transform every range-correspondence into every 
other. Such transformation will however be possible within each of a num- 
ber @ of closed classes, here termed group-reduced distributions (being the 
transitive constituents of T), into which the (n!) range-correspondences are 
parcelled by the given groups G4, Ge 79s Gy 

By the symbol V(G,; p,%p2"- > +) we denote the number of operations, 
contained in the group G,, which exhibit, when written in the usual cycle 
notation, m, cycles of order pı, mz cycles of order pz, etc. 

A partition such as pip,- - + which specifies the orders of the differ- 
ent cycles in the symbol of a group operation, will be called the cycle-partition 
of the operation; thus the operation abe-de-fg:h is said to be of cycle- 
partition 3271. 


THEOREM: The number 6 of group-reduced distributions of an assem- 
blage A(n,q) determined by the range-groups Gi, Go,+ + +, Gq whose respect- 
ive orders are Mi, Mo, ` * +, Ma, has the expression 


DC (ps po"s+-my bare ts) NG pape): BL aes eas 
@— N (Ga; pr po" 3 


MM” * * Mq 





in which under % there is a term for every partition p,p2--+ of the degree n 
common to all the range-groups. i 


Proof: Since the range-groups operate on distinct sets (ranges) of ele- 
ments, operations of different range-groups will be commutative. The direct 
‘product of the range-groups is a group of degree gn, simply isomorphic with 
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the group T defined above; T may be called the group of range-correspond- 
ences. 

“Let y be an operation of T, and let J(y) denote the number of range- 
correspondences (i.e. elements of r) which are not altered by y. The sum 
SEJ (y)], taken for all the mma’ * ‘Ma operations of T, gives an enumeration 
in which every range-correspondence 8, is counted as many times as there 
are operations in T which do not alter 8, Let K(f.) denote the number of 
operations of T which thus leave 8, unaltered. 

If £, is unaltered by yı and yz it is unaltered by yi+, yet, yrye and 
yoy1- Hence those operations of T which do not alter 8, form a sub-group Ui, 
whose order K (81) is a divisor of mma’ * * mq. 

Let 1, we, Us, °° *, Urey be the operations of U;, and let v, be any 
operation of I which is not in U,. Then v, will change 8, into a range- 
correspondence fs, different from 8, but belonging to the same group-reduced 
distribution. It is clear that 8, will be changed into 8: by every operation 
of the set V2, UVa, UsVo,° * *, Uripa Va and that 8z will be unaltered by every 
operation of the set 1, ve-uev2, Vo 1UgV2,* * *, VUE pa Which latter form 
a sub-group U, of T, isomorphic with U;. Using other operations vs, v4, ete. 
we can in like manner reach every range-correspondence of the group-reduced 
distribution to which £, belongs, at the same time accounting for all the oper- 
ations of T. The reasoning is identical with that employed in proving that 
the order of a group is a multiple of the order of each of its subgroups (e. g 
Miller, Blichfeldt, and Dickson, Finite Groups, p. 22), and establishes that the 
group-reduced distribution 8 of which £, is a member contains altogether 
MıM2' * *Mg/K (Bı) range-correspondences. But every range-correspondence 
in ô is counted K (£8) times in the sum S[J(y)], and therefore 8 itself is 
counted K(81) X [mm ":* mg/K(B1)] = mime:*+ mq times. Since this 
number m m2 +++ mq is independent of K (8) and the same for every one of 
the @ group-reduced distributions, it follows that 6 = 3[J(y)]/mime- ++ ma 

It remains to evaluate S[J(y)], and we observe in the first place that 
J(y) == 0 for every y which is determined by a set of range-group operations 
which are not all of the same cycle-partition. For if to any range-correspond- 
ence 8, we apply an operation (not the identity) of G, (say), the range- 
correspondence will be altered, and, to restore it, we must evidently apply to 
each of the ranges S2, Ss, * **, Sq, an operation of the same cycle-partition 
with the operation first performed on S;; while if the first operation is the 
identity of G,, all the others must also be the identities of their range-groups. 

Supposing, then, that y is determined by the q operations g1, g2,* © - Jo 
all of cycle-partition p,%p."- + - ; let these operations be written in the cycle 
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notation, in g lines, so that they form a rectangular array with cycles of equal 
order over one another. The elements forming columns will then determine 
a Tange-correspondence 8, which is not altered by y. Attending now to the 
first line of the array, the operation g, exhibits m, cycles of order p,; each of 
these can be rewritten so as to begin with any one of its p, symbols, and the 
a, cycles can be permuted as wholes in mı! ways. We thus get pi“! vari- 
ations, and when the same is done with the m, cycles of order p2, and the rest, 
we have pi p."2+-+a,!22!--+ equivalent notations for the same operation gı. 
The matching of the orders of cycles in the g rows of the array is not dis- 
turbed, but instead of the single range-correspondence 8, we now have 


© Pipet m! ma! -+> range-correspondences (including 8,) which are unal- 


tered by y. Similar variations can be effected on each of the remaining q — 1 
rows of the array. But if all the rows are varied, every range-correspondence 
occurring will be repeated p:%p2"*--- mı! 7_!--++ times, since permutations of 
whole columns of an array do not alter the range-correspondence which it 
represents. Evidently we shall obtain all the distinct range-correspondences 
each once only if we keep one row fixed as a reference base and vary inde- 
pendently the remaining g—1 rows. We thus find that the total number 


‘J (y) of distinct range correspondences which are unaltered by y, is equal to 


(pi po"? ++ mi! malte) Hence 
ga U0] SL Cos pees be )] 
MyMe°** Mg MMe * -° Ma 2 


the summation $ covering every operation y of T which is determined by a 
set of operations of G, Go,:-+, Gq which are all of the same cycle-partition. 
The theorem as stated in terms of V(G,; pip) immediately follows. 


2 The Differential Operations Q and 9. In the foregoing develop- 
ments, for greater generality, no use has been made of the theory of Sym- 


metric Functions, which at this point it becomes convenient to introduce. 


We shall have occasion to consider only such symmetric functions as are 
rational and integral, and the term is to be understood throughout with this 
restriction. : 

For the details of the theory reference is made to MacMahon’s Combina- 
tory Analysis (vol. I, sec. I, chap. I), of which the notation will in general. 
be here followed. For convenience however we may here recall that we deal 


‘with the symmetric functions of a set of y indeterminates or symbolic quan- 


tities 1, @,°**, %, The number v is not specified, since ordinarily we make 
no use of expressions which are dependent on its value. 
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A partition (of a number w) enclosed in round brackets, as ( Papapa * DK), 
the k parts being not necessarily unequal, denotes the sum >)[as,?ai?2.-* ai, ?*] 
of all the different terms which can be formed by taking for i, tz, °'*, tw 
every possible ordered set of k different suffixes selected from the integers 
1, 2,3,-:',» Specially, sw is written for (w), du for (1”), and hw for the 
sum. B[ (Lòla -+ -)] taken for every partition 1,%1.--- of w; thus 


ha = (4) +431) + (82) + (21°) + (1). 


MacMahon (loc. cit., Vol. I, sec. I, chap. I) gives formulae for expressing 
the s-, a-, and h-functions in terms of one another. These can be derived, by 
` the method of undetermined coefficients or otherwise, from, the following gen- ' 
erating function identities: 


(1— am) (1L— me)--: (1— at) 
== 1— aye + aa? — age? +°: 
= 1/(1 + hae + ha? ++ ht? +++) 


== exp (— sız — $8.07 — fsz? — -+°). 


(A) 


Of the Hammond differential operators, MacMahon makes dw correspond 
to Sy, and Dw to dw. Here however we shall use the equally valid correspond- 
ence of 8» to Sw, and Dy to hw, since by so doing we can replace certain alter- 
nating + and — signs in our expressions by -+ signs throughout. 

It is convenient to take as fundamental the operator 8., which MacMahon 
(loc. cit., Vol. I, p. 36) defines thus: 


; 3 3 
(B) 8u = Phu +h Ihowa th n a+ 


We proceed to show that 8, is equivalent to w (8/080), a very simple 
relation of which MacMahon makes no use. 


Equating logarithms of reciprocals of the third and fourth expressions 
of (A), we have 


(C) log (1 + hie + how? + ttt) == S10 + Fsg? + Fsg? eres, 


Operating with 8, on the right-hand member of (C), and with the 
equivalent 
3 a 
Dag Flagg 


0 7 
+ he see 


on the left-hand member, we obtain 
9 
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(D) ge + hgw*t + hage*? + a ee 
: L+ hix + ha +:-- 


o = O81 T + 4882? e o + + (L/w) buso 0 + 


The left-hand member of (D) reduces to 2”, and by equating: terms 
containing like powers of z we find that 8ys,—=0 if w =v, while Ss» = w, 
so that 

a 
Sy = = W Üs . 
It follows then that 8p hôn Su Su” e e == 0 whenever A,"A,”--- and 
` ppe are different een a the same number, while 8),%8,,4:-- 
Sy HS == PLS E EEES LLL: ` 

We introduce a new connective symbol of operation Q, and write by 
definition SHSM Q Sm Spa for SnO Sp Spaa i , with the fur- 
ther defining relation (A -+ B) QC = (AQC) + (BQC), expressing ne 
distributive law with respect to addition. MacMahon’s D),4D),"2- ++ hhg” 

-or EA -huehue +: is then readily seen to be equivalent to 
huha” ; 2 how, Mahya °° . l 

We extend the definition of Q so as to write SNSM ++ QMEN Q 

; © Qa, e (to g operands) = (MPAsa tehtal- ee)et, while 
the result is zero ae not all the operands exhibit the same partition A,"A,"2-- 
Thus extended, the operator Q is commutative and distributive as to aia 
tion, but the result cannot be decomposed into simpler Q -operations, and the 
notion of associativeness has no relevance. 

Another new symbol of operation 29 is defined by s),4s),8° ++ 93 SMPS 

= (sp F8yg' QSS Tiea ~, with (A+B) 330 = (48 0)-+ 
; Be C); ee -e 23 su,™s,,"2*-+ vanishing as in the case of g when 
ALA, +++ and ppo- are different partitions. Both Q and 93 connect 
only symmetric functions of equal weights, but whereas Q yields a pure num- 
‘ber, %9 yields a symmetric function of the same weight with the operands. 
83 is evidently commutative, distributive as to addition, and Ta SO 
that we can write unambiguously without parentheses A193 A229 43% °° 
3 Aq. It is also readily verified that (A293 B)Q C=AQ (B830) = 
AQBQC. 


3. The Group-Reduction Function of any permutation group @ of de- 
gree n and order m, is defined to be the symmetric function | 


Gri(G@) = (1/m) BIN (G; ppr) sosa] - 
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in which N has the same meaning as in § 1 and % covers every partition 
pp? ++ of the weight n. It does not completely characterize its group, 
since the same G. R. F. may be shared by two or more distinct permutation 
groups (isomorphic or conformal). 

. The G.R. Fs of the symmetric and alternating groups of degree n are, 
in MacMahon’s notation, respectively An and hn + an. For, the symmetric 
group of degree n contains all the possible operations of all cycle-partitions 
which can be formed with n elements. Considering the cycle-partition 
pp", we first write in the cycle notation a typical operation, putting 
blanks — in the places to be occupied by the n elements; thus for the cycle- 
partition 32? of Y we should write (———) (——) (——). The blanks can 
now be filled by the n elements «,, @2,°**, €n in any permutation; this gives 
n! operation symbols, which are however not all distinct. For each cycle of 
Pr elements can be made to begin with any one of its elements, and if there 
are mr such cycles, these can be permuted in rr! ways, and this can be done 
independently for each value of r; all these varieties are different notations 
for a single operation. Therefore the number of distinct operations of yole 
partition p:"1p."--- in the symmetric group of degree n is 


m1/(pitpo"t+++a!aet--+), and the G.R.F. is 
n! 
! a ee a oe ANA, 7 T, eee 
(Wn) 3 (See Sp, Sp. ° ; ) 2 
ae Sp," Sp? cee 
= Ge ) 


But this is the expression of ha in terms of s-functions given. by MacMahon 
(loc. cit., Vol. I, p. 7)—The alternating group of degree n contains the even 
permutations of the corresponding symmetric group, and its G. R. F. is. there- 
fore 


| ee SS sa), 


in which the summation includes only those cycle-partitions which correspond 
to even permutations, that is, those having an even number of even parts. 
Now the expression of a in terms of s-functions (MacMahon, loe. cit.,-Vol. I, 
p~» 6) differs from the expression for k» only in that the terms exhibiting 
partitions with an odd number of even parts, have the negative sign. In the 
sum hn + a, these terms cancel out, while the terms exhibiting partitions 
with an even number of even parts are doubled. If the factor 2 thus arising 
is carried outside the X sign, the non-vanishing coefficients under the 3 remain 
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as in the expression of hn, and we find that the G. R. F. of the alternating 
group, as given above, is equal to hn + an. 

The G. R. F.’s of the cyclic groups are of considerable theoretical as well 
as practical importance. By Cye(p.2p.---) we shall denote the G. R. F. 
of a cyclic group generated by an operation whose cycle-partition is ppr?" +, 
a partition of the degree w of the group; its order is of course the least com- 
mon multiple of pı, Pa't. Such a group is transitive if and only if it is 
generated by ‘an operation whose cycle-partition is the one-part partition w, 
and in that case it is easily verified that 


Cye(w) = (1/w) [s0 + $(%) sa’ + p(B)s E +: + $(w) S00], 


in which 1, a, 8,---:, w are all the divisors of w, and #(£) denotes the num- 
` ber of positive integers, including 1, less than and prime to ¢ Thus 
Cye(6) == (1/6) (s16 + $23 + 28,2 + 2s6). In the G. R.F. of an intransitive 
cyclic group, the coefficients are the same as in the G. R. F. of the transitive 
cyclic group of the same order, but the literal parts of the terms are s-function 
products exhibiting the cycle-partitions of the generating operation and its 
powers. Thus Cyc(32?) = (1/6) (817 + S2818 + 283814 + 25382”). 

The G. R. F. of a dihedral group derived from a transitive cyclic group 
of degree w will be denoted by Dih(w). For odd and even degrees we have 
respectively 

Dih (fk + 1) = 4Cye (2% +1) + 4881; 
Dih (2%) == 4Cyc(2k) + 4so% + fs ts. 


‘It is easily seen that the algebraic product of two or more G. R. Fs is 
the G. R. F. of the direct product of the groups belonging to the factori; 
written on distinct sets of symbols. ; 

The enumerating expression for group-reduced distributions can now be 
- rewritten in the form 


6 = Gri(G,) Q GEC) Q «++ Q Gril Ga). 


This results immediately from the Theorem of § 1 and the definition of 8 
im § 2. 

For every group G of dese n, Nn Q Gri(G) =1, and hn CR: = 
Grf(@). For in Grf(@), let the coefficient of Sp°Sp 2: +t be A(pi™po"+- +). 
In hn the coefficient of sp,"sp,"2--- is 1/ (ppt em! a2!++-). (MacMahon, 
loc. cit., n ep p. 7). Then A(p, p++) 8p,"5p."2+** Q Sp Spt / Di" po? 

emila!’ = A (ppt), by §2. Thus hn Gri(@) = S[A (pi po” 
im taken for all eae Pp: of n. But this is the sum of the co- 
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efficients of Grf(G), and we know from the definition of a G. R. F. (§ 3) that 


this sum is equal to unity— Also, since 


A (Ppr?) Sp,"8p,"* ++ + 23 So Spt ++ / Pr tps? + mil ml 
=A (p p: a *) Sp Spa? my 


it follows immediately that the 99 -product of hn and any symmetric function 
(including any G. R. F.) of degree n, merely reproduces the original sym- 
metric function. 

If hu-nhs* Q Gri(G) = 1, then G is at least k-ply transitive, and con- 
versely. For let the two ranges of the assemblage be S, and S2, of which let 
Sı be associated with the group G, and S2 with a group H whose G. R. F. is 
lin-wta®; then H is the direct product of the symmetric group on n—k sym- 
bols, by the group of identity on X other symbols. As elements of S, we may 
take n— similar symbols «, permutable among themselves in all possible 
ways, together with & distinct symbols 81, Bs, ***, Bx, none of which are dis- 
placed by any operation of H. Let the elements of S, be yı, yo, °°, yu If 
now G is at least &-ply transitive, the & elements of S, which are paired with 
Bı» Bo ***, By in any range-correspondence, can by some operation contained 
in G be replaced by any specified set of & elements of S,, and this moreover 
in any one of the k! possible correspondences. Thereafter the n— k ele- 
ments % can be permuted in any specified way by a suitable operation con- 
tained in H. Thus from any range correspondence we can pass to any other 
by operations of G and H, so that there is only one group-reduced distribu- 

‘tion, and haghy*Q Gri(G@) =1. But if G is not k-ply transitive, then not 
every set of k elements of ©, can be brought into correspondence with fi, B2 
*++, Bx, and there will be more than one gvtoup-reduced distribution; 
hn-chy* Q Grf(@) > 1. Thus the proposition and its converse are estab- 
lished. 

Tf hnihi Q Grf(G) =t, then G has ¢ transitive constituents. For let 
8, as before be associated with the group G, and Sz with a group H whose 
G. R. F. is hn+hi; then we may take, as elements of S2, n— 1 similar sym- 
bols a, with a distinct symbol 8. Starting with any range-correspondence 
in which an element y of 8, corresponds to £8, the various operations: of G 
will replace y by those elements of S,, and those alone, which belong to the 
same transitive constituent of G as does y; while the operations of H, which 
affect only the œs, will unite into one group-reduced distribution all the 


range-correspondences in which a particular element of S, is paired with £: 


Thus there will be a group-reduced distribution for each of the ¢ transitive 
constituents of G, and hash; Q Gri(@) =t. 
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It is convenient, so far as it can be done significantly and unambiguously, 
to speak of a G. R. F. as transitive, cyclic, of degree n, etc., when the corre- 
sponding group has the property in question. 


Examples of Application: (i) Required the number of distinct configur- 
ations which can be obtained by placing a solid node ® at each of four vertices 
of a cube, and a hollow node ° at each of the four remaining vertices, con- 
figurations differing only in orientation not being regarded as distinct. 


The group of rotations of the cube is simply isomorphic with the sym- 
metric group on 4 symbols, and when written on 8 symbols representing the 
vertices, has the G. R. F. 

y == (1/24) (s18 +'9s.4 + 88375,7 + 6847). 


The group of all node-permutations which do not alter colors of nodes , 
is the direct product of two symmetric groups of degree 4 on distinct sets of 
symbols, and has as G. R. F. 


hd = [ (1/24) (st + 6828 + 382? + 85081 + 654) ]? 


= (1/576) (s? + 12s,8,° + 428284 + 368.581? + 98,4 -+ 16S3S1? -+ 9658281° 
+ 48358278, + 6459781? + 1284814 H 12848281? + 3684827 A 96848581 
36s,”). 


The computation of h4? Q V is as follows: 





1X1X18X8! == 40320 
9X9X24X41 = 31104 

64 X 8X 3212 X (21)? =— 18432 
B6X6X42X21 = 6912 

Product of orders: 576 X 24 =— 18824 ) 96768 
Number of configurations: hq? Q V = a) 


Be it noted that only those cycle-partitions need be considered which are 
represented in all the G. R. F.’s entering as operands. This “ orthogonality ” 
of the s-function products with respect to g} and 99 greatly simplifies the 
computations. In the present case,- however, and usually when one of the 
operands is a monomial product of h-functions, it would be simpler to use the 
D-operators and to compute D,?V by the rules which MacMahon gives (loc. 
cit., p. 43). 
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The actual configurations, shown below, cannot be determined by the 
methods of the present theory, but must be found, as in all other cases, by 
detailed consideration of the groups involved, and this may of course be very 
laborious, except in simple cases, or where special devices are available. 


TEA ea een NEN 


(1) (2) (3) (5) (6) (7) 


In connection with the present example we may note without proof cer- 
tain other simple results obtainable. 
Thus if in V we substitute æ” + y" for every sr, we obtain the polynomial 


ae + a'y F Bay? + 3a°y® + Taty* + Baty? + 30?y® + ay’ + y’, 
in which the coefficient of zty®-? enumerates the distinct configurations pos- 
sible with ¢ nodes ® and 8—7 nodes °. 

The sum of the coefficients in the above expression is 23, which is the 
total number of configurations when the numbers of’nodes of the two colors 
are not specified. This’ enumeration is also effected by substituting 2 for 
every srin V. Similarly if % colors are available we substitute & for every s,s 
thus with 3 colors there are (1/24) (3° + 9.34 -+ 8.34 -++ 6.37) =— 333 possible 


configurations. 
If in V we put 1/(1—2”) for every sr, we obtain the infinite series 


1+ a 40? + Ya? + Qlatt 87e5 +--+ -, 


in which the coefficient of æt enumerates the distinct configurations obtained 
by placing a zero or a positive integer at every vertex of the cube, subject to 
the condition that the sum of the 8 numbers is always ¢. For ¢=~ 2, the 4 
configurations are 


is a Ne Ny, Nes ais NN, 
—0 


ae 
\) SCA an 
N N 
J 
If in V we put 2 for every So, and 0 for every S1, we enumerate the 
configurations in which it is possible to change the color of every node into 


sc imc 
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the opposite color by a suitable rotation of the cube. The number is found 
to be (1/24) (0 + 9.24 + 0 + 6.27) = Y, and it will be seen that in fact all 
the 7 configurations shown above have this property. In other analogous 
cases the like is not always true; thus for the 12 vertices of the icosahedron 
there are 24 distinct configurations with 6 nodes of each color, only 16 of 
-which interchange colors by rotation. i 


(ii) - Let n points be placed at the vertices of a regular n-gon. Starting 
from any one of these points, a closed route is traced, consisting of straight 
segments running from each point to the next in any order. Required the 
number of distinct configurations obtained, when no account is taken of dif- 
ferences of orientation or of any particular starting point of a route. 


If we distinguish (a) between routes traversed in opposite senses and 
(b) between a configuration and its reflection, we shall have as range-groups 
two cyclic groups of degree and order n, and the number of configurations 
will be Cyc(m) Q Cyc(n). Thus if n = 6 we shall have 


(1/6) (81° + 82° + 288+ 286) Q (1/6) (81° + 52° + 283° + 256) 
= (1/36) (6! + 23.3 1 + 22.82.21 + 22.6) = 24, 


If we disregard one only of the distinctions (a) and (b) above, the num- 
ber of configurations will be Cyc(n) QDih(n). For n=6 we shall have 


(1/6) (81° + 25 + 285? + 28g) Q (1/12) (81° + 352251? + 452 + 285? + 236) 
= (1/72) (6! 4+ 4.23.31 + 27.822! -4 22.6) = 14. 


In the diagrams shown below, distinction (a) is disregarded. 


ORWBESHY 


(1) (2) (3) (4) (5) (6) (7) 


ceo. oe eer ee ee 


(8) (9) (10) (tt) G2) (13) (14) 


I£ we specify the direction of travel, as by arrow heads, we obtain two 
diagrams from each of the above; but these are not distinct in the cases of 
(3), (4), (11), and (12), since a reversal of direction is there equivalent to 
a rotation through 180° about an axis through the center of the figure and 
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- perpendicular to its plane. The remaining 10 pairs are distinct and increase 
the total to 14- 10 = 24, as computed. 
If we abolish both distinctions (a) and (b), the enumeration is given by 
Dih(n) Q Dih(n) ; for n = 6 this is 


1/12) (81° + 3827s,? + 425 +- 2837 + 286) Q (1/12) (81° + 88281? + 452% + 285? + 256) 
== (1/144) (6! + 32.22.12. 12 + 42.29.31 + 2.82.21 + 22.6) — 12. 


And in fact diagram (12) is the reflection of (11), and (14) of (13); thus” 
the number of distinct configurations is now reduced to 14 — 2 = 12. 


§ 4. Decomposition of 23 -Products. 


THrorem: If Grf(G@.) Q Grf(G@2) Q ++: Q Grf(Gq) = 4, then 

Grf( G1) 29 Grf( G2) 23 +--+ 93 Gri (Ga) can be expressed as the sum ®, + Ba + 
-=+ d of 0 GR. F’s, which can be associated in one-one correspondence 
with the 0 growp-reduced distributions 8,, 82, >>, 89 determined by Gi, G2, 
+++, Gq, in such wise that if e is the correspondent of ôs, and B is any range- 
correspondence of 85, then those operations of any range-group Gr which leave 
B unaltered when they are performed in combination with suitable similar 
operations of the remaining G’s, form a sub-group whose G. R. F. is Sy. For 
different @’s belonging to the same 8 these sub-groups are similar, but not 
necessarily identical. 


Proof: In the Proof of the Theorem of § 1, we saw that 
6 = Xl (y) ]/mime* + + Mg, 


and in § 3 we saw that this expression could be written in the form 

Gri (Gi) Q Gri(G2) Q -°- QGri(G_). We also saw (§1, Proof) that when- 
ever J (y) does not vanish, y is determined by a set of operations of Gi, Ge, 
-++, Ga which are all of the same cycle-partition, say p,"p.2---. If now we 
attach to each J(y) a literal multiplier sp,"1sp,"*--+ embodying the cycle-par- 
tition p,"p."*:-+ characterizing y, it is evident that the modified expression 
D[I (y) Sa Sp + *]/myms2**+ mq will be equal to Grf(G1) 23 Gri (G) 8B -:: 
B Gri (Ga). 

But X [J (y)] contains a unit, and therefore S[J(y) ' Sp Sp] con- 
tains a summand $p,"1sp,""-+* , for every instance in which a range-correspond- 
ence 8, is associated with an operation y, of cycle-partition p,%p.--:, which 
leaves £, unaltered. If we attend to the summands $p,"sy,"2--- associated with 
a single range-correspondence 8, we see, since the corresponding operations 
form a group U, of order K(f), that all these sp,"1sp,"*--- taken together give 
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an expression equal to K (81) times the G. R. F. of U;. The groups U2, Us, 

+, etc., belonging to the range-correspondences Ba, Bs, °** which are in the 
same group-reduced distribution with £., are’ all similar to U, and so have 
the same G. R.F. If we extend our summation to include this whole group- 
reduced distribution, which contains Mms '*'mg/K (8) range-correspond- 
ences, the result is : 


MM’ Nha 
K) 
in which 4, is the G. R. F. belonging indifferently to U1, U2,.U3, =, ete. 
Finally, if we include all the 9 group-reduced distributions, we obtain 


Mma `` Mq(G; + & +++: -+ 4), 


in which 4, ©, +++, ® is the complete set of G.R.F.’s of which ee is a 
typical one. But since we have now used all the summands sp,"sp,2°:-, the 
above expression must be equal to Si[J(y) ° sp,"8,"8-* +], whence: 


Ba $B, f+ Be =m SI (Y) 8p,28p.2 +] /myme + ma 
— Gri (Gy) 03 Grf (Ge) % +++ 93 Grf(Gy). 


The decomposition is thus proved to be theoretically possible in all cases. 
But for actually effecting it for the 99 -product of given G. R. Fs, no general’ 
method has yet been found. Moreover, if the 9§-product involves operands 
which can belong to two or more distinct groups, the decomposition may not 
be unique. 

Thus, the G. R. F. (1/4) (sb 382781°) is shared by the two isomorphic 
but distinct groups 


Qı = [1; ab'cd'e'f; ab-c-d-ef; a-b-cd-ef]; 
Q: = [1; ab-cd-e-f; ac-bd-e-f; ad-bee fi. 


» K (B1) Bo = mma *' Ma Be, | 


Both are intransitive, with 3 transitive constituents, as shown by 
Ashi Q (1/4) (8:8 + 3527547) as 3; 
but the transitive constituents are of degrees 222 and 411 respectively. 
hsh 93 (1/4) (81° + 8527s,7) == (1/4) (681° + 682787), which | has the two de- 
compositions 3[(1/2) (sz® + 52817) ] and 2[ (1/4) (81° + 3398.7) ] + 5,8, the 
first corresponding to Q, and the second to Qa. 
Reverting to the example on cube configurations (§ 3, i), we have 


ha? G (1/24) (S18 + 9824 + 882781? + 684) 
= (1/24) (708.8 -+ 54,4 + 328378," + 1284”), 
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which decomposes into 


(1) (1/12) (s18 ++ 8824 + 8s,°8,”) 
(2) + (1/4) (818 + 82t + 2842) 

(3) + (3/4) (a8 + B52") 

(4) + (1/3) (8° + 2538") 

(5) and (6) +20(1/2)(s®+o4)] 
(7) | Fat 


where the numbers to the left indicate the correspondence of the component 
G. R. F?s with the seven diagrams shown in §3, i. The reader will easily 
verify that each of them is the Q. R. F. of the group of rotations which does 
tiot alter colors of nodes in the corresponding cube configuration. The de- 
composition 


(1/4) (818 + s24 + 2847) + 2[ (1/3) (s1° + 285781’) ] + 4[ (1/2) (81° + 824) ] 


is algebraically possible and involves none but admissible common sub-groups, 
yet it is not valid; this will give some notion of the difficulty of the general 
problem of decomposition. 


5.. Special Cases of Decomposition. The decomposition of 9$-products ` 
into G. R. F’s can be accomplished uniquely in two important special classes 
of cases: 


Case 1: Turorem: When the operands Fy, Fo, °>, Fq are all of them 
G. R. F's of the form hythy2 +++, then ®= Fr 9 F99 ++ 8 Fg is a sum 
of G. R. F’s each of which is likewise a monomial product of h-functions, 
and the decomposition is found by transforming ©, when it presents itself in 
terms of s-functions, into an expression in h-functions, using the formulae 
gwen by MacMahon (loc. cit., Vol. I, p. 6). 


Proof: For let the q ranges be Sı, S2,° - +, Sq, associated with groups 
Gy, Ga’ ++, Ga each G, having a G. R. F. such as hp ™hpa +++. We take, 
as elements of each S,, pı symbols of each of m, kinds, p symbols of each of rz 
kinds, etc., so that G, admits all possible permutations among symbols of the 
same kind, but admits no interchange of symbols of different kinds. Let 
the ranges be written in a rectangular array of q rows and n columns, the 
elements of each range being in any arbitrary order; thus for 3 ranges of 7 
elements each, the G. R. F.’s being hgh”, hs*hi, hahahy, we might have 
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AABACBC 
aebacoba 


ay2 ea Ba Bg 


Such an array symbolizes a range-correspondence, which is not altered by 
permutations of entire columns. But such permutations of entire columns 
are admitted by Gi, Ga © +--+, Gq if and only if the elements interchanged in 
each row are alike, which requires that the entire columns interchanged be 
alike; and any set of like columns admits under G1, Go, © © >, Gq all its pos- 
sible permutations. Thus the group of admissible column-permutations for 
any range-correspondence, is a direct product of symmetric groups, having a 
G. R. F. of the form Auha’ +--+. In the above example, the columns Aaa 
and Bba occur twice each, the others once each; so that the range-correspond- 
ence represented admits a group whose G. R. F. is hah,’. The same being 
true of every range-correspondence and of every group-reduced distribution 
involved in the problem, it follows that the ?3-product of all the G. R. F.’s 
can be decomposed into a sum of G. R. Fs each of which is a product of 
h-functions. 

Since the ?9 -product is a symmetric function, and every symmetric func- 
tion has a unique expression as a linear function of h-function products, it 
follows that this expression, when found by the formulae mentioned above, 
will give the required decomposition. 


Chess Board Diagrams. MacMahon’s theory of Chess Board Diagrams 
comes under this case (loc. cit., Vol. I, sec. V, chap. IT). The coefficient of 
hy, hy," > + in the decomposition of a 23-product of monomial h-function 
products enumerates the diagrams in which the assemblage of numbers ap- . 
pearing in the various diagram compartments forms the partition A,4A%: - l 
Using three or more operands we can enumerate analogous diagrams in three 
or more dimensions; the theory of these, though not explicitly given as such, 
is contained in Vol. I, sec. II, chap. V of Combinatory Analysis. The 
exainple which MacMahon gives at pp. 85-86 can be looked upon as an enu- 
meration of three-dimensional block diagrams, having 2 11, 211, and 
2 2 units in respective rows, columns, and layers. The enumerating expres- 
sion for all the diagrams is heh,’ Q hahi? Q ho? = 38. The corresponding 93 - 
product is ahi? 99 hh? 29 he” 


= (1/2) (814 + 8281) 99 (1/2) (s14 + 82817) 99 (1/4) (s1 + 28281? + 80”) 


=p pp {[1X 1X1 X (1441) Jst + [1 X 1X 2X (2.12.2!) 2]sas:7} 
= 36st + 28081? = 34s, + 4[ (1/2) (s1? + s2) Js? = 34,4 + 4hzh:?; 
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so that there ara 34 “unitary ” diagrams with one unit in each of 4 compart- 
ments, and 4 diagrams with 2 units in one compartment and one unit in each 
of 2 others. If in MacMahon’s expressions involving the magnitudes bya (loc. 
cit.) we put h, for every ba, we obtain the expression of a 93-product in terms 
of h-functions.. 


© Case 2: Tuuormm: If of the operands F,, Fa, +, Fa at least one is 
the G. R. F. of a cyclic group, say Oye (MA2: > +), then =F BPAY * 
09 Fy can be expressed as a sum of G. R. F.’s of cyclic groups, each of which 
is either Cyc (Av4A,2* * -) itself, or the G. R. F. of a cyclic group generated 
by some power of an operation of cycle-partition Ay4A,*- + -. The decom- 
position is made as follows: From © obliterate the term Csy,™ Sp" * © which 
corresponds to the operations of highest order involved, by subtracting a suit- 
able multiple k Cyc( piu": + -) of the G. R. F. of the cyclic group generated 
by a similar operation; treat the remainder 6 — k Cyc (pi™po™° : -) in the 
same way; and continue the process until all the terms of ® are obliterated ; 
the G. R. F.’s thus subtracted will constitute the decomposition required. 


Proof: For every summand composing ® is (by § 4, Theorem) the 
G: R. F. of a sub-group of each of the groups belonging to the F’s, of which 
groups one, being by hypothesis cyclic, can have as sub-groups only itself and 
the cyclic groups generated by the powers of its own generator. 

If contains no terms which represent operations of higher order than 
does Csy,"s,"2- ++, then this term must be contributed by a component 
Cyc (mpa: > +) of &, repeated a number k of times sufficient to make up 
the coefficient C; and the same reasoning applies to the successive remainders 

_ left after subtraction of k Cyc (p™p™2- - -) and its analogues. 


Thus Ashe 29 Cye (32) 

= (1/12) (515 + 4598.3 + 3592s, + 28381? + 2sgS2) 
3 (1/6) (s1° + $0843 + 283817 + 28382) 

= (1/72) (120s,5 + 48828, + 245981? + 248580) 

— (1/6) (10815 + 45,813 + 28387 + 28382). 


Subtraction of Cye(32) or (1/6) (së + $281? + 2sgs,? -+ 2sa82) leaves 
(1/6) (98,5 + 3828:18) ; 


from this subtracting Cyc (21°) or (1/2) (s,5 + s28,°) leaves s,°; from this 
subtracting Cyc(1°) or s,° leaves 0. Therefore 
hshe 29 Cyc(382) = Cye(32) + Cye(21*) + Cye(15). 
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6. Derivation of G.R.F’s of Isomorphs. If o(%, Ge, °° *, Gn), a 
function of n arguments, preserves the same value when these arguments are 
permuted in its symbol by any operation of a specified group H of degree n 
and order », but changes its value when its arguments are permuted by any 
operation not contained in H, then $(a, @2,* © *, %) assumes n!/p different 
values in all when the same set of n arguments is inserted in its symbol in 
all possible permutations. This is a well-known result (comp. e. g. C. Jordan, 
Traité des Substitutions, pp. 25, 26), but we may here point out that it is 
readily established by a simple application of the theory of Group-Reduced 
Distributions, by taking as one range the n arguments a, %,' °°, @n, with 
G. R. F. Grf(H), and as the second range the n fixed positions in the symbol 
of ¢, with the group of identity on n elements as range-group, G. R. F. s”. 
Now Grf(H) is always of the form (1/p) (s1” +- - -), the omitted terms of 
which are irrelevant in the 2 -product s” Q (1/u)(si™+:°°*-)=n!/p, 
which is the number of distinct values which ¢ can assume. It is unneces- 
sary to think of ¢ as a particular algebraic or other function; it is merely 
a symbol which we agree to regard as equivalent to any similar symbol obtain- 
able from it by any operation of H performed on its arguments. _ 

Any permutation of the n a’s determines a corresponding permutation of 
the 2!/p ¢’s, and since all the œ’s are on the same footing as to the positions 
which they may occupy in the symbol ¢(—, —,--+-*, —), all permutations 
on the @’s which are of a given cycle-partition P (a partition of n) will be 
in correspondence with permutations of the ¢’s which are of one and the same 
cycle-partition P’ (a partition of m!/p). 

The G. R. F. of any group G of degree n can be transformed, according 
to the correspondence so established, into the G. R. F. of a group G’ of degree 
n!/m, isomorphic with G. In this transformation all the coefficients of 
Gri(@) are unaltered, and only the literal symbols s),4s),”- - are changed ` 
in accordance with the correspondence of cycle-partitions. The isomorphism 
-is not necessarily simple, and the G. R. F.’s determined by various groups H 
are not always distinct. 

We adopt for the G.R.F. of the derived group @’ the notation 
Grf (H) 3 Grfi(G@). We also introduce the concept of the “powers” of a 
cycle-partition as follows: If P denotes any partition, P* will denote that 
partition which is the cycle-partition of the k-th power u* of any permutation- 
operation u which is itself of cycle-partition P. Thus if P == 48, we shall 
have 

P = P" = PT == PY = 43; P? = Pa 32?; PF = P® = 415; 
Pt= PP Blt; PP = 2718; PP=I1", 
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THEOREM: To every operation of order & and cycle-partition P, in a 
group G of degree n, there corresponds, in thé derived group G” whose G. R. F. 
is Grf(H) 3 (G), an operation of cycle-partition 14.a4ap4p- - - Ez, where 
1, a, B,° £ are the divisors of & and the A’s are the Grice in the 
expression A.Cye(P) + A,Cye(P*) + ApCye(P8) +- +--+ Ai", obtained 
by the decomposition of Gri(H) 93 Cyc(P) by Case 2 P $ 5 above. 


Proof: We introduce for ¢ a new notation 


P(B m i a)? 


in which f, g, >’ +, land p, q, ** +, z are permutations of the numbers 
1, 2,°°°, n, and a column such as ay 
i Ba 


indicates that &g occupies the qth position in the old notation ¢(—,—,°::, 
—). The meaning of the new symbol is evidently not changed by permuta- 
tions of whole columns; this purely notational invariance is to be distin- 
guished from the special invariance determined by the group H operating on 
the upper row alone. 

The œ’s and the 8’s may be regarded as two ranges Sa, Sp, with H as 
the group associated with Sa, while with Sg we associate a cyclic group 
‘GO, generated by an operation u of order & and cycle-partition P, so that 
Grf(C) = Cyce(P). Lety be the smallest integer such that the operation w”, 
. performed on the f’s of a given 4, yields a symbol ¢’ equivalent to ¢ in virtue 
of the invariance under H. Then y must be either é or a divisor of & and 
the operations u, u?, +++, u will yield successively n symbols di, ġo °° 5° 
Py- $ all distinct under the invariance determined by H. In the cyclic 
group C’, into which H transforms C, the operation u will thus be represented 
by an operation u’ of degree n!/u and cycle-partition P’,'P’ being a par- 
tition of n!/p containing a part n, since one of the cycles of wu’ will’ be 
($¢i¢2° ` *y1). On the other hand the two-rowed symbol of œ can be read 
as a range-correspondence which is unaltered only by such operations as com- 
bine u” or one of its powers with a suitable similar operation of H. But w 
generates a cyclic group whose G. R. F. is Cyc(P7), and so Gri(H) 8Grf(C) . 
= Grf(H) 93 Cye(P) will have (by the Theorems of § 4 and of § 5 Case 2) 
a component Cyc(P7), in correspondence with a part y in P’. Extension to 
the complete 99 -product then establishes the rule stated for finding P’. 


Example: Take Gri(H) = hshz; this being of order 3!2!= 12 will 
transform any G. R.F. of degree 5 into an isomorphic G. R. F. of degree 
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51/12 = 10. We found above (§5 Case 2) hahe 93 Cyc(82) = Cyc(32) + 
Cyc(21°) -+ Cye(1ë). Cye(32) belongs to a group whose order 6 has the 
divisors 1, 2, 8, 6. We have P—=382, P? = 317, P? == 21%, P®==15; also 
‘A, = Á; = Áe = 1, Åa = 0; whence 14: 242 34s 64¢— 631 . Thus we ob- 
tain the cycle-partition correspondence 32 : 631. Moreover, since a cycle- 
partition correspondence between two group operations implies that the same 
correspondence holds between like powers of those operations, we have at once 
the correspondences 31? : 391, 21°: 2°14, and 1°: 1°°. Further correspond- 
ences are given by haha 299 Cyc(41) = Cyc(271) + 2Cyc(1*), namely 41 : 4°2, 
and 271 : 2417, and by hshe 23 Cyc(5) = 2Cyc(1°), namely 5: 5%. Then we 
have for the complete set of 7 partitions of 5: 


Partitions of 5: 5 41 382 317 271 213 15 
Partitions of 10: 5? 4°23 631 351 2417 2314 11° 


This set of correspondences serves to derive an isomorph of degree 10 
from any group of degree 5. Thus from (1/5) (s.° + 485) = Cyc(5) comes 
(1/5) (813° + 45,7) == Cye(5°). Or taking for G the symmetric group of de- 
gree 5, we have from 


hs = (1/120) (5,5 -+ 10825,3 + 155075, -+ 2085817 -+ 208582 + 80848; -+ 2485) 
the isomorphic G. R. F. 
hha £ hs = (1/120) (s:*? + 10828814 -+ 1582481? + 2083°8; + 3054282 
+ 248,? + 20868381). 


The function last written is typical of a class of G. R. F.’s hn-ghe 8 hn, of 
degree n(n — 1)/2 and order m!, connected with the enumeration of the sym- 
metrical aliorelative dyadic “relation-numbers” (Whitehead and Russell, 
Principia Mathematica, Vol. II, p. 301) on a field of n elements. If we repre- 
sent field members by nodes o, and the holding of a typical relation by con- 
necting lines, then there are 10 possible connecting lines for 5 nodes. If 
exactly 4 of these 10 are drawn, we get the configurations shown below, which 
are enumerated by hes Q (hshe f hs) = 6. 


(1) (2) (3) (4) (5) (6) 


Configurations (5) and (6), which contain isolated nodes, do not, accord- 
ing to the accepted definitions, represent relation-numbers on a field of five 
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elements. What we have enumerated are in fact the relation-numbers of a 
certain type on fields of five or fewer elements, and to remove the redundancy 
we must subtract the corresponding expression for fields of four or fewer 
elements, thus: heh: Q (Ashe g hs) — hoha Q (he? $ ha) = 6 — 2 = 4. 

By putting every sr == 2 (see § 3 ex. i) in the expressions Ayhe 8 hn 
for various values of n, we find that the total number of symmetrical alio- 
relative dyadic relation-numbers on fields of n elements is as follows: 


Elements in Field: 1 2 3 4 8 6 7 
Relation-Numbers: 0 1 2 7 23 122 888 — 


Other species of relation-numbers can be enumerated in a similar man- 
ner. Thus for asymmetrical aliorelative dyadic relation-numbers we use the ` 
functions hn-2hi* ¢ hn: for symmetrical aliorelative triadic relation numbers 
the functions hn-sħha 3 hn; for aliorelative triadic relation-numbers symmet- 
rical in two only of their arguments, the functions An-sħhzħı g hn. 

Sometimes the isomorphism is not simple but j-fold; in such case every 
derived operation will be repeated j times, and this will give a leading term 
js." inside the parentheses of the G.R.F. When this factor j is carried out- 
side the parentheses, the G. R. F. will appear as of the correct order, so that no 
exception arises to the rule for finding the expression for Grf(H) 4 Grif(@). 

Other isomorphs can be obtained by using as transforming function, in- 
stead of a G. R. F. Grf(H), any symmetric function which is the sum of two 
or more G. R. Fs of the proper degree. Thus for enumerating the symmet- 
rical dyadic relation numbers which are not restricted to be aliorelative, we 
use functions (An-2he +--+ Rashi) 8 hn. Such isomorphs are necessarily intran- 
sitive. On the other hand, when a single G. R. F. is used as transforming — 
function, the derived isomorph may be intransitive, and if it is, still other 
isomorphs can be got by: omitting some of the transitive constituents. The 
general problem of actually separating an intransitive G. R. F. into transitive 
constituents has however not been solved, and seems to be closely connected in 
nature and cul. with the decomposition of 3-products into sums of 
G. R. Fs. 

Some important general relations are (for G and H of degree n, H of 
order p): hng Grf(G)—=s, for every -G; (hn + an) 8 Gri(G) = 
(1/2) (s7 + s2) or s,? according as, Œ has-or has not odd permutations: 
hn-ihı g Gri (G) = Gri (G); l 
hi Q [Gri (H) 3 Gri (G)] = Gri (A) Q Grf(G@). 


h ontw- 1 


10 
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Y.. Determination of the G. R.F. from Given Generators. If two sym- ' 
bols « and £ occur in the same cycle of one of the given generators of a group 
G whose G. R. F. is to be determined, they belong to the same transitive con- 
stituent of G. By examination of the given generators from this point of 
view, the number @ of transitive constituents can be found. Writing Grfi(@) 
in the general form (1/m)>[N (G5 pro" + -) Sp,718p,72°+-], the relation 
In-thy Q (1/m) DN (G; pr po -* )Sm Spt] = 9 gives an equation with 
m and the NV’s as unknowns. Again, taking any known group H of degree n 
and order u, we can form a function ¢, of the original n symbols, which is 
invariant under H, and then determine the forms of the new generators, each 
containing now n!/p symbols, and corresponding to the original generators, 
which generate the isomorph whose G. R. F. is Grf(H). g Grf(@) ; and an- 
other equation is given by 

air 48 [Gri(H) g Grf(G)] = Gri (H) Q Gri(G) =V, 

@ being found by inspection of the new generators just as 0 was found pre- 
viously. Continuing in the same way, using`various other groups for H, a 
sufficient number of equations can in theory be found to determine m and all 
the N’s. In practice some of the isomorphs will be of inconveniently high 
degree, a difficulty which can be mitigated to some extent by choosing the 
groups H of as high order as possible. 

It is not necessary, however, to set up as many equations as there are 
unknowns. For without actually evaluating Grf(H) Q Grf(G@), we know that 
it is a positive integer. Also s),"s),’*- © (Q Grf(G@) isa positive integer or 0 
for every partition À," - - of n; while if H” is a sub-group of H, it is easily 
shown that Gri (H) Q GrE(G) = Gri (H) QGrf(G). These and similar rela- 
tions furnish a variety of congruences and diophantine inequalities which, in 
connection with a partial set of definite equations, will frequently suffice for 
the determination of Grf(@). 

' ‘Even when so simplified, it may be doubted whether the method offers 
any substantial advantage over the alternative, frequently impracticable of 
course, of actually deriving the whole set of operations of the group from the 
given generators and then forming the G. R. F. by counting the operations of 
various cycle-partitions. It is here given rather as illustrating a principle on 
which it may be possible to base an effective method: For the present we 
must in practice rely on special devices when dealing with groups of high 
orders. ; 
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8. Possible Algebraic Forms of G.R.F’s, The congruences and dio- 
phantine inequalities referred to in § 7 constitute a set of necessary conditions 
that a given symmetric function be the G. R. F. of an existent group. By 
means of them we can determine the possible forms of G. R. F.’s having speci- 
fied properties, as for instance those belonging to groups of given degree and 
order. We can often thus demonstrate the non-existence of certain classes of 
groups, or narrow the possibilities to one or a few forms. We cannot how- 
ever so demonstrate the existence of any proposed group, and a completely 
sufficient set of purely algebraic conditions has not been discovered, though 
nothing indicates that this would be impossible. Such methods might be use- 
ful in checking for omissions the lists of groups compiled by Cayley and others 

`, (Quarterly Journal of Mathematics, Vol. XXV, p. 71, ete.). 


Wayne, Pa. 
SEPTEMBER, 1926. 


Closure of the Tangential Process on the 
Rational Plane Cubic. 


By F. E., ALLEN: f A 


1. In a series of recent papers, Winger * has developed various features 
of the satellite theory of the plane cubic by use of the parameter form of 
representation and involutions on rational curves. Classic theorems and ex- 
tensions of satellite properties are proved with great ease and beauty. 

A prominent feature of these papers is the discussion of systems of con- 
tact curves. Of special interest is Winger’s conic N, the envelope of lines 
joining pairs of contact of tangents from points of the rational cubic, and 
tangent to the cubic at the sextactic points. This conic is one of a pencil of 
conics which touch the nodal tangents where they meet the line of inflexions. 
Since both the cubic and each conic of this pencil are invariant under a 
dihedral Gz, the pencil and the conic N play an important part in the con- 

struction of special and general sets of the group. 
The problem of closure of the tangential process on an elliptic cubie or 
higher curve has been extensively discussed from the number-theory stand- 
point,t leading to the determination of sets of real, rational points on a curve. 
With this has been developed the configurations of polygons, both inscribed 
and circumscribed to a curve of third order or higher. 

The present paper takes up the problem of determining those points on a 
rational cubic which coincide with their nth tangentials from the more gen- 
eral projectivé standpoint. It is found that the pencil of conics above described 
is of fundardéntal importance. 

The problem exists for nodal cubics only since the nth tangential of a 
point on a cuspidal cubic approaches the cusp as a limit.f 

2. To determine those points on a rational cubic which coincide with 
their third tangentials. 


* Bulletin of the American Mathematical Society, October, 1918, Novemher, 1919; 
American Journal of Mathematics, Vol. 42 (1920). 

t Sylvester, American Journal of Mathematics, Vol. 2, 3; Story, Ibid., Vol. 3; 
Picquet, Journal de VÉcole Polytechnique, Vol. 54; Porter, Transactions of the Ameri- 
can Mathematical Society, Vol. 2. 

$ Salmon, Higher Plane Curves (2nd ed.), p. 177. 
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The equation used is that of the crunodal cubic in the form 
+ — Bayz = 0, 


where the nodal tangents are the x and y axes respectively, and the line of 
inflexions is the z-axis. The interchange of real and imaginary elements for 
the acnodal case may be made at any time. , 

The parameter form is 


ery: z= 8t: Bt: P+ 1. 


The first tangential of the point ¢ is —1/#*,} the second tangential is 
— t$, etc., the nth tangential being — t-?)”. 


(a) Iff—=—1/?, ®+1—0. 


t 


The roots are the parameters of the inflexions. 
(b) If t=— tt, ¢(+1) =0. 
The roots are the parameters of the node and of the inflexions. 


(c) I t=— 1/8, #+1=—0. 
(E +1) (8—41) = 0. 


After removing the factor which corresponds to the inflexions, the six 
remaining points are seen to lie on a conic since they belong to the involu- 
tion Se= 1. These are the six “coincidence points” of the rational cubic.f 
This is easily identified with the conic l 


zy — 32? = 0, 


which belongs to the pencil already described. It is a special case for the 
nodal cubic of the conics described by Porter ł in his discussion of the coinci- 
dence points of the general -cubic. 

The following construction may be shown for this coincidence-conic: It 
passes through the points in which a line joining the node to an inflexion 
meets the tangents at the sextactic points of the other two inflexions. 


* Winger, loc. cit. 
+ Halphen, Mathematische Annalen, Vol. 15. 
t Loe. cit. 
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8. To determine the satellite conic of a conic of the system 
sy — ìà? = 0. 
If the satellite belongs to the same system, its equation is of the form 
| sy — N2? = 0. 


If the primary point is (3¢?,.3t, t +1) the tangential is (3t? , — 3t4, t — 1). 
The t-equations giving the parameters of the points of intersection of these 
conics with the cubic are 


(1) l t + [2 — (9/4) 1 + 1—0. 
(2) i — [2 — (9/X) ]# +1 = 0. 


Equation (2) must contain (1) as a factor, the other factor. being the func- 
tion corresponding to its other primary, found by replacing t by —+¢. Elimi- 
nating t, there results ; 

: N =X/ (4—9), 


which transforms the parameter of a conic of the system into that of its 
satellite. 


If ’ =à, \=0 or 3. 


A = 0 gives the degenerate case of the nodal tangents. “Hence, the only proper 
conic of the pencil which is its own satellite is the coincidence-conic which 
cuts out of the cubic two cyclic groups of points which coincide with their 
third tangentials: ` 

t= erir, ET 1874/9, 

i= bt t/9, eliri/9, etitt/9, 


To A= 9/4, Winger’s conic N, corresponds A = 0 , the line of inflexions 
doubled. 


4. To determine the points which coincide with their fourth tangentials. 
. t= t( 41)(2@ +--+ +1) =0. 
The solution lies in the two conics of the third factor. This will factor into 
(1) - P+ [2 (9/a)] +1 —0 


with roots, ty t/t, wt, w/t, ot, w/t, and 


k3 
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(2) # + (2—(9/)]#+1—0 . 
with roots ts, 1/ts, wta, w/ts, wta, w7/t, a 
an poeompes ` 3k- 4540 (mod 5) 
Substituting in (1) and equating to zero the real (or imaginary) part: 


cos 2(2% + 1) (7/5) + [2 — (9/A)] cos (2% +1) (7/5) + 1—0, 
2cos? (2% + 1) (1/5) + [2 — (9/A)] cos (2% + 1) (7/5) =0. 





9 
= 4 c0s?(2k + 1) (x/10) 
9 i 9° 
M = F cos? 18° M= Torsi * 
By the formula 
z A? 
a e 


it may be shown that à, is the satellite of à» and conversely. The cyclic 
groups of points are shown by the following table: 


£ — e(2kr1)7/15 


À k -t 


k t ke. t 
At 1 eftt/s 3 ems 8 grips 
Xs y 4 gers 0 e™ 5 5 g [18 
Ne 13 ert [15 6 en" /18 11 e Bart /15 
Ne 10 e275 9 g1 14 g7 


5. Points which coincide with their fifth tangentials. 
t——1/ 9 41—0 (1)? 4--- 41) —0. 
The last factor yields five conics by the process of the preceding section. 
t = e(2he1y 7/2 (2% + 1) 40 Gwa 11) 


= 9 


A= Fc0s* (8k - 1) (2/22) 
pae e a N e a 
t &cos?(m/22) ’? 2 Acos? (9r/22) ’? ° & cos? (Yar/22) 
uest ss às = i 
t "4 cos? (8r/22) ? 4 cos?(5r/22) 
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a k k k k k k 


à 0 11 22 10 21 32 
Az 15 26 4 28 6 1% 
` Às 18 — 29 7 25 3 14 
Às 12 23 1 31 9 20 
As 24 2 13 19 30 8 ° 


6. Points which coincide with their sixth tangentials. 


t—— i = e(841)—0 BHIG +++ -4+1)—0 
fmm geyen 2k-+1540 (mod21) 


If 24-+-1==0 (mod 7) the solutions are those of a previous case, 
#-++-1==0. Hence there are 9 conics for the remaining 54 values of k. 


9 
A= Eosl 4 1) (x/48) 


There are 6 conics which form a cyclic satellite-group, and 3 conics such 
that each coincides with its third satellite conic, as follows: 


Ay À As Às Às As 
k= 0 30 33 27 39 15 
k = 20 53 50 56 44 5 
k=21 51 54 48 60 36 
k= 41 11. 8 14 2 26 
k=42 - 9 12 6 18 BY 
k= 62 32 29 35 23 47 

Àr Às As Ar As Ne 
k= 4 22 49 58 40 13 
k= 25 43° 7 16 61 34 
k= 46 1 28 37 19 BB 


The following values of k determine points on the coincidence conic, A=3: 
8, 24, 45; 17, 59, 38. 
% General Case. Points which coincide with their nth tangentials. 


i= — 2" 
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Case 1. n even: t= — 42" 


(t-11) =0 
2» —1=0 (mod3) 
EHIE o1) 10 
. , f 2» —4=0 (mod 12). 


The number of conics is 
(2 — 4) /6 = (2/3) (2? — 1) 
including. as special cases all solutions for the prime factors of n. 
Case 2. n odd. t= —(1/42") t1 + Leen 


2° -+-1==0 (mod 3) 
(EI +--+ +41) =0 
2"—2==0 (mod 6). 
The number of conics is 
(%1 —1)/3 


which includes the solutions for the prime factors of n. 


If n is an odd prime, this formula gives the exact number of proper 
solutions. By Fermat’s theorem 


gmi —1=0 (mod n) 
and hence the number of cyclic groups of n conics is 


(2t — 1)/3n nÆ3. 









e e . e t 
New Results in Elimination.* 


By F. MORLEY anp A. B. COBLE. 


Elimination is a fundamental process in algebra. One of its most general 
problems may be stated in homogeneous form as follows: 

Given j forms, 

ry, Aaya, + * 5 jy (m = mM, = m't = Mj) 

homogeneous and of the orders m indicated in the variables y:, yo, °° +» Yi, 
to find that polynomial in the coefficients a, a, °° -, a; whose vanishing 
expresses the necessary and sufficient condition that the forms vanish simul- 
taneously for a value system a, Tə, © *', £j This polynomial Æ is the so- 
called resultant or eliminant i. e. the result of eliminating y,: Y2:* ` * 3 ys 
from the j equations, o5”*—= 0, c@y—=0,-° +, ajy™—0. As thus defined 
a numerical factor in # is unessential though in certain cases (e. g. if R is 
included among the members of a complete system of invariants of the given 
forms) some convention as to such a factor may be desirable. In geometric 
language R = 0 is the necessary and sufficient condition that the j spreads, 
Qiy = 0, * ++, ay = 0, of dimension j — 2 in Sj-ı have a common point g. 
The degree of R in the coefficients of a particular form %,"* is known to be 
M,.M2.***.m,;/m,. A subsidiary problem is that of exhibiting in rational 
form the common solution œ which exists when & = 0. 

Other problems such as those of “ restricted ” elimination appear e. g. to 
express the condition that three conics with two known common points (say 
conics without terms in 4,?, yo”) shall have a further common point. This 
memoir is confined to the general problem formulated above. 

The binary case, j = 2, of elimination of one non-homogeneous variable, 
or two homogeneous variables, from two equations has been satisfactorily 
solved. The dialytic determinant of Sylvester provides the resultant in the 
convenient form now commonly presented. A much earlier method of Bézoutt 
modified later by Cayley {) for two forms of the same order, extended by 
Rosenhain § to different orders, furnishes the resultant as a more contracted 
determinant. Conditions for further common solutions have been found.f 


* An investigation pursued under the auspices of the Carnegie Institution of Wash- 
ington, D. C. : 

t Paris Memoirs (1764). {Journal für Mathematik, Vol. 53 (1857.) 

§ Journal fiir Mathematik, Vol. 28 (1844). 

T Further references are found in the Encyklopddie, Vol. 1, pp. 245-250; 260-274; 
and in Pascal’s Repertorium, Leipzig (Teubner) (1900), Vol. 1, pp. 86-89; 274-278; 
322-323. : 463 
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Until recently however little progress had been made, in the elimination 
of. more variables, toward the formation of a pure resultant, i. e. one free of 
extraneous factors which contain the coefficients of one or more of the given 
forms. It is clear that, as the variables are successively eliminated from 
selected pairs of equations by the dialytic or other method, a result R’ is 
obtained which is the resultant R multiplied by a factor which depends upon 
the order in which the variables are eliminated and upon the order in which 
the equations are selected. As this order changes a variety of results R’ 
appear of which R is the G. C. D. Thus elimination of any number of vari- 
ables is properly regarded as a rational operation but the explicit form of the 
end result which we seek here has not been exhibited in the general case.” . 

Little effective progress has been made by the methods of invariant theory 
such as that devised by Gordan + for three ternary forms. 

The first notable extension of the Cayley-Bézout determinant to higher 
cases was presented by Professor Morley to the Toronto Congress (1924). 
This furnished the resultant R for three ternary forms of the same order. 

It is the purpose of this paper to extend this result to a wide variety of 
ternary cases and a more limited number of cases in more than three variables. 
The orders m for which R is explicitly obtained as a determinant are, in 
ascending magnitude, the following: 


jen Bt My, Mo, Mar (r=0, 1,°°°, m +1); 
j=4: Mi, M1, Mi, Mm +r (r=0, 1, 2) A 
Mi, Mi, Mı + 1, m +1 i j 
m, m +r, m +r, m +r (r=1,2), 
My Mm +1, m + i, m 42 > 
j=5: 3, 3, 3, 3, 3 : 
2, 2, 2, 2, 24r (r—0,1) 5 
j=6: 2, 2, 2, 2, 2, 2 : 


Further cases for which some of the orders m are unity are given in § 2. 
This is accomplished by the use of a covariant J; introduced by Morley 
for the particular case mentioned. J; may be defined as the sum of jacobians 
of polars of æ as to the given forms whose order in y is k; or more specifically 


* For other rational methods see Salmon’s Higher Algebra, (1876). pp. 79-83. 

{ Mathematische Annalen, Vol. 50 (1897). 

£ Published in this Journal, Vol. 47 (1925), pp. 91-97, under the title: “The Eli- 
minant of a Net of Curves.” ù 
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(1) Je = > (aaa r aj) Ora” myrkky- tary Ky +s. Gji tiigis 
(kit: e H kj = k). 
The importance of this particular sum of jacobians is doubtless due to the 


recurrence relations (4) which it satisfies. 
In addition to Jy we use thé modulus F defined by the given forms, 


Gry™, «+, &yy™, i. e. the totality of algebraic forms comprised under the 
formula, 

(2) F = Bur ™: yy + Boy Agy + -$ Bae ™ Oy 

where k is any order and 8u ™, > t, ym are arbitrary forms of the orders 


indicated. If in particular the coefficients 8 all vanish we note that a form 
which vanishes identically is contained in the modulus. 
The method is based on the following fundamental theorem: 


(I) If the equations, wy™==0,- ++, %jy™ —=0, have a common solu-. 
tion x, then all of the covariants Jy for k = 0, 1, >°, mts: +H maj 
are contained i in the modulus F. Ra . 


For k = 0, 1,: ++, m,—1 the order of Ini in y is too low to permit of 
an effective expression (2) whence, for these values of k, J= 0. Thus in 
Morley’s case, Mm, = M == Ma, we have the syzygies, Jm- = 0, Im 2 = 0, 
which he used to form the resultant. : 

The identity in y given by the fundamental theorem furnishes a number 
of equations which contain, in J; on the left, products of powers of the un- 
known common solution x, and on the right the unknown coefficients 8 of a 
form of the modulus. Additional equations may be obtained by multiplying 
Gye = Q, * * +, a2" = 0 by such products of powers of s,, >> >, x; as will 
produce the order, 3 m;—j—k, of J, in æ. From such equations, linear 
in the products æ and the coefficients 8, these quantities may be eliminated 
in the cases mentioned and the resultant È appears as a determinant. 

We observe that the coefficients £ in the eae (2) of F are no longer 
unique if k 5 m, + ma For 


«Bry Q A Boy M9» Aara = 
[ Bu mi + yyt ma. Goy™? | r Oy + [ Boy Me —. yyt Ma - yy | -x wy", 


if then we hold k at the upper limit m, + Me — 1 which avoids this ambiguity 
in the coefficients 8, the order in æ, X m; — j— F, also should not exceed ` 
Mı + mı— 1. Otherwise the additional equations will not be independent 
since the one obtained by multiplying dıs” = 0 by o22 coincides with the one 
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obtained by multiplying a2.72—0 by ae". Thus our equations are inde- 
pendent only if X m,—j—k < m+ mM, (k = my-+ m,—1) ie. if 


Ms + mgt e+ + my < m m -Hj i, 


an inequality satisfied only by the cases noted above. . 
l The discriminant of a spread, a,” = 0, in &;-ı is the resultant of the 7 
first derivatives of order m — 1. Hence we provide a determinant expression 
for the discriminant of any plane curve (Morley), of any surface, of the cubic 
and quartic spread in S,, and of the cubic spread in Ss. ` 

The details of the argument are given in the sections which follow. 
A proof of the fundamental theorem (I) appears in §1. In § 2 we show that 
the equations obtained from J ym,-j-(m+me-1) and the additional equations ob- 
tained from the given forms permit of eliminating the coefficients 8 and pro- 
ducts v to obtain a determinant R. In $38 it is proved that R has the same- 
-degree in the coefficients of the given forms as the resultant and therefore 
either R is the resultant or R=0O. But R30 since it is verified that 
R == + 1 for the particular forms, yi, yo, + © +, ys. There is given in 
§ 4 an interesting extension of the fundamental theorem which applies to 
j + 1 general forms. In-§ 5 we prove that the resultant R, when properly 
bordered, furnishes in general the unique apolar form of the j given forms 
and therefore, when & = 0, a power of ér, the common solution. The exist- 
ence of other forms of the resultant, also determinants, here becomes clear. 
These alternative forms are frequently determinants of lower order than those 
given in § 2. . 

The extension of the fundamental theorem which appears in § 4 is in 
effect a generalized form of the syzygy which Morley used as a starting point. 
- In §6 a new proof along his earlier line is given and the application to the 
formation of resultants appears as a corollary. 


1. Proofs of the fundamental theorem. The first proof of theorem (I) 
is based only on the determinant identities and on the recursion formulae (4) 
below: These persist for any number of variables so that it will be sufficient 
to carry the proof through for four variables and then to state the general 
result. 

We taken then four quaternary forms or surfaces, 


(1) Oy”, By", YP 8,2 (m Ln ZP Z q); 


all on a point s. The form Jz, the sum of jacobians of polars of x whose 
degree in y is k, we write as us 
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(2) Je= (apy) (™ ee tat), (k>0 else J,=0).. 


In this (afy8) is the usual symbolic determinant and the second parenthesis 
represents a sum of terms, namely 


{ 3) Cs me p~1,q—1 ) 
= > a gr kla appini Be ygt oly kogy tkg fia 
nsere Ng 


(ka + ka + ka + ka = F). 


We observe that avery term of this sum contains a factor ay or, if not y'a 
factor a"; also that every term contains a factor a2, or, if not &s, a factor 
a1, Thus 


(4.12) ( m—1, alle ae gi, ) a ay ( m—2, ae a g—l ) + Agt (e: n—l, ies q—l ) ; 
(4.20) ( ml, Pee ql j= Op ( m—2, lek ql ) J yin (e an q—l ) ; 


and similar formulae are valid for 8, y, and 8. If any of the integers in 
these parentheses are negative the corresponding terms do not appear. 

Let é be an arbitrary linear form which ‘represents a plane é not on the 
point « common to the four surfaces. We multiply J; by & and replace 
(%By8) & from 


(5) (aBy8) bo = (a Byé)Se— (aB8E) ye + (ay8E) Ba — (By8E) ae. 


If now to the last term in a, we apply (4.1) the second term on the right of 
(4.1@) contains the factor s” which by hypothesis vanishes. Thus 


(6) £s: Jn = (aByé) (bene ) 825 —( a83) ("= nlp a Yay 
+ COBE) (MEE) Bafa — (BVB) (PIPE ) cate 
Th the first term on the right of (6) substitute for (a@Byé)8, from . 
(aye) 8y = (@By8) £y + (@BBE) yy — (ayé) By + (BÉ) ay. 


We have then on the right one term in (aBy8) and two terms in each of 
(ape), (ayé), (By8E). The pairin (a3) is 


(a B8E) Yy [è> ( m—l, aie pa a2) — yz cos mh ie q—i ) ] 5 


To reduce this pair we apply (4. 2y) to the first parenthesis and (4. 28) to the 
second. and obtain 


(apse) [sess ‘at 1,0, Oat): w => wd -1 l (Ppi „nln p2, 0 >) o 
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With similar moaiens in the other two pairs of terms we have 

(7) £o Tn éy: (aBy8) (PEL pi a)i 
+ (aBRE) [8a (MoT T) vay? pð (OEP) | 
— (aydé) [ae( >“ eae ) - By" — ByBaByt? (ork pa p—1,0 ) ] 
+ (By8é) [8e Gadi TE) O a a aa n p= 0Y) 1 ; 


We observe at this point that if k < q the three terms in 8,%! will not 
appear because of the negative (k — q) in the parentheses. Then in the first 
term on the right of (7) we can replace, by virtue of (4.28), 


| Con mh: p=, g—2 )8e by re mh: p= =) 

and we have a preliminary expression for J, in terms of the modulus 
(Jx1, 4 B, y, 8) which reads: 

(8) be Se by" Jra + (4B8E) (1r EEO?) Be: Ww 


—(aydé) (eed Opi, q-2 Jès: By" + (ort) Ce p—l, q—2 ae: Oy, 
<4)- 


In this if k < p the term in y,? also will not occur; if k < n, only the term 
in a” appears; and if further k < m we shall have merely that 


(9) (k < m) bo Je = Éy Tus 
Since Jo, the ordinary jacobian, vanishes at the common point « the re- 
cursion formula (9) yields, by repeated multiplication by £s, the result 
(10) (<m) Ju= 0. a 
- Thus for three ternary forms and equal orders m = n == p we have Morley’s 
‘Byzygies : 
l J m-i == 0, J m-s = 0. 
If k= m < n, formula (8) becomes 
. (11) bo’ Tm = (By8é) (OR) a (m< SP = 9), 


a rather remarkable expression for a general surface a,” in terms of a point 
on it and any three other surfaces of higher order which also are on g. 

We return to the general formula (7). and modify the first term on the 
right by substituting for Cee nh pL a) y from (4.28) which brings in 
a new term in 8,%7 i. e. 
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m~1,n—-1,9—1,q—-2 \ = (m—1,2—1, p—1,g—-1 | _. 8 ¢ 1 f m—l, n—1, p—1, 0 
Bo (mee pa | k-i J E 


We modify also the three terms in (7) which already contain &®t by using 


—1, n=l, p2, 0) = f m— PL0 \ ay pd Ia, 0; 
Yh” R La Dam Oia eas mas yy! MR bas Y 


; k—p—g+1 
a Be ( m—l, a p—l, y= Pa n—I1,p—1, 0 Ja Bi n-l eel. 0, SEN Q ); 
da ( m—2,n—1,p—1,0\) — (m—1,n—1, p—1,0 ) — gil (9, n—1, p—1, 0 
© keq k—g Y k—m—qa+1 


Then the right member of (7) will contain first a term éy' Jw-1; second, four 
terms in $,¢1 Cr pl, °) with coefficients, 


—(%By8) Ey — (ABÉ) yy + (ayé) By —(By8E) My = — (BE) ðv 
which therefore contribute the single term 
—(apyé) ("4P 0) - 8t; 
third, two terms in (a@f8é) - y with coefficients 
8 2" a 0, q~2 ) + a (aa n100 ) = me n—1, 0, a1) 


which therefore contribute the single term (apse) mak a aat y yP; and 
finally two similar terms in each of («yòé) ' By" and (By3é) - ay". Thus (7) 
takes the recursion form: 


(12) bo: Je 3 é: Jra 

224 (aByEé) (E p yi by q + (aB8é) (IS n—l, 0, erys ya 

— (apt) (29) By H (B186). (MEP EY «ayn 

The formula (12) furnishes an expression for J; in terms of the modulus 

(Juis %y™, By", yy", yt). I£ we multiply (12) by és and replace on the right 
s Ju- by using (12) for the value k— 1 we have an expression for Jy in 
terms of the modulus (Jz-2, ay”, By", yy?, Syt). On continuing this process 
‘and recalling from (10) that J,==0 if k < m we find the following expres- 
sion for J» in terms of the smaller modulus (ay, By”, yy”, dy): 


(18) gmt J= 
k—m 
— (aBy) (E (Pa) prey } 88 


k—m : 

+ (B86) CS" (mR) Emer y 
k—m 

Satie (ayðé) { > ( m—l, 0, Eee Ee Er } * By” 
k—m . 

+ (Bysé) { = ( 0,n—1, fe ) Emri } š ay”. 
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If now we adopt for J; the more specific notation 
(14) Jn Tx (a™, Br yP, 8%) 


then it is clear from the definition of J; that the coefficients of the modulus 
in (13) are also of the J-type and we write the final form of the identity: ° 


(15) ét. Ty (am, Br, yP, 80) = —Tug(™, BY, yP, E00) - 8,0 
+ Tip (a, B", ôs, ere) YP? — Tin (a™, y ès, ach ` By” 
+ Tx_m{ B*, A 82, gml) Š ay”. 


` We extend this at once to the general case and give the following more 
explicit statement of the theorem (I): 


If the spreads ayy, oy, > > >, jy in S31. have a common point v, 
the form Ji(a,™,-- +, aj) of order k in y belongs to the modulus defined 
by the j given forms. If & is a fixed linear form such that & 40, the ez- 
plicit expression for Jy in terms of the modulus is 


(16) Eqh math i Fx (0,4, as 205) = 


7 
2 (= LTO Tim, (a, Ty Agge, Agp t, ete, Gy, gETMEL) o gys, 
s= 


2. Formation of the Resultant. If the j equations, ai™t == 0 (i= 1, 
- ++, 4) are given subject merely to the condition that they have an unknown 
common solution v, then, in the syzygy [i. e. the identical relation of order 
k in y (16) ] where £ is fixed, we have the constant é,*-™*1 and the forms Jim, 
of order k — ms in y whose coefficients also contain the unknown v. Thus 
after division by é,*-™:*1 we have an identity of order k in y of the form 


(17) Juft, Gy) A Bayh M2» ayy ev es A Bp -agg == 


in which there occur the unknown coefficients of the forms 8 and (in Jz). 
the combinations, also-unknown, of the coordinates æ, which are of degree 
> m; — j — k. ` We seek to eliminate these ¢ unknowns from a set of t equa- 
tions linear in them. For this it is essential that the values of the unknowns 
be unique and that the additional equations which may be obtained from 
Aig" = 0, Qog” = 0, ` - + by multiplication with such combinations of œ as 
raise them to the degree $; m; — j — k shall themselves be linearly independ- 
ent. As explained in the introduction this leads to the inequalities - 
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$ m —j— k =m + m— l, k= mtm; or to 
mtoo m jtk, b< m +m 


Thus the most favorable range for the orders ms, - + *, m; is obtained by tak- 
ing the maximum value for k, i. e. mı + m2—1; and the original inequali- 
ties and the one just deduced are 


(18) - hh Zt Zt Sy 
m, +: ° -+ m; <m +m + (j7—1). 


The case m; = 1 may be discarded since if any of the given forms are linear 
the elimination may at once be reduced to a lower dimension. To this point 
however we shall recur. Since ma + M45 m, -+ ma the largest range for 
Ms5,°' *, Mmj occurs when Mm, = Ma = M; = m, When 


ms +: Os mpeg al, 


Since m; = 2 the largest range for j appears when m;—2 and therefore 
when 2(j—4) <j—lorj<‘%. For j= 6 and the most favorable cases 
indicated we have ms + Me < Š or Mms = mg = 2 and necessarily m, ==* °° 
== m, = 2. For j = 5 and ms, + m, + ms < m, +m -+ 4 the largest value 
of ms is obtained when Ma +- Mma == Mı + Ma i. e. when m, =' + -= m, and 
ms <4. If m; = 3, m,’ ++, m, must all be 3 or 2; if ms = 2, Mi, * + *, Ma 
must all be 2. For j = 4 and ms -+ m, < m +- m: -+ 3 it is convenient to 
set M, =m HT, m =m +r +s m—m+r+s+t (r,s, t50). 
Then the inequality becomes r + 2s + t < 3 whose seven solutions, (1, s, t)= 
(0,0,0), (1, 0, 0), (0, 0, 1), (2, 0, 0), (0, 0, 2), (1, 0,1), (0, 1, 0) furnish 
the cases mentioned in the introduction. For j= 3 and ms < mı + Mm +2 
we set Ma = M: -+ r and find that r < m,-+ 2. We have thus accounted for 
the range of cases listed in the introduction. 

If one of the forms and therefore necessarily the first is linear the elimin- 
ation may in a sense be reduced to elimination in a lower dimension. The 
procedure for space for forms ay, By”, yy’, 64 would be as follows. If z, 2’, 2” 
are the vertices of a fixed triangle on the given plane a, any point y of the 
plane is given by y=Az-+ 2’ +-A”2’”".. On substituting this value of y in 
the other three forms we have three ternary forms of orders n, p, g in A, X; N” 
whose eliminant for A is the required resultant of the four original forms. 
This resultant however is of degree npg in each of z, 2’, z” and in order to 
express it in terms of the original coefficients « we should have to modify it 
in such a way as to exhibit the z, 2’, 2” only in the combinations a= | z 2/2” ji 
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Such modification would not in general be practicable and thus it is desirable 
to see how many cases in which at least one form is linear come under our 
general method. If then we set m, = 1, ma = 1 + Tu, Mma = 1 4 ri + ratte 
(r° °°, Tja © 0) the original inequality becomes 


6 G Snp Gpe o a 
Fe e e H 895-4 + fja + Tja <3. 


A discussion of this inequality shows that for 7 = 6 there are always four cases 
for which (mj-1, mj) == (1, 1), (1, 2), (1, 3), (2, 2) and the other m’s all 
are unity. If in the first three of these the last form is aj" (r= 1, 2, 3), 
the resultant obviously is (aa. > -> a%j.a;)". In the last of the four cases 
we form the resultant of two binary quadratics in symbolic form and then 
immediately write it in the symbolic form for the higher case by using the 
„Clebsch translation principle. For j == 3, 4 we find precisely the cases already 
listed in the introduction for which m, = 1. For j= 5 there is in addition . 
to the four cases which always occur when 7 > 6 just one case 1, 2, 2, 2, 2. 
Our method will in this case furnish a resultant explicit in the coefficients 
a of the plane ay, or if these coefficients be replaced by variable coordinates é 
it will furnish the equation of the 16 common points of four quadrics in 
space Sa ; 

We consider now the cases listed in the introduction and begin with the 
three ternary forms of orders 


jos: My, Me, Ma +r (7 =0, 15° °°, m,+1). 
| The fundamental syzygy now reads: 


i 
Jr + Buy ™ * Agy” + Boy e ` Ogy”? + Bayer t Agy” == 0. 


It is convenient to obtain as many independent equations as possible from 
Oye = 0, Gog? == 0, Ogee” == 0 by multiplication with products of powers of 
æ since such equations contain the coefficients o,, Œz, a in the simplest way 
and therefore we allow æ to enter to the maximum order mı + m.—1. Since 
the jacobian of the three forms has the order m, -++- 2m, + r— 3 the order of 
‘Jy in y is k=m.-+r—2. Thus the syzygy (an identity in y) yields 
( k2 |) equations linear in ‘the Cre) products m of powers of s of 





order M, -+ Mm — 1 and linear in the coefficients 81, Bs, Bs. But for parti- 
cular values of m, and r some or all of the forms 8 will vanish identically so 
that the linear equations will differ formally in certain cases. Thus since 
k == ma ++ r — 2 then k — m —r < 0 and Bat "er is always identically zero. 
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Iir <2, k—me <0 and By*™=0. fr <2 and E= m tr? < m 
where also m, = mz, then Byt ™ = 0. For r= 0 this yields two cases Mmi, m1, 
m, and my, mM, +1, m, + 1 the first of which is treated by Morley and will 
not be considered further here. For r= 1 we have one case Ma, Mi, Mm, +1. 
The last two cases we combine under 


Case IMI: My, My + T, Mi + 1 (r = 0, 1) ` Jm- =l. 


If r <2 and k= m, +r— 2? = m then always m: S m, Thus me 
may have any order and r may be 0, 1 which yields 


Case I: Mai, Mey Ma -+ p (r = 0, 1) : J ng-24r = Birro 2r $ Ary” 


(Mm: = m +2— r), 
where the last inequality bars Case ITI. 
` For 2 <r < m, -+ 2 we have the more general 
Case IIIe: Mı, Mo, Ma +r (r= 2, t, m 41) : Smear 
= 8 í afte ate A Zay + Bay? . Gay, 


The linear equations obtained from the syzygy, and the additional equa- 
tions linear in wz alone obtained by raising the orders of a7 = 0, doc” = 0, 
Sgn = 0 to m, + m,—1 have the matrices indicated below. 


Case IIIa: (7 =0,1) Case IIIa: (r= 0,1) 


(Scy (acer) Cea) 
mS | tazas | (Pat) | Grace | | æ | 
RO oe a ABs) a Be) |% | SA Ie 
Ce) | Oo | ? meti l Ge | | 0 | > 
ESA ; | & | Gara | A | | 0 | 
Case II.: 
CA (z) 
(mer) | Taaa | la | a | 
meta) | a: | fol | 0 | 
(mH | oa | 1o] 10] 
(mtr) [as | | 0 | lo] 


The numbers at the top of each matrix give the number of products ms, of 
coefficients 8,, and. of coefficients 6, eliminated i. e. the number of columns 


474 MORLEY AND CosLe: New Results in Elimination. 


of the interior matrices. The numbers at the left indicate the number of 
equations obtained from the syzygy and from each of the given equations in 
order. The interior matrices have elements which are linear in the coefficients 
indicated except for the matrices | 0 | whose elements are zero. 

We have to show first that these three matrices are square and thus are 
determinants which we identify later with the resultant. It is easy to verify 
that 

Claas il) as © eats Cari ea rs Ls a 


(20) CC ra): “re Ce) 
+ (mp) + (mt) . 
For 7\= 0 i. e. r= 0, 1 these prove at once that the matrices IIT, and 


III, are square, and the second one proves the same for ITI, for any value of r. 
To the four cases for j = 4 listed in the introduction we attach the 


syzygies : 
IVa: Jomar- F Bay? -aya H e t H Bayt daha F Bayr? * damir = 0: 
IV: Jom- + Buy? š Ayy” + B. oy”! * Oe Piles + Bay? . Qayt 

+ B ay 2 : Oegyatd = 
Ve: J omor-s + Buy™*27-8 . Ayy” + Bay” . Goymatr + wh B. aymatr-3 . Qayt = 
IVa: Jom F Bay™* ay F Bay? > aoh F Bayri- dayal Bay?» Ayt? = 

The matrices of the corresponding systems of linear equations are: 
p & Sy q 

IVa (r=0,1,2): 


CTICO ICCI 


(me) | (amma [ar jal Jal Ial 
(nity | Jal ol Jol Jol [o] 
ep (mi) | fae] lol ol tol fol |: 
(mt) | asl fo] fof fof tol 
CMe) foe Feb PO POL Ot: fOr: 
IVe: s 
CET ETICII o) 
mia) | amaaa] jal fal [ae] fal 
(E) | % | 
ee | æ | 0 l ; 
(me) | lal rg 


CP | lal | yf 
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IV. (r = 1, 2) : 


E EON 


(272) | araoasaa| Je] foe] jos] | a | 
(mit?) | a | 
(7) | Go | 0 3 
mr) | lal 
CPI | lel 
IVa: ' 
Cur ) (mt) (mt ) (7) (m 
(24) l 20454 | | a | | a] | ag | | a | 
Ge | | a | : 
cae) La | i 
Cy fal 
CP) | lal 


That here the number of columns is equal to the number of rows, obviously 
true in the cases IV», IVa, may easily be verified in the cases IVe, IV, if in 
these two cases (7) = 0, i. e. if r= 0, 1, 2 

The determinant IVa takes a different form when m, == 2, a form which 
varies according as 7 == 0, 1, 2. Thus we have three special sub-cases > 


TVa (m, = 2, t= 0) IVez (m = 2, T == 1) 
(22) 20 20 I y 3 
A | | ayaga srs | 10 | | aasa] for] [ao] | as | 
4 | ay | 4 l Gy | 
4 | Qz l 3 4 | Q2 l 0 : 
4 Jaa | 4 | a | f 
4 | æ | 1 | a, | 
fi ` IVas (Mm, = 2,7 = 2); 
20 4 4 4 
20 | |as | [or] |æ] |e] 
4 |a | 
4 | a | 0 
4 | æa | 


The further cases listed have numerical orders. The two for j = 5, Ve 
and Və, have syzygies, 
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Js + Bry? * Gay? ++ + +b Boy? as,” = 0, ; 
Jar + Bry” + May? + + + Bay”? tay? F Bs at = 0 (=o, 1), 


and corresponding determinants 





Va: f i 
. 126 15. 15 15 15 15 
126 | jacas] [a] Jas] [as] [al |a] 
15 |a | 
15 | æ | 
(23) 15 | æ | 0 ; 
15 | as | 
15 | as | 
Vs (r == 0,1) 
UL CRC): CG) 
(H) | laal Pal Jæl [as] laf Jel 
(i) |a | 
(i) | a | 
Cr) lel | ae 
(4) | a | 
C | a | 


In V; for both cases r = 0, 1 the matrix is square. 
The isolated case 1, 2, 2, 2, 2 for j = 5 yields a case Vo for which the 


syzygy is 
f J2 + Bw’ ty + Ba aa H: e -F Bss = 0, 


and the determinant is 


15 5 1 1 
15 |la-al fal jal ta 
5 | a | 
(24) 1 | ae | 0 
1 | as | 


Finally for j = 6 we have the one case VI for which the syzygy is 
Ts + Bry" tay? ++ > > + Boy * Gey? = 0, 
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and the determinant is 


VI: 56 6 6 +++ 6 
56 | |a al lal [æ] || 4 
6 |a | 

(25) 6 | æa | l 0 . 
6 | as | 


In the next section we prove that the determinants (19), (21), (22), 
(23), (24), and (25) are the resultants of their respective forms. 

3. Identification of the Resultant. If the j given equations have a com- 
mon solution the determinants of the preceding section, which obviously have 
an invariantive character, must vanish since the linear equations from which 
they: were derived are then consistent. If the determinants are not iden- 
tically zero, they are invariants of the given forms which vanish when the 
resultant R vanishes and which therefore contain R as a factor. If the de- 
grees of the determinants in the coefficients of the forms coincide with the 
degrees of R then the determinants coincide with R. We prove first that the 
determinants have the same degree as Æ and second that the determinants 
have, in a particular case, the value + 1 and therefore do not vanish iden- 
tically. The argument on each of these two points is given in just a few 
illustrative examples and the verifications made in the remaining cases are 
not reproduced here. 

All of the determinants given have the typical form 


Po Pı Pe `t Pi 
go | larca] Jal Jal- jal 
fı |a | l 
(26) qe | a | 0 
gi | a; | 


where the p’s and q’s represent respectively the number of columns and the 

number of rows in the interior matrices under or opposite them. Then 
5 pi = $ q; =N. The upper left matrix has elements linear in the coeffi- 
i0 


i=0 
cients of each of the forms, the other non-zero matrices have for elements 
precisely the coefficients of the one form indicated. For particular deter- 
minants some of these latter matrices do not appear and the corresponding 
numbers p or g are zero. 
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In the terms of the expansion of such a determinant there are 


; f 
go — È Pi = Po— Bi = Po + go —N 


elements from the upper left matrix, p; elements from the matrix | æ; |' to the 
right, and q: elements from the matrix | a;| underneath. Hence the degree 
of the determinant in the coefficients of ai is 


Pot G+ p+ qi — N = 


Po— 91 Ja" °° gia F Pi — giat t la 
= Jo — Pi— Pz’ ` t — Pia F Yi pia’ ` — Bi 
We use the last expression for the degree in a; since some of the p’s are fre- 


quently zero. 
Thus the determinant of Case III, in (19) has the following degrees’ in 
G1, 2, % respectively : 


ERNE — ma (m+), 

IEOS =m: (m +1), 

CORET Gare eal) eth 
which are the degrees of the resultant. 


Similarly in Case IV, of (21) we find for the degree in «œ, and the equal 
degrees in a2, &s, a that 


Ce) + ae) — 3 (rtr) as (m, +r) (m +r): (my + r), 
(ar (nH a m me a 7) — 125); 


where (3) vanishes for the values of r (1,2) in this case. 

The similar verification which has been made for the other cases is not 
reproduced here. 

We prove that the determinants do not vanish identically by showing that 
they take the value + 1 for the particular case when the forms are perfect 
powers such as i 


M; M, ae AE m 
Y Y, Ya, > y™. 


We use the obvious fact that a determinant whose elements are all zero except 
for a single element 1 in each row and column has the value = 1. 

Again the verifitation which has been carried out for all cases, is given 
only for the cases, III, in (19) and IV, in (21), examined above. 

For Case ITI, the syzygy now reads 
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J mg-nee F Biy nr + ys t Bay? : yaa == 0 (7 = 2,°°+, m +1). 


In this the forms 8 are arbitrary forms of their order and the form Jm,-oir 
- has the simple expression 


s >> y 1 oft gage krl gorr ta ly mates 1 
+ kukuks s 


with the following restrictions on the exponents: 
li + ba + hg = Mm — 2 +r, 3 
(a) 0 Z kom CSke<m, 0 Zk <m +r. 


The product terms of the syzygy contribute terms in yyy," for which in 
the first product kı = m., and in the second kz mz. When we equate to 
zero the terms of the syzygy in yyy, then if kı = m, the term according 
to (a) does not appear in J. It must appear in the product 8,724" + y mÈ 
with a coefficient 8, which is eliminated leaving an element 1 for the deter- 
minant. It also cannot occur in the second product since if k, Sm, and 
k= m, then kı -+ k= m +m, which contradicts k, -+ hy + hs = 
Ma —?2 +r (r=, -, m +1). Similarly a term for which k= me 
furnishes an equation which contributes a single element + 1 to the deter- 
‘minant. If finally kı < m, and ke. < ms the term can appear only in J with 
a single coefficient +2 which is eliminated leaving a, single element 1 for the 
determinant. Thus every row of the determinant which arises from the 
syzygy has a single element 1. Obviously the rows which arise from equations 
obtained by multiplying v,™, x, ++ - by individual products rs have only 
one element 1 since the a’s are eliminated. 

It is similarly obvious that the columns of the determinant which arise 
from the elimination of £, and £, have a single element 1. The column 
which arises from the elimination of 


wagers (ey + kz + ks = m, + m —1) 
will if simultaneously f . 
` 0 = ki < m, 0 = he < Mm, 0 = ka < m +r—i 
_ have one element 1 from an equation of the syzygy. If however any one of 
the three relations, 
bhim, keSm, k5 m +r, 


is valid, the column will have one and only one element 1 from one of the 
three further sets of equations since no two of the above inequalities can hold 
h n 
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simultaneously. Thus the determinant has but one non-zero element in each 
row and column and is not zero. 

In Case IVe for forms yi”, yar, yar, yr (r= 1, 2) the syzygy - 
reads: 


Jamai + Bay™*27-3 $ ym + Borar- + yome + aes + Boar- + yma? = 0 i 


where 
J omaor-s = > yy ghey yw a UoMrtt had bade gmat hl 
kise ees ka 


‘les 


kı + ke + hg + hg = 2mm, + 22 —3B 
0 Z hm, Cek<cm+rn ct, OS k< mtr 


As in the preceding case these restrictions are inconsistent with 


and 


kS m, kas mpr, k5 mtr, k5 m +r 


and any two of the latter are inconsistent with each other. Hence each equa- 
tion which arises from the syzygy contributes to a row of the determinant 
a single element 1 and the same is true of the additional equations. 

The columns which arise from the elimination of 


gigg hs (kı + ko + ks + ki = m, + m — 1) 
will if simultaneously 


0 = kı < m, 0 = ka <m +r, 0 = k <m +r, 0 = ki < mṢ4 


have just one element 1, an element which arises from J. If however any one 
of the four mutually exclusive relations, 


ki S5 m, k5 m +r, k: Smtr k= m +r, 


is valid, the column again has just one element 1, an element which arises 
from one of the additional equations. Again the determinant is + 1 and is 
not identically zero. This completes the identification of the determinants 
given in § 2 with the resultants of the corresponding set of forms. 


4. An Identity Connecting j+ 1 General Forms in j Variables. In 
scanning the proof of the formula (12) of §2 the only point at which the 
assumption, that a”, By", yP, Sy! had a common solution v, was used, was in 
the derivation of (6) where terms in a,”,- +--+ were dropped. If we retain 
these on the hypothesis that the four forms are general and proceed with the 
remaining terms as in the derivation of (12) we obtain the formula 
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(27). bo Tess éy Jea 


+ (SBE): [Pee ee tO eel Phat 

— (288) (EHO) yt (AERO) n] 

F (ay8é) [ (rr 0, Ph ml ) k Bo” — (on ia ql ) . By" | 
j = (By8é) [e al, faa ql ) Og” — CG wie ar aa) i ay" | i 


` If we multiply this by é and replace on the right és'Jr-ı in terms of é,° Jus 
by using (27) for k— 1, and if we continue this process until we have on the 
left £” * Jy then in the notation of (14) we shall have 


(28) Es Jila”, n yP, 82) = é: Jir (a, Bh 7, 82) 
+ Tx (a, "Y £) * 8e4 — Jra ( 8”, "yP é) R 
— Jeh a™, B”, 84, E) + ya? + Teno”, BM, 34, E) -yP 
+ Iu (a™, Y 84, ér) ; Ba” — Irn (0, Y> 54, £) i By" 
— Ja ( B”, YP, 84, E°) + a” + Tem (B", YP, 84, &) > ory”. 


If in this we replace é” by an arbitrary form es” we have the following note- 
worthy formula, an identity in both æ and y which is satisfied by any five 
-quaternary forms: 


(29) Tin (am, B" YP 3?) gos Tu (a, n, yP, e€) * 82% 
+ Je (a, B», 8%, €) > yo? —Tx(a™, yP, 84, €) -Bar + Julh”, YP, 8%, E) > Gg = 
Jera”, B", Y èt) Ey” — Jra la”, n, y’, e) * 8,4 
+ Tun (a, BY, 8, E) yu? —Te-nl a, YP, 8% E) * By Tonle, 8) g. 


For k = 0, m = n = p = q = r = 1 this reduces to the usual determinant 
identity. For k= 0 alone, it is a long known dual relation which connects 
five forms and their jacobians. 


For j+ 1 forms in j variables, 


Ayt, Aaya, tta Ajag ht, 
the identity is 
jt ‘ : 
(30) > (—1) s+1 [Fx (01, LEF Agg, Aep tt, e., Ojyr™ 421) Agg" 
s=1 r 
— Tym, (as, erot, Aggi, Gaye, +s, agaa) . asg” | == 0). 


5. Alternative Determinantal Expressions for R. The Common Solu- 
tion when R = 0; the unique Apolar Form when R0. That the resultant 
R may be expressed as a determinant in more than one way, at least in certain 
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of the above cases, was pointed out by Morley who gave two determinants for 
the case Mı = Ma = M; We examine this situation more closely. The re- 
sultants are obtained from a syzygy containing J;, of order k in y. To bring 
out the order / in s of Jy we set 


(31) . I, = Jr, i k +l= X m — j. . 
These orders k, J in v, y respectively were subject to the limitations 
(32) k< mtm, 1<m +m 


in order to secure, in the first case, the uniqueness of the coefficients 8 of 
the syzygy and, in the second case, the linear independence of the additional 
equations. The elimination of k and J from (31), (32) leads to the inequal- 
ity (18) of §2 which was used to separate the cases III, IV, V, VI. 
Throughout the discussion in § 2 we had used uniformly the maximum value 
m,+m,—1 of 1. 

We denote by 
(33) d=|1—k | 


the disparity of the syzygy which contains Jpg, As l decreases, k increases 
so that the maximum value D of d for any one of the cases occurs when k or | 
is Mı + Mm — 1. Thus D, the disparity of the case, has the value 


(34) D = m, + Mm — Mg — Mm, —' * — m; + j— 2. 


For the case III with equal orders, and for the cases Ille, ITI», ITI., IVe, TVs, 
IVe, IVa, Va, Vo, VI the values of D are respectively 


m+1, m +r (r=0,1), m —r-+i (r= 0,1), 
(85) m —r+1 (r=2, m +1), 2—r (r=0,1,2), 0, 
2—r (r=1,2), 0, 0, 1—r (r=0,1), 0. 


We have used in each case of § 2 that syzygy Jx,ı for which d had the maxi- 
mum value D for the case. There is however in the early cases at least a 
considerable range for d from D to 0 or 1 according as D is even or odd. Thus 
for each value of d (= d = D) there are two syzygies Jz, and Ji each 
of which leads to a resultant. 

If we examine the two syzygies with leading terms Jx,ı and Ji, we find 
that they give rise to resultants whose determinants are the same except for 
the interchange of rows and columns. Indeed we pass from Ji,: to Jix by 
interchanging v and y so that the matrix | a,-*-,«,| of the determinant is 
transposed. And if we eliminate the coefficients of Biy ™ for the one syzygy 
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in the same order as we introduce additional equations to the other syzygy by 
multiplying ai2™ = 0 by products ()*-™ the rest of the Seremoni are 
likewise transposed. We may state then the theorem: 

(D/2+1 (D even) 
(D+1)/2 (D odd) 
pairs of syzygies, Jx. and Jin, of disparity d (0a d =D). Each syzygy 
provides a determinant form of the resultant but the determinants arising from 


(36) In each case “of § 2 of disparity D there are 


a pair are merely transposed. The orders of these ae fe distinct deter- 
minants decrease with d, and for d==0 when D is even the determinant is 
symmetric. 

From the values of D given in (85) we note that these symmetric cases 
occur frequently. l 

Two illustrative examples may be worth while. For three ternary quar- 
tics, m, = M = M, == 4, the jacobian is of order 9 and the syzygies available 
for resultants are Jat, Jaso J 4,5) J5,4) Jes and Jz, The first three furnish 
the following forms of R: > 


36 l 28 ae 1 1 1i 
6 | | diaas | 10 | | aaas | 15 | | tas | |a| |a| | a | 
10} |æ] ; 6€ | a | >; 8] |a] 
10 | |a] 6| | a | 3 | [æ] 0 | i 
10] |a| 6 | | a | 3 | Jæ] 





determinants of orders 36, 28, 24 respectively whose transposed determinants 
arise from the last three syzygies in reverse order. . i 

For three ternary quintics, m, = mz = m; = 5, and jacobian of order 12, 
the available syzygies are Jas, Jass Jets Jees J7,5, Ja4, Jose Four distinct 
forms of the resultant appear as determinants of order 55, 45, 39, and 37 of 
which the last is symmetric. They are 


5 > 45 36 1 1 1 
10 | | iaag | 15 | | aaz% | 21 | | area | | a| |æ] | as | 
15] at Į; 10 |a | 6] Jal 
15| | a, | 10 | |[ow| |; ° 6 | æ | 0 , 
15| |as] 10 | | a | 6 | |æ] 
28 = 3 3 -3 
28 | [ams] Joa] lasl [asl 
3 |a | 
3 | æ | 0 ; 
3 | æs | 
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Let Rz,: be that determinant form of R which arises from the syzygy 
Tit Bry A H e e Big + ag == 0 


which exists when R = 0. If to this syzygy we add the additional term 
c+ ny (ny a linear form), then when R = 0 the new syzygy still is valid for 
the value c == 0 and arbitrary y. If to the equations obtained from this new 
syzygy and the original set of additional equations we add the equation, 
és! = 0, then the new system of linear equations has a determinant A(7*, é) 
which is formed from the determinant E by bordering it with £ under, and 
n* opposite, the matrix |o,---,a;| arising from Jy: When R=0 
A(7*, €) is a form of orders k, l in y, é which, for any q, vanishes when and 
only when és = 0. Hence A(n", é) = & "+ ys" where q” is some form to be 
determined. 

If we start afresh with the syzygy containing R:,, and proceed in the same 
way by adding a term c' &,’ and an additional equation, ņa” == 0, the eliminant 
of the system of linear equations is A’(é',7*) which factors as before into 
1a” * és". But the bordered determinant A’ is merely the bordered determinant 
with rows D columns interchanged. Hence A == A and $r!’ q == yo": Éo! 
whence ys" = ņa” and é''=&'. Setting 7—é we have A(é&, £1) = ért 
Hence l 


(37) If Er, is one of the determinantal forms of the resultant R and 
if Ry be bordered to the right of, and under, the matrix | m,-- +, az | with 
respectively variables & and &', then the resulting bordered determinant 
A(é, £!) is when R= 0 the (k -+1)-th power of Ê where x is the common ` 
solution. 


We have then a rational integral expression for the common solution x 
when it exists. 

Morley has pointed out that for any j given forms, o1,™, there is a unique 
apolar form of class k + I= $ mi—j, say the form, a,’ i. e. a form for 
which the 7 polar forms, (aa)™a,“*'™, vanish identically. Evidently, if 
R = 0, and v is the common solution then é,**' is the common apolar form. 
Since thus A(&, é) is the common apolar form when R == 0, and is of lower 
degree than R in the coefficients of each of the forms a then A(é€, 1) must 
be the unique apolar form when R40. Hence . 


The unique form of order ©, m;,—j apolar to one of the sets of 7 forms 
listed in the introduction is given by any one of the bordered resultants 
A(&, &) which pertain to the given set. 
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6. A New Version. We shall obtain some of the above results in another 
way, in line with Morley’s memoir. We consider forms of the same degree. 
When we wish to pass to those of different degrees we have merely to include 
symbolic factors. Take d+ 2 numbers a, b, c, -> > and associate with each 
a member a, 8, y,’ “. We are concerned with the sum of homogeneous 
products or complete symmetric function of degree k, 


Sa + Sah + Sak 2b? + - .’à 


which (loc. cit.) was called H* (as in Salmon, Higher Algebra, note, p. 290 
of the third edition, 1876). We will write it more explicitly as H,(a, b,c,°-+); 
when a == 0, it becomes H;(b,c- - -). k 

Then we have the formula, for any positive integer k 


(1) O Dambe +--+) =0 
provided 
(2) X «= 0 and Si a = 0. 


We define Ho to be 1, and Hx to be 0, so that (1) is true for all integers. 

We see that Hr(a, b,c, © +) — a” Hr-m(a, b,c, + +) contains a only to 
the power a1, Hence Hr(abe: > -) — D a” Hkr-m(abc' > -) loses all powers 
as high as the mth, provided 2m > k. Write this truncated form 


Hy" (a, b, (ii ‘) 
Write also om for 
a” +. bh +. om 4 - . 
Then H”(b, e,- )— X (om — a”) Hr-m(b, 6t °°) = He” (b, ct * +) 
whence, so long as 2m > k, 


(3) > « Ay" (b,c: ) = X ca™Aym(b,¢,° + *). 
We now write (ax)| Byt | for ae 
and (ay) /(aw) for dy>; 


these obeying the relations (2). 
Take the case of 5 cubic surfaces; these are denoted by (am)*- > (ex)*, 
There are 5 jacobians, for instance 


I (Bye) = | Byòe | (B2)? (yx)? (8x)? (ex)? 
H,(bede) is (By)/(Ba) + (yy)/(yt) + (8y)/(82) + (ey)/ (ex) 
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so that _ JH aaas Js. 
Similarly J Hy = Ja. 
But k -` J H = Jg 


For in forming J, we are to take all jacobians of degree 3 in y formed from 


(B2)*, (yx)*, (8r)*, (ex)? 
(Bx)*(By), (vs) (vy); 
(Bx) (By)*, (ye) (vy)*, 

(By)°, (yy) E 


and the last row contributes no jacobian. So 


J Hè = J4 
J H= J; 
J Hè = Ja. 


Thus J, is a form in v and y of degree v in y, 8— n in v, which is a sum of 
homogeneous products, but is truncated when n > 2. We have then from (1) 


om (20, GY, Qi), (a )_ 
 (a2)| ByBe| m (E Cs Gh» Sy 0 


or multiplying by (aw)?( Px)? (yz) (8x)? (er)? 





5 (ex)? J(Byde) = 0 when k= 0 
> (ax) *J,(Pyde) = 0 when k=1 
> (ax)*J2(By8e) = 0 when hk == 2 

and we have from (3) 
D (ar) Ja (Byd) = $ Cay)® J (Byde) when k= 3 
S (az)? Ja (Byd) = X, (ay) Jı (Byde) when k= 4 
2 (a2)"Js (Bye) = Z (ay) Ta(Byèe) — when k= 5 


and 3 other formulae, which are these with v, y interchanged. Generally then, 
E (40) *In(Byde) = E (ay) Ins (Bye) 
if Jo = J, and Ja = 0,0 2=0'-°. 


The complete list of linear syzygies so obtained may be clearer in another 
notation. Denote the 5 cubics by 
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the jacobians by . 
BODE? >>» 
Jı(Byèe) by BCDExty 
J2(BySe) by BODEx*y* 


, 


and so on. Then the 12 syzygies are 


> Ar - BODE = 0 

> 4r: BCDEc'y = 0 

> Aa’: BCDExy? = 0 

> Ar? - BCDEs*y? = > Ay? ` BODE? 
> Axt: BODEstyt = > Ay? BODEx'y 
X Av’ BODE y®? = > Ay’: BOD Es y? 
Az’: BODEr?y = > Ay®: BCDEsy® 
> 4s: BCDEsy? = > Ay’: BODEstyt 
> Az? BCODEY = X, Ay: BODEsy® 


0 = X Ay® - BODEx?y® 
0 = > Ay: BCDEay’ 
0 = X, Ay: BCDEY. 


Since « and y may be interchanged these amount to six only. But for the 
application to elimination it is important to have the full scheme. 

In this application we suppose v to be a common point of By*, Cy®, Dy*, 
Hy’, but not on Ay". That is we set 


Ba? = Cx? = Da? = Er = 0. 
We have then š 


(1) BODE? = 0 

l (2) . BCDEs'y = 0 
(3) l BODE? = 0 
ON A2: BODEa*y* — $ By- ODEA 
5) Aa: BODEatyt — By ODEAsty 
(6) Az - BODE aty* = $ By! ‘CDE Aan*y2. 


We note that hereby J, Jı, * © +, Js are contained in the modulus defined by 
the 4 curves when these curves have a common point. We call the J; the 
adjoint linear forms or simply the adjoints of the given forms. 
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. To effect the elimination, we may take (4), (5) or (6). With (4), we 
have the 3) or 56 unknowns 71°, w:*#2, °° >, %45, and the 4 unknowns such 
as (CDHAz*) /Az*. 

We have since y is arbitrary (3) or 20 equations, and also the 4 X 10 
equations got by raising Bz’, Cz’, Dz*, Eg? to quintics. That is we have 60 
equations in 60 unknowns. ; 

With (5) we have the 35 unknowns £14, E12, * °°, g4t and the 4X 4 
coefficients of y in (CDHAz’y)/Aa’, And we have 35 equations from (5) 
and 4 X 4 by raising the cubics to quartics. That is we have 51 equations 
in 51 unknowns. 

With (6) we have 56 + 4 equations in 20 + 4X 10 unknowns, namely 
Të, © © +, T4 and the 10 coefficients of y? in each of (CDH Ax*y*) /Ax*. 


Numerical Functions of Multipartite Integers 
and Compound Partitions. 
By E. T. Bett. . 


The multipartite integers and certain of their functions introduced here 
have partial arithmetics abstractly identical with that section of rational arith- 
metic (or of the theory of ideals) which is independent of order relations. 
They have immediate interpretations in terms of the algebra of compound 
partitions and their functions, here defined apparently for the first time, and 
they give rise to an extensive new class of properties of such partitions, which 
in turn can be replaced by sets of restricted diophantine equations. In par- 
ticular, as a very special instance of the general theorem concerning a new type 
of arithmetical invariants in § 7, the simpler algebraic aspects of compound 
partitions are related through these hyper-complex integers to the algebra of 
the elliptic and theta functions in a manner abstractly identical with the like 
for a single rational integer; they also exhibit properties which are abstractly 
identical with the algebra of the numerous arithmetical functions of divisors, 
such as the totient, Möbius function, Liouville’s function, that originate in 
the unique factorization law. In short, the new properties of compound par- 
titions unite the consequences of elliptic and Dirichlet processes in rational 
arithmetic. The more general relations mentioned have no analogues in: the 
usual theory of partitions. The content of the theory is purely algebraic, 
although the elliptic case furnishes many formulas in a shape well adapted to 
asymptotic evaluations, to which I hope to return on another occasion. 

In this paper we give only the simple general theorems underlying the whole 
subject. Applications to special instances, such as the elliptic case, are indi- 
` cated only in sufficient detail to clarify the definitions. The entire theory of 

elliptic functions can be transposed into sets of relations between what are 
here called compositions and separations of functions, both of which are 
. purely arithmetical processes, and this is but the simplest instance of the 
general theory. 

The new technical terms necessary have all been chosen so as to recall 
the corresponding ones to which they are abstractly identical in rational 
arithmetic. i 


1. M-numbers. Let (e1, e2, es, <) be a one-rowed matrix formed 
from the reduced basis e1, 62, €s, * ` + of an abelian group G of any finite or 
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infinite order. Any element e of G other than the identity is of the form 
eee + +, in which di, a2, Qs, ° > > are rational integers = 0 ‘not all zeTO, 
and e uniquely determines the matrix (a, az, ds, © * *), Which we shall call 
the exponent of e. To the identity we assign the exponent (0,0,0,-:°). 
We shall be concerned with a G whose elements are identical with their ex- 


ponents and hence (¢:, €s, és,° © ‘) may be ignored. 
If c is any finite complex number the symbol — œ will be defined by 
the postulates that — œ + c = c— œo ==-— œ, and — (— œ) does not 


exist, the last of which is imposed to make a certain type of division meaning- 
less when the divisor is the zero of the set. 
We consider the set S of all hypercomplex numbers 


Qi = (Qi, Azis * °°, Aki) > (0 =1,2; >), 
in which & is constant but not necessarily finite, and the coordinates ari 
(r= 1, *,k) are either all finite complex numbers or all equal to — o, 
defined ‘by the postulates (II;) (j= 1,2), of which ‘the second is a mere 
definition. . 

(IL) Ifo, a; are in O, a; = a; only when ari = ar; (r=1,--° +, 4k). 
(I) The product a:a;.of any elements a, a; in S is the element 


(aii + G15, Goi + aj, °° +, Gee + arj) of D. 


The special elements £, e of S, 
= (— W, — D," ‘,— 0), e= (0,0, i +50) 


, are such that fa; == č, ea; = e for every &; in S; they are the only elements 
of S having these respective properties, and hence they are called the zero, 
unity of S. f 

From the definition of — œ and (II.) it follows that if and only if 
a, Æ €, there exists in S a unique solution i 


Zs = (ig — Ari, bey — Got, © * *» Arj — Ans) 


of &i&s = aj, where a; is any element of S. We write a, = «;/«i and call it 
the quotient of a; by a. Hence if S’ be S with ¢ omitted, S’ is an abelian 
group under multiplication as defined in (Iz). 

The product of n equal factors a; in S is written aj”. 

The elements of S are called multipartite numbers of order k or, since k 
is constant in a given context, briefly M-nwmbers. 

We segregate J{-numbers into classes according to the customary classi- 
_ fication of complex numbers. An M-number is said to be rational if each of 
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its coordinates is a rational integer = 0; otherwise it is irrational. A rational 
M-number is called an M-integer if each of its coordinates is = 0; otherwise 
it is an M-fraction. An irrational M-number is real or imaginary according 
as none or at least one of its coordinates is of the form a -+ wi/2, where a is 
real and m, å here (but not later) have their usual meanings. This classi- 
fication is merely a restatement that M-numbers initially are exponents. 

We shall be concerned here only with M-integers, that is with the set of 
all (an * °°, a) subject to (Tl;) (j= 1,2), where the ar (r=1,::;, k) 
range independently over all rational integers = 0. 

If a, &; are M-integers, the quotient a,/a; is in general not an EENT 
The distinction thus introduced between algebraic and arithmetic divisibility 
is the source of interest of the theory. 


2. Divisibility for M-integers. We say that the M-integer « divides 
the M-integer 8, and write « | 8, if and-only if an M-integer y exists such 
that 8 = ay. If a= (a1,--+, a), B= (bi,°**, br), the necessary and 
sufficient conditions that a | 8 are by Z ar (r=1,-° +, k). 


If ô | « and è | 8, Sis a common divisor of a, 8. If 8 is a common divisor 
of «, B, and if every common divisor of «, 8 divides 8, § is called a G.C.D. 
of a, B. Ifa! p, B| py, pisa common multiple of «, B. If p is a common 
multiple of a, £, and if every common multiple of a, 6 is a multiple of p, ` 
p is called a L.C.M. of «, B. It follows from these definitions that a; 8 have 
precisely one G.C.D. and precisely one L.C.M., and that if a, 8 are as above, 
the G.C.D. of z, Bis (d` ` +, dx) where dr = the lesser of a,, br (or either 
of these if a-—b,) for r—1,°--, = and the L.C.M. is (mı, ><, mx) 
where mr is the greater of ar, br (r=1, > k). 

If the G.C.D. of a set of A nieces is the unity, e the members of the 
set are called coprime. An M-integer m 4e whose only divisors are m, e is 
called an M-prime. Hence all the M-primes. are the & M-integers. 


(1, 0, 0, ° 0), (0, 1, 0, - 2 ty 0), -, (0, 0, 05. 1), 


which will be denoted by m, m2, * * *, am respectively. An arbitrary M-prime , 
will be denoted by r. 

If w| af then at least one of m |«, r|f is true. From this and the 
uniqueness of the G.O.D. it follows as usual that an M-integer ase is 
uniquely the product of M-primes, except for unit factors (which may be, 
ignored). If æ = (a, de, ''', a) the resolution of œ into its prime M- 
factors is ` 


(1) a = m m . aE 
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and « has precisely the v(a#) = (a, -+1)-- + (ax +1) divisors 
(d1,* ++, de); SGS (Feed og k). 


From the resolutions of several M-integers into their prime factors we can 
write down the G.C.D. and L.C.M. of the set as in rational arithmetic. Evi- 
dently we might have started from (1) and thence have obtained all the 
preceding definitions concerning M-integers, but it is of interest to follow the 
abstract identity of M-integers and rational integers directly from the pos- 
tulates. : 

The connection with compound partitions is-as follows. Let p, a, B, 
t+ +, y be M-integers s4 such that 


(2) p= atg? > ye 
where a, b, > * >, c are rational integers = 0, and 
a = (ttt, ar), B= (b1,° °°, beht y= (¢1, PONS Ch)» 


p= (M * * +, Mx). 
Then (2) is equivalent to 


m; = aa; + bb; +: -+ ec; (j==1,:--, k), 


which is a compound partition of the set of integers m; (j = 1, +>, k) if 
these be regarded as constants. The significance of unique factorization of 
M-integers in terms of compound partitions will appear as we proceed. 


3. Separations mod O of M-integers. Let C be a set of rational in- 
tegers > 0; C may contain any finite number or an infinity of distinct ele- 
ments (rational integers), but no element may occur more than once in C. 
The last is not a restriction on the generality of the processes next considered, 
as will be evidenced later. If C contains the integer n > 0, we write O | n. 

Corresponding to the partitions in the usual sense of a single rational 
integer we shall be concerned here with the separations modulo C of M- 
integers, where C is a given set as above, which are defined as follows. Let 
a (i= 1, ++, s) be any s M-integers all different from e such that, for « 
a given M-integer, . 


A = Gy Agla + + Ags 


where C | c: (¢=1,-- +, s), and no two of the c; are equal. Indicating the 
set C which contains the c; we write the above in the form 


(3) g = 4% Qt RE "Gg (mod C) 
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when necessary. The right of (3) is called a separation mod C of order s of 
a, and the s! separations obtained by permuting the factors «+ (i==1,-+-,s) 
in all possible ways are defined to be identical. When g is given and s is 
constant the number of separations mod C of a of order s is finite, and the 
total number of separations of all orders s = 1, 2, 3,- - - mod O of « is finite. 
The set of all separations mod C of « of all orders is called the total separation 
mod C of « For every C we assign by convention to e the total separation e. 
‘An example of (8) is given near the end of § 5. It does not follow that for C, 
a given a separation of a (mod C) exists. 

To state the equivalent of (3) in terms of compound partitions, disregard 
the trivial case a == «e, and-let 


Oy = 7 matt gp pMat - e -mulki (i=1, amt ey s) 


be the resolutions of the «; into their M-prime factors. Since in (3) a; 3&e 
(i= 1,: +--+, 9s), the «j; are ks rational integers = 0 such that 


` arn + tai tHe oe Haa > 0 f (t=1,---,8). 


Let æ be as in (1). Then, comparing exponents of mj in (3) we see that (3) 
is equivalent to the restricted system of k diophantine equations 


w f C | 4; (i=—1,---, k), 
I= 


where the a; (i= 1,: : +, k) are any given k integers = 0 whose sum is > 0, 
s is-constant, and the c;, a4; are to be determined subject to the stated con- 
ditions. 


4, Numerical functions of M-integers. If f(a) takes a single finite 
value when g is any given M-integer, and if f(e) = 1, we call f(a) a numer- 
ical function of x. The value of f(«) is to.be understood in the usual sense 
as a definite real or complex number. Hence the value of f(a) is not an 
M-number, and we operate simultaneously in two domains, that of M-integers 
and that of real or complex numbers. ` 

The following instances of numerical functions will be useful later. Let 
a, b, + +, c be x distinct integers chosen from 1, 2, > >, k, and let 


È = ma? mlt t sare (Pa sr > 0) | 
` be the resolution of § into its M-prime factors. Write 

(4) p) =p +a + tr y(3)=«5 

(5) . A(3) = (—1)}®, Ae) = 1; 

(6) p(e) =1, »(8) = 0 if at least one of p, g,- ++, 7 >1, 


t 
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and otherwise == (—1)7. Then A(«), p(«) are numerical functions of «, 
while p(a) is not, since p(e) = 0. f 

I£ f(«8) = f(«) f (8) for every pair of coprime M-integers «, 8, we call 
f(«) a normal function of « Hence, if f is normal and 8 as above, 


(8) = f(a?) f(mo%) > + + f(a"). 


If f(«) = g(a) for all M-integers a, we say that f(a), g(«) are equal, 
and write f =g. 


5. Separations mod C of numerical functions. Let f be any numerical 
function and æ a constant M-integer. Form the product f(a) fæ)" 
f(x} with respect to the separation (8), and indicate by Xs a sum with 


respect to all orders s = 1, 2, 3, > -, that is, over the total separation of a. 
Then the finite sum f'(a) defined by 
(7) . f(a) = Ds f(a) f(a) > F(a) 


is a numerical function of «, which we shall call the separation mod C of 
f(a) or, when C is understood, the separation of f(a). I£ necessary to indi- 
. cate C we may write f’(«) (mod C). A separation will always be indicated 
by an accent, as in the left of (7). 

If «= 7”, n > 0, where as always w is any M-prime, f’(a) (mod 0) is 
connected as follows with certain of the partitions of n, as is seen at once from 
the definitions. Let 


n == Jin + Jn +° . "+ jets 


be any partition of n into s unequal integers np (r=1,--°, s) in O, re- 
peated je > 0 times respectively. As in the classic theory of partitions the 
sequence of the parts in a given partition is immaterial; thus 7 + 35 and 
35 + 7 are the same partition of 42 in the set of all integer multiples > 0 
of 7. As in a frequent notation we write the above partition in the form 


(8) n = (nmi nafa: + - nsf) (mod C), 


where mod C refers to m, no, '**, ms. We call (8) a partition mod C of 
order s of n. Let Ès indicate a sum with respect to all partitions mod C 
of all orders s = 1, 2, 3, -> of n. Then, the separation (7) when a == 2” 
is easily seen to be l 


(9) F(a") = Be F(x”) F(a) > > F(t). 
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By convention, for every mod C, we assign to 0 the unique partition 0, 
and take è 





P) = P(e) = Fle) =1. 


If f is normal, and is as in (1),.. 


(10) (a) = F (0) P (m) > + +f (met), 
which can be computed by (9). 


t 


As a numerical example, let C for the moment be the`set of all rational 
integers > 0, and consider the separation f’(p’g*) (mod C) of f(p’q°), 
where p, q are M-primes. Then a= p*q* has only the six separations, as 
in (3), 

(p)*(q)*» (20) (PES 

(w) a (Pa PFE 
of the respective orders 2, 2, 1, 2, 2, 2, the M-integers in parentheses being 
the &ı, %,- +: of (3) and the exponents outside parentheses the Cı, Ca ' °°. 
Hence, by (7) the value of f’(p?g*) (mod @) is 


FE) HEDE + fee) +E CA) 
+ f(p’a)f(a) +E). 


If in particular f is normal (but not in general otherwise), 


FDF) =F, FPE) =F), 
FPDF) = FPP 


` where f°(q) = [f(q)]?, and so in all like cases. Hence, for normal f, we 
have from the aktove value of. f’ (pq) for any f, 


PEE) = (pe) +E) (f(g) + P(g) +E). 
Again, corresponding to (8) the partitions mod C for ‘the exponents 2, 3 
in p’q® are è ' 
2= (2) =(P), 3= (34) = (P) = (1), 
of the respective orders 1, 1, 1, 2; 1. Hence, by (9), we have the separa- 
tions mod C 


TOE PE) Ea) FLD Ia) 
Thus, if f is normal, 


F(p) =F) P(g) mod C, 
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in accordance with the theorem, and we might have computed f’(p?g*) for 
normal f directly from f’(p*), f (q2) with less labor. It is clear that for any 
other C than that of the above examples the separations will differ from those 
just found, also it is evident that the separations f’ (p°), (q?) (mod C) do 
_ not enable us to calculate f’(p?g*) mod C unless f is normal, and so in all cases. 
Separations may exist for one mod C but not for another; for any mod C 
there obviously are an infinite number of f(a) which have separations. 


6. Compositions of numerical functions. Let a; (j==1, >+, r) be 
any + M-integers whose product is the constant M-integer «, 


(11) = Hyg’ * Ope 


Note that we have not excluded the case, which will always be relevant in what 
follows, when certain of the a; may be « Attending to the arrangement of 
the factors @, a, °° *, Ær, we call the right of (11) a composition of order r 
ofn. Thus, if «== a2, and a 4, the compositions oa, %0, of order 2 
of æ are distinct, as also are ew and ae. 

Let f, fi (6 =1,-°-+, r) be any r+1 numerical functions. For a, r 
constant, the finite sum . 


(12) D falar) falaa) > > - fr(ar) 


taken over all compositions of æ of order r, is evidently a numerical function 
of the single M-integer a, say f(a). We call this f(a) a composition of 
order r. Clearly f(«) is uniquely known when « and fi (t==1,:--, 71) are- 
assigned. Conversely, as will appear presently, if f be given it is possible 
in an infinity of ways to determine, for 7 constant, r numerical functions f; 
(i= 1,: --,7) such that, for every a, f(a) is equal to the sum (12). Each 
such determination of the f; (¢=1,---,7) for a given f is called a composi- 
tion of order r of f, and we write 


(13) f(a) = & fi (a) falaz) > ++ fr(ar), 
or, omitting all arguments and the sign of summation, 
(14) f= fife fr 7 


as the symbolic equivalent of this composition. The fı, fo,’ °°, fr are called 
factors of f, and (14) defines a species of multiplication, concerning which we 
have the following theorem. 


Composition as in (14) is associative and commutative. 


Let e = ¢(a) be that numerical function which is defined by 
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(is) aii) ea) 20, ese 


We call e the unit function of composition, or briefly the unit function, since 
ef = f for every numerical function f. 


* If gis any numerical function there exists a unique numerical function, 
denoted by g+, and called the reciprocal of g, such that gg) = 


The proof, abstractly identical with that of a former paper * for functions 
of rational integers, incidentally furnishes the explicit form of g(a) in 
- terms of functions g with the appropriate arguments determined by « It 
need not be reproduced. 

From the existence of reciprocals that of an infinity of compositions (14) 
of a given f as already stated is obvious. 


The set of all numerical functions is an abelian’ group under composition, 
the identity of the group being e. 


As a detail of notation it is necessary to distinguish between the composi- 
tion of r equal functions and their algebraic product, which also can be taken 
as a single numerical function (when the arguments of all the factors are 
identical) and hence can occur as a factor in a composition. If in (14) 
fı =g (i =1,: - -,r), we shall write (14) as f = g". If on the other hand 
the algebraic product [g(«)]" is to be represented with the argument « omit- 
ted, and hence in a form suitable for composition as in (14), we shall write 
the product as (gr). For example, to illustrate both, the composition 
h = f? (g?) signifies, for every M-integer a, the equality 


h(a) =E f (%1) f(a) g(a) g(%) 9 (as), 
‘. where >) is taken over all sets (a1, @, %) of solutions o, a, % of à = G1 G20. 


% Separation mod C and composition of numerical functions. Com- 
bination of the stated processes leads to the most interesting properties of M- 
integers, particularly when the theorems, abstractly identical with those prop- 
erties of rational integers or of ideals which depend only upon the unique 
factorization law of arithmetic, are restated as their equivalents in terms of 
compound partitions. All of the properties of compound partitions thus ob- 
tained appear to be new. 

Abstractly, what follows is equivalent algebraically to the simultaneous 
performance of Dirichlet multiplication and Dedekind inversion in an en- 


* Tohoku Mathematical Journal, Vol. 17 (1920), pp. 221-231. 
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larged sense, and the expansion of infinite products whose simplest instances 
are those occurring in elliptic functions. It thus combines, in its simplest 
instance, the multiplicative processes of algebraic arithmetic as given by opera- 
tions upon Dirichlet series and those of the additive that are contained in rela- 
tions between elliptic and theta functions. To composition correspond the 
Dirichlet processes, to separation the elliptic and their generalizations; the 
following combines them. 


Let f=fife> + -fr be any composition of order r of f. Then 


(16) P= (ile? sf) Sits hie 


that is, the separation of a composition is the composition of the separations 
of the several a of the composition. Further, the relation (16), implied 
by f = fıf2 ` > ` fr, is the same for all sets C, and hence is a species of invariant 
of C. This will be evident from the next section. 

Thus far we have considered separations with respect to a single set C. 
Frequently, however, it is necessary in applications to discuss simultaneously 
separations with respect to several sets. Let O; (j= 0, 1, 2, <+) be any 
sets defined in the same way as C, and write ¢;’(«) for the separation ¢’(«) 
(mod C;), where ¢(«) is any numerical function of « Then ¢’; (7 =0, 1, 
- + +) being numerical functions, the ¢;’ can be taken as factors in composi- 
tions, and the entire preceding theory of composition of numerical functions 
applies to them. Similarly, if y, x, ©: are any numerical functions, 
bi xi’ © (J= 0, 1, + -) are defined, and all of $7’, wi’, xit + + (7 == 0,1, 

‘), or any subset of them, are subject to composition. We thus operate - 
simultaneously in sets of sets as moduli, in analogy with the ‘familiar modular 
systems of algebraic numbers. If all of the ¢,’, Wj’, xj’, - © © considered in a 
given context are normal, there is the obvious extension of (10) available for 

calculations. Examples will be found in § 11. 


8. Generators. It is assumed as usual that indeterminates can be com- 
bined according to. the processes of an abstract field, and that equality of 
polynomials or power series in several indeterminates signifies only that the 
coefficients of like power products of indeterminates are equal. As in any use 
of indeterminates in the literature of arithmetic, their introduction here is 
merely a convenience which can be avoided if desired. The suppression of 
the indeterminates however contributes nothing to the logic of the situation. 

If ¢ is a parameter, z any Jf-prime, « any M-integer, we treat as inde- 
terminates the powers ~t, a? which, by hypothesis, are subject to all the laws 
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of common algebra. In particular, if «, 8 are any M-integers, ad = (a8); 
(at)" = at, where n > 0 is a rational integer; 


(at)? = g =e, 
For convenience, we now write rt = z, a! — w, where r, a are the symbols 
of a general M-prime and a general M-integer; Xa refers to a sum over all 
M-integers, JJ, to a product over all M-primes, and Un (mod C) to a product 
over all n such that C | n, where C is any given set. The result of replacing 
t by nt is the same as that of changing z, w to z”, w” respectively. 
If f(a), g{«) are any numerical functions, an equation 


' Za f(%)w = Za g(%)w 


is equivalent to f(a) = g(a) for all M-integers æ, and hence to f =g. It is 
convenient always to take as the first term of any >. that in which «=e; 
the sequence of the remaining terms is entirely arbitrary. ` 

Let several such series Xia be multiplied together. Regroup the distri- 
buted product as a new Sa, that is, as a series in which the total coefficient of 
a given M-integer œ is collected as that of the corresponding w = «t. The 
product evidently is unique. Hence, the set of all Saf(a)w, as f runs through 
the set of all numerical functions, is closed under such multiplication of 
series Da 


Let f= fiy2 + * fr as in (14). Then 

— GY) Za f(a) = Zafı(a)w X De fola)w X> + +X La fr(a)w. 
‘Again, if g be atiy numerical function, we see that 

(18), TEs [Zag(a)w*]—=Zag’(a)w (mod 0), 


where as always g’(a) is the separation (mod C) of g(). 
If h be any numerical function, then 


(19) Tle [1 + A(a)e + h(a) +: J = Sah (a)w. 


The series in [ ] on the left may be finite or infinite. 
If g, g% aze reciprocals, then 


(20) Xa 9(%)w X Ea gt(a«)w = 1. 
If h is as in (19), then 


500 BELL: Numerical Functions of Multipartite 


(21) [1+ h(r)z -+ h(r) 4] 
[1 HAt (e) HAt) Ja, 
in which, as always, h- is the reciprocal of h as defined in § 6. 


In (17) replace w by w”, where O |n. Then letting n range over a 
elements of C, we have 


In [2a f(#)w"] = IIn [Ea fi(a)w] X: + +X Tn [Da fr(a) wr] , 
which is equivalent to - 
Sa P (a)w = Se f(a)w X © X Ba fr (d)w. 
Hence, if for the moment we write k — fyf? - -f,’, we have 
Da F (a)w = Sa k(x) w, 
which is equivalent to the theorem in § 7. 


Returning now to (19) and h normal as there, we shall call the typical 
factor 


(22) H (2) = 1 + h(r)z + h(7?) + 


the generator of h(a), or of h. Hence the generator of the composition of 
any number of normal numerical functions is the product of the generators 
of the several functions; from (21), the generator of the reciprocal of a normal 
numerical function is the reciprocal of the pinen aio of the function. 

From (19), (22) we have 


II. [Ir H(2”)] = [fr [I H(2”)] = De h/(a)w (mod C) s 
and hence, if 
In (2) = 1 + g(r)z + g(r)? +: = G(z), 


we get g = h’, and. G (z) is the generator of h’. If H(z) contains more than 
2 terms the explicit determination of g(z7) (j= 1, 2,° - -) may be difficult. 
When H(z) contains only 2 terms, the least number possible, we can apply 
the known elliptic products in a great many instances.. 

If as in (17) none of fa, * - +, fr are necessarily normal, the generator of 
f:(a) is defined to be Saf;(«)w, and we have precisely the same conclusion 
as in the foregoing theorem. The case of normal functions is however that of 


greater interest. 
In the definition of numerical functions in § 4 it is not necessary to 
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impose the condition f(e) == 1, which was done merely for simplicity; it is 
sufficient to take f(<) 540. The consequent modifications of all that precedes 
can be readily made. 

Finally, as in § 7, end, all of this section has an immediate extension. to 
separations with respect to any set of sets C; (j==-0,1,---). The genera- 
tors corresponcing to different sets Co, C1, © © © may be combined by multipli- 
cations and divisions, in several ways. Thus, as the simplest, only those gen- 
erators appertaining to a given C; may be combined. Alternatives will be 
noticed in § 12 after the examples in § 11. 


9. Classes of normal functions and M-integers. Normal functions are 
now classified as algebraic or transcendental, in a technical sense, according 
to their generators considered as functions of two independent indeterminates 
a, The normal & is called algebraic or transcendental according as its gen- 
erator (22) is an algebraic or a transcendental function of r, z. 

If algebraic, h is defined to be of the same species as its generator, for 
example rational, rational integral, etc. The generator of a rational algebraic 
h has a canonical form P(x, 2)/Q (r, z), in which P, Q are polynomials in x, z 
with no common factor other than 1, and the leading coefficients in P, @ are 
both 1; the case in which one but not both of P, Q is 1 is included. 

If Q = 1 im the above, the normal h generated by P(r, z) is called prime 
or composite according as P(r, z) is irreducible or reducible in the rational 
domain. Hence, an algebraic h is uniquely of the form 


(23) gge © * gr Kiko: + + ks 


in which gi (i =1,: > +, r) are prime functions, k; (j= 1, >>, 8) are re- 
ciprocals of prime functions, no k; is the reciprocal of any gi, and either all 
the gi or all the k; may be absent. We call (23) the prime composition of h;, 
it is significant here only if h be algebraic as defined, although it may obvi- 
ously be extended to certain transcendental h. 

To apprehend readily the structure of a given normal function it is useful 
to separate all M-integers into two classes, simple and non-simple. Exactly 
the same principle applies to any set of elements having a unique factorization 
law, and hence in particular to the rational integers. In the latter case we 
may indeed take a, = the kth natural prime; M-integers then become rational 
integers > 0. ; 

An M-integer is called simple if and only if it is divisible by the square 
of no M-inteġer other than the unity «. We shall exclude e from the simple 
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M-integers, which therefore are of the-form (ja, j2,° * *, jx) Where each of 
ji (4=1,° - +, k) isa definite one of 0, 1, and not all are 0. There are thus 
2*— 1 simple M-integers if k be finite. A set of simple M-integers every 
pair of which are coprime are called distinct. 

From the definitions it follows that any M-integer «Ae has a unique 
resolution into a-product of powers of distinct simple M-integers o; (j =1, 


~+, £) of the type 
(24) a = 9451 0388 t + oF, 


in which the s; (j =1, : > -, r) are rational integers œ> O no two of which 
are equal. ` l 

In the generator (22) of any normal }% certain of the coefficients (r$) 
(j= 1, 2, -> +) may be identically zero. Retaining only non-vanishing co- 
efficients we rewrite the generator of h as 


(25) | Lt (ait) 2h 4 (wis) gla + i 


which may be either a finite or an infinite series; if h is a prime function, 
(25) is a polynomial. The % generated by (25) is completely defined by the 
following properties. Let (24) be the resolution of œ into distinct simple 
factors. Then, if any one of s; (t= 1, '+', r) is not a member of the 
sequence fı, jo, ° °°, the function A(8) vanishes for 8 ==«. To state the 
value of (a) in the contrary case, let 


Ci = Ti Tie’ © Tim M= k; (i=1;:* r). 
_ Then, by (24), the kı + ka +> -+ kr M-primes mı; are all different. Write 
(os) = (aris) h(i): hain) | ($1 1). 
Then the required value is 
í h(a) = H (01) H(o2)+* -H (or). 


When h(a) is a prime algebraic function its generator (25) contains only 

a finite number n of distinct powers zł! (i = 1, ' + +, n), and likewise for the 
product of any finite number of equal or distinct prime functions. The num- 
ber of distinct powers of z in such a finite generator is called its estent; the 

-extent of a function (when significant) is defined to be the extent of its gener- 
ator. The simplest algebraic numerical functions are those of extent 1 and 


their reciprocals. l 
To investigate the algebraic relations between a given set of algebraic 
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numerical functions we decompose their respective generators into their irre- 
ducible factors, thereby obtaining the corresponding resolutions (23) >, and 
from the latter, by multiplications and divisions as in any abelian group, 
write down any number of relations between compositions of functions, in 
' abstract identity with the set of all relations derived by multiplications and 
divisions in the set of all rational numbers. From these relations we can pass 
at once as in §7 (16) to abstractly identical relations between separations. 
Finally, as noted in § 3, any such relation is equivalent to a theorem in com- 
pound partitions. All the relations in the foregoing are evidently implicit in 
the prime resolutions (23). By obvious modifications we get similar results 
when the functions are transcendental. Irrational algebraic numerical func- 
tions are treated in an evident way by means of their generators regarded as 
power series in Z. 


10. Addition and subtraction. As in all arithmetical theories (rational 
arithmetic, ideals, etc.), there is here a sharp, break between the properties 
of multiplication for M-numbers and those of addition as next defined. It 
seems in fact as if arithmetic is essentially two distinct theories, and that only 
adventitious circumstances (in rational arithmetic, but not strictly in the | 
theory of ideals or even in that of algebraic integers without ideals) permit 
the two theories to be joined into one. ‘That the nature of these circumstances 
is not fully understood seems fairly clear from the inordinate difficulties en- 
countered in attempts to prove such simple conjectures as that which asserts 
every even integer to be the sum of two primes. The properties of M-integers 
as so far investigated have grown out of multiplication and its inverse division. 
From the above remarks it is reasonable to expect nothing natural whem we 
introduce addition, which is now done merely for completeness. It is openly 
ad hoc (like most attempts to define addition for ideals). 

Addition and its inverse subtraction for M-numbers are defined by the 
postulate that polynomials in M-numbers with coefficients in any field are com- 
bined as if the M-numbers were indeterminates. Hence equality of functions 
of M-numbers taken over any field is defined. Those processes are of but’ 
slight interest; the next are more significant. 

Since the values of numerical functions are ordinary real or complex 
numbers, the values form a field. Let f(«) be any numerical function of the 
M-integer «, and write f” (a) for its value. Then if a, b, ' + >, c are any real 
or complex numbers, f(«), g(«),: © +, h(a) any numerical functions, 


E” (a) == af” (a) + bg"(a) + +--+ o(a) 
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is defined as g runs through all M-integers. We say that F” (a) is the value 
of the extended numerical function 


F(a) =af(a) +bg(a) +++ ++ ch(a), 


or, dropping the argument œ as before, we define the extended numerical 
function F by g 
F=af 4 bg +: tt + ch, 


and this F is merely the symbol for the function which takes the values 
F” («) as æ runs through all M-integers « It is clear that F is not in general 
a numerical function as defined in § 4, as is seen from the example 


a+b +: e te=, feg=-''=h 


On the other hand extended numerical functions include numerical functions ` 
as a special case; it suffices to take 


a=], b='++:=c—0. 


Let 
F=af+bg+::: +h, G=pptay+t +r 
be any extended numerical functions, f, g,* > *, h, $, Y, > ` +, x being numer- 
ical functions, and a,b,---,¢, p,g,° *, T real or complex numbers. The 


product FG of F, G is the extended numerical function 


apie + agfy +: + -+ arfy 
+ bpgd +bggy +: + + brgx 


+ ey 
+ ephe + cghp +> > + + orhy, 
in which fd, fi, * + +, hx are compositions of numerical functions as defined 


in §6. Thus composition of numerical functions is a special case of multi- 
plication (as above defined) of extended numerical functions. The sum 
F+Gof#, G is the extended numerical function 


af eo poh pb e+ by, 


l Hence, the set of all extended numerical functions is closed under addition and 
multiplication as above, and these operations are abstractly identical with addi- 
tion and multiplication in a field. 


As in § 8 we next define the generator of the F above, 
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Xa F(asw = De [f (a) + 9(%) +°° + +h(a) Ju, 
= Daf (a)w + Sag(a)w +: +++ Deh(a)w. 


It follows without difficulty (on comparing coefficients of like M-integers w - 
after distribution of the left of the next equation and rearrangement of the 
result into a Sq) that if Sa F(«)w, SaH(a)w are given generators as just 
defined of extended numerical functions, there exists a unique generator 
Xa G(a)w such that 


Da F(a)w X Sa G(a)w = Ya H(a)w 


when and only when F(c) 540. Provided F (e) s40, the extended numerical 
function whose generator is Sia G(a)w is called the quotient of that whose 
generator is Xa H(a)w by that whose generator is Xa F(a)w, and the func- 
- tion generated by Si. F(a)w is called regular or irregular according as 
F(«) A0 or F(e) = 0. 


The set of all extended numerical functions is an irregular field * in 
which the irregular elements are the irregular functions and the four funda- 
mental operations are as above defined. 


11. Functions of estent 1 in the elliptic case. When all the prime 
functions occurring in a given application of the preceding theory are of 
extent 1, the relations between compositions and separations of numerical 
functions are particularly simple and interesting, as they are abstractly iden- 
tical with the algebra of the majority of arithmetical functions of rational 
integers deper.ding upon the unique factorization law that occurs in the litera- 
ture. Included in this very special case is another, in which the theory is 
abstractly identical also with the algebra of the elliptic theta functions and 
their quotients. To illustrate several of the preceding definitions and theorems 
we shall give a few examples of the simplest relations in the last instance, 
__ the elliptic case. 

The theorems selected can be most simply stated in terms of the following 
classes of M-integers. If each of the coordinates a; (j = 1,' +, k) of the 
M-integer «= (a:,° °°, a) is represented in the form p= ẹọ (z, y °) 
in which g, y,' > + are indeterminates, we say that œ is of class ¢. For ex- 
ample, if each a; is a square, necessarily of a rational integer, æ is of class 27; 
if each a; is a triangular number, æ is of class x(~-++ 1)/2; if each a; is a 


* For the postulates of such a field see Annals of Mathematics, Vol. 27 (1925), 
p. 512. The only distinction between a regular and an irregular field is the exclusion 
of an infinity cf irregular divisors in the latter instead of but one in the former. 


P 
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‘pentagonal number, @ is of class (82? + s)/2; if each a; is the sum ‘of 2 
squares, a is of class z? + y”, etc. In each of these examples ¢ is a quadratic 
form with rational number coefficients. This characterizes the elliptic case 
above described; the forms may be in any number of indeterminates. 
Let « be any M-integer, r any M-prime, and x a real or complex number. 
A uniform function of ~ which is also a numerical function of œ may be 
designated by f(s, a). If however we wish to emphasize f(x, a) qua function 
of a, or qua function of v, we shall write f(x,«) in either of the equivalent 
forms f2(«), fa(x), so that 
. f(a, a) = fo (a) = fa(z). 
This device also simplifies printing. 
Let U (x,a), P(x, a) be normal functions of «, 

U (a, a) = U,(#) =Us(a), Vole) =1, 

P(x, a) = P(x) =P2z(a), Pele) =1, 
defined by the properties: P(x") = 2”; U(x") = 0 or v according as n > 1 
or n = 1, where n is a rational integer. Then (see § 8) we have the generat- 
ing identities 

Ir (1 +22) = Ea Us(a)w, Ilr (1—22) = Sa Po(a), 

and therefore 
i UsP-s =e, Pr — Ust, Usse Pat 
that is, (see §6) Us, P-s are reciprocals and each is a prime function. Re- 
ferring to § 4, (4)-(6), we see that 

Ua(%) = p?(a)av™, Pola) = PV, 
and hence in particular, 

Usp, Pi=à, U, = (K?) P,=1; 
the significance of the parenthesis in (p?) is explained in § 6, end. Hence 

1 = A(w?) =e, 

which in non-symbolic form state that each of the sums 


Tae), VAC) (2/7), 


where > refers to all divisors + of «, has the value 1 or 0 according as a =e 
or as&e. These are abstractly identical with the corresponding theorems:con- 
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‘cerning rational integers for the functions usually denoted by p, È By the 
theory already developed the like extension to M-integers holds for any of the 
unifórm functions of divisors of rational integers. 
The separations Us’, Pz’, are now known from the definitions, but they 
may be defined independently from the generators. The two definitions are 
of course identical. Consider then 


Il. (1+22"), Tn (1—ae")2 (mod 0), 


in which the coefficients of z” are respectively (after distribution of the pro- 
_ ducts) 
U2! (x"), Po! (x) (mod C). 


Let qi(n) be the number of partitions of n into precisely i parts, no two of 
which are equal, and all of which are in C. Then, Si; indicating a sum ex- 
tending to i = 1, 2, 3, © + -, we have 

Ue! (a) = X: qa(n)a 
‘For n==1,° +--+, 6 and C the set of all rational integers > 0, we thus have 

Us (2) = Us! (1?) = 2, l 

Us (r°) = Ua! (rt) = a? + 2, 

Uz (zë) = Ug (78) = 22? + T. 
The equality of successive pairs is not general. Hereafter, unless otherwise 
stated, C is any set as before. Similarly, if X; refers to all sets of rational 
integer solutions 13, 72, Te °‘°, 20 of 

Nn = TN + Tna + TMs, 

where no two of na, na, ng, > * are equal and all are in C, we have 


Py ( n”) a Dr grstratret owe 


Since Uz, Pe are normal, Us’/(a), Ps’(«) (mod C) are now known by § 4, 
end, for all M-integers a Note that ~, a play the part of amit 
disappearing from the final forms. Thus if 


Q == ay ag" + + ary 
is the resolution of æ into powers of M-primes, 
k 
Ua’ (a) = IT [Xs gs(as) 2°], 
= 


and similarly for the other. 
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Having found these explicit forms we may ‘examine now the meaning in 
terms of rational integers of Uz’ Pc’ =e. let «æ be as above. Then all the 
divisors 8 of a are 


d= mm + >a, OS dy Sa; ` (j=1,° bao: k), 


and the divisor 8’ conjugate to that just written is 


v= myer are oe sa apie ik A 


Form Uz’ (8), P_o’(8’) as above for every pair (8, 8’), take the product of the 
results and sum it with respect to all pairs (8,8). Then this sum has the 
value 1 or 0 according as the given œ is or is not e or, what is the same, 
according as (@,° °°, a) is or is not (0,---,0). This obviously is a prop- 
erty of compound partitions alone. The like is true, by the theory developed, 
for every theorem concerning compositions and separations of numerical 
functions. 

By giving to v special values, and by properly choosing the set C which 
has been taken as the modulus in constructing U’(a), P’(a), we can apply the 
known product developments of the elliptic theta functions and constants to a 
great variety of separations of numerical functions. The following will be 
sufficient as examples. In addition to the functions A, p, p already defined 
we shall need u(a), which has the value 1 for all M-integers a; O(a), = the 
. number of decompositions of the M-integer « into a pair of coprime M-integer 
factors. In the last, if «— fy is one such decomposition, and B= y, yf is 
counted as another. 

As in § 7, end, we consider several sets: Oo = the set of all integers > 0; 
Cı = the set of all odd integers > 0; C} = the set of all even integers > 0. 
By the notation already explained in § 7, if is any numerical function, ¢,’ 
is the separation ¢’ (mod 0;). Hence dj’, yj’, 0)’, °° + (j= 0, 1, 2) are 
defined. For clearness we recall the necessary generators, 


p, generator 1— Z; 
a (+a); 
(a), “ (1+ 2); 
6 Sha) (day; 
(0A), “o (1—z) (1+2); 
A s (1—2z)*; 
Ub, d (1—z)1; 
v(a@), as in § 2, is the number of divisors of «. From these generators we see 
by inspection numerous compositions. For example A(p?) =e, so that A, 
(x°) are reciprocals; 0 = u(y"); v =u"; py == u; etc. 
The following illustrates the way in which the remaining examples are 


Integers and Compound Partitions. 509° 


written down. We have the well-known product expansion from the theta 
functions, : 

I (G—a) (+A G=), 
and hence the theorem: the separation (0A)o” vanishes for all arguments 
a=£e not in class z? (see beginning of this section for definition of class) ; 
if the argumert is the M-integer (a,”, ao”, - * `, ax”), where a; Z0 (j=1, 
‘++, k) and a,+a.+::-+a,>0, the separation has the value 
&(—1)utar.-- +z; if the argument is e the value of the separation is 1. 
The-significance of the parentheses in (OA) is as in § 6, end. Note that (@A)’, 
for any given C, is not equal to 6’0’. 

The theta expansions used in writing down the following are all classical 
and easily recognized; there is no need to transcribe them. Write for the 
moment ġ = pa". Then the separation ġo’ has the value zero if its argument 
æ s£ e is not in class œ (3s +1)/2; if « = the value is 1; if 


a = (a, (3a, = 1)/2, -` +, ae(Ba, = 1)/2) 


the value is (—1)%*-+-+%, Next, write 6==y(y?). Then go’ vanishes for 
all arguments not in class z(e — 1)/2, while for such arguments it has the 
value 1. The next illustrates the occurrence of two sets in one relation: 
Write ¢ = (7)*. Then the separation (which is a composition of two separa- 
tions, or a separation of a composition of two functions) yp.’ ¢,/ vanishes if 
its argument oe is not in class x; if the argument is (a.2, +--+, ax), 
where a; = 0 (j—=1,::-,%) and a,+:-+-+ a, > 0, the value is 2. Such 
results can be multiplied indefinitely. 

The next is one of a large class of similar results. Let #(n) have its 
usual meaning as a binary quadratic class number function; write x = p°, 
y= (p?) Then the separation xo’ y.’ for the argument a = (m, * *, a) 
has the value (12(—1)"H(a,), <<, 12(—1)*H(a,)). To recall the 
meaning of yw in this instance, let « = a,a.° * * «o be any decomposition of 
a into a product of nine factors. Then the value of yp for the argument 
œ is 

D {4 (%) (ee) (oa) p? (a)n? (as) - w? (a) }, 
the sum exterding to all sets a1, %,-°° +, a. These examples, which can be 
continued indefinitely, are enough to show the meanings of previous defini- 
tions and theorems, which is all that is necessary here. If instead of special- 
izing æ to be +1 in Ue(a), Pe(a) as in these examples for A, m, ©- +, we 
take œ — exp(-+ ty), where ¢ is the imaginary unit, and combine results as 
directed by the product expansions of elliptic and theta functions of y, we 
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reach theorems concerning compositions of separations, or vice-versa, which 
involve sines and cosines of integer multiples of y. These results can then be 
paraphrased, as in previous papers, into separation-composition theorems con- 
taining functions wholly arbitrary except as to parity. All theorems such as 
the above concerning specific functions A, m, - + are special cases of such 
general paraphrased separation-compositions. 


12. Addition and subtraction theorems. Several of the examples in the 
preceding section illustrate a general situation concerning separations with 
respect to sets that are either the logical sum or product, or the logical dif- 
ference of given sets. If the set C contains (==includes) the set Cj, we 
write O | Cj, as in the usual generalization of arithmetical division in the 
theory of ideals. Sets having no element common are called coprime; the 
sum O;,-+C; of two sets is their logical sum; their product O40; is their 
logical product. Similarly for any number of sets. If C; (j =1,:-:, 8) 
are such that every pair of them are coprime, the s sets are called coprime. 
The condition that O; (j==1, > +, s) be coprime is 0102: > + Os = the 
null set. 

Let O; (j==1, > -, s) be s coprime sets, and write O = 0, + C: + 

-+0 Let 4’ be the separation of ¢ (mod C), and ¢,’ that of ¢ (mod 


0;) (j =1,::-,s). Then, from a consideration of the respective generators, 
it follows at once that 
(26) P = gr’ fo! * * hs"5 


` that is, the separation of any numerical function modulo the sum of s coprime 
sets is equal to the composition of the separations of s functions, each om to 
the given es taken to the s moduli composing the sum. 

Let Ca, Co, © < +, Cr.be any distinct s—r sets, r > 0, chosen from the 
sets O; (j= 1, +, 8), and let the remaining r sets be Ca, Cg,---, Cr, 
‘so that in some order the Ca, © ++, Cz, Cas’ °°, Cr are identical with the 
Cis +, Os. Let ¢’ be as before, and let 1’ be the separation (mod Ch) of ¢ 
(h =a, b, +, t, 4, B,° **,7)3 also write yr for the reciprocal of r, and 
let yx’ be the separation of y». Write T—C—C,—Cg—--:-—C;; 
namely, T is the set which remains when from @ are deleted all elements of 
Cat+Ce+---+C,, and let $” be the separation of @ (mod T). Then 


(27) p” = pd hu’ i * ho! =p Wa’ pe + * Yn’ 


On the basis of such considerations we can apply the arithmetic of logic 
developed. in a forthcoming paper to construct an arithmetic (including the 
theory of congruences) of separations with reference to their sets. 


Lagrange Resolvents in Euclidean Geometry. 


By Leonard M. BLUMENTHAL. 


. Introduction. 


1. An Invariant and its Geometrical Interpretation. Consider the com- 
bination f 
(a — Ts) (Ze — &,) 


of the four points 24, %2, Za, Va, in the complex plane. Here % is the conju- 
gate of sı It is seen at once that this function is invariant under the trans- 
lation y = g +a, and also under the rotation y= ts where ¢ is a turn, a 
complex quansity ‘with unit modulus. For 


(Y1 — Ys) (Je — Ga) = (tars a a — tr, — a) (Zo/t + a—%,/t —a) 
= (t1 — Ts) (Tz — Ta) - 


The four points 2, V2, Vs, T4 determine an ordered quadrangle. Denoting 
by dig and 8, the lengths of the strokes 7, —-v, and £z — a, respectively, we 
may write 


(a — T) (To = Ta) = 8,382.0 = 813924 cos @ + 4 813004 sin 6, 


where 6 is the angle which s, — z, makes with ,.—,. If a is the point of 
intersection of 2, — £a and £z — Tas 


81s = dor + 80s, 824 = Doz + Soas 
and 
812824 COS O = $( 812” — 823° ++ 834? — Sur?) == 2N. 


We shall speak of N as the norm of the quadrangle. 
Also we have 
* 813824 sin 6 = 24, 


where A denotes the area of the quadrangle. Hence we may write 
(21 — Ta) (Te — E4) = 2(N + iA); 
i. e, the invariant we set out to examine is seen to express the area and norm 
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of the quadrangle determined by the points v; (i= 1, 2, 3, 4). We shall 
refer to the expression 2(N + 7A) as the norm-area of the polygon. 
If we write tı —2,;—=v and t,——2,— u, the invariant takes the form 


(£1 — %3) (Ta — T4) = vi; 


and since each of v and u is invariant under translations we have the following 


THEOREM. The norm-area of a quadrangle is unaltered under a trans- 
lation of either diagonal. 


2. The Lagrange Resolvent. In a memoir* devoted to the funda- 
mental principles of the solutions of cubic and quartie equations, Lagrange 
introduced the resolvent 


. v = t + et, + et +: ret erly, 


where e is a complex nth root of unity. By this notation we shall further 
understand e to be a primitive root.. 

It may be observed at once that the resolvent v is invariant under trans- 
lations y = æ + a, since 


etl 1 et 2 4. -+teti=—0 


and further, that combinations like vi (u being a similar resolvent) are in- 
variant under rotations y = ta. 

An extension of the example in § 1 suggests itself. We seek to know 
when it is possible to express the norm-area of an ordered polygon in terms 
of the Lagrange resolvents (and their conjugates) of polygons into which the 
given polygon is decomposed. Viewed from another angle, we wish to know 
“how much” of a polygon may be translated without altering its norm-area. 

The investigations presented here prove that the norm-area of a 2n-gon 
may be expressed in terms of the Lagrange resolvents of the two n-gons of 
which it is composd. The coefficients in the expression are given explicitly - 
as very simple functions of n. 

It is shown that such an expression in terms of the diagonal strokes and 
their conjugates is possible only in the case of the quadrangle. 


* Memoirs of Berlin Academy, 1769; reprinted in Oeuvres de Lagrange (Paris, 
1868), Vol. 3, p. 207. 
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It is further proved that the areas of polygons of mn sides (m=4 2) are 
not expressible in terms of the Lagrange resolvents of the m n-gons. It may 
be noted that the areas of polygons are obtained without resort to the “ tri- 
angulation ” process; that is, the areas of polygons are obtained as the ima- 
ginary part of the expression for the norm-area of the polygons. 

* It is finally shown that the combination v:@; is the only invariant com- 
bination of the Lagrange resolvents of the polygons that is unaltered by the 
group of substitutions (1, 3, 5,-° +, 2n—1)(2, 4, 6° +--+, 2n). The ex- — 
pression for norm-area may be referred to as a lineo-linear invariant of two 
n-gons. ` 

Part One. Polygons of 2n Sides. 


3. The Hexagon as Two Triangles. As indicated in Fig. 1, the hexagon 
is considered as being formed by the vertices of the two triangles 2,232; and 
Lalela. 

Now the determinant * 


Tı Ta Ts 
Ta Te Lo 
1 1 
x l 7 X¢ 





1 
t 
’ 
N 
` 
` 
SAN 


+ 


-x 


* The determinant set equal to zero is the condition: that the two triangles be 
negatively similar. 
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is seen to be unaltered by the translation y = +a and also by the rotation ~ 
y = tæ. Denoting this determinant by A, we have 


a A= Lita — Ttg + Taa aaas, Tals + Tte — Lely 
= (21 — Ts) (T2 — Te) + (2s — Ts) (Ta — Ta) «. 


We may conclude from § 1 that 


(@1 — 25) (E2 — Fs) = 4(8%s2 — Sea F Bas — Seu) + BAL 
(T3 = Ts) (Ta — Te) = AORT — 845 + 85e — 8755) + Ride 


where A, and A, are respectively the areas of quadrangles £ı%£%6 and 
Lalatste Adding, we obtain ` 


—A=—2(N + iA) 


> 


where N and A are the norm and area, respectively, of the hexagon. l 
To express A in terms of the Lagrange resolvents of the two triangles, 


V1 = Tı + why + o Ts; Uy = Ta F ote + oTe 
Va = Tı + wT + ots; Uz = T4 + we + wLe 


where w is an imaginary cube root of unity, we note that 


Tı -F otg + 072s, U3—Us, Ws 
A= Ta -+ we + wto, Te — Tos Ta É > 
0 s QO. . 54 


whence, multiplying the second column by —w(1—w) and adding to it the 
first column yields 


A = — [1/o(1 —wo)] (vt geia Vette) 
and hence * , 


[1/o(1—o)] (vrt, — vata) = 2(N + i4). 


_ Since the resolvents are invariant under translations, we have proved the 


* Looking towards the later developpment of the paper we note here that, for 
u, = 0, + wn, + we, and u, = g, qow, + wa, 
we have 
[1/(1—w)1(v,#, —ov,%,) =2(N + iA), 


which may be obtained from the expression above by substituting wt, for ü, and 
wi, for Ü. 
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Tunorem. The norm-area of a hexagon is unaltered by translating 
either of the component triangles. 


4, The Decagon. As the analysis to be employed in the case of the ` 
2n-gon can be well illustrated in the treatment of the decagon, we shall ex- 





amine this case in some detail. Splitting the decagon into the four quad- 
tangles indicated in the figure, we obtain 


(21 — Ta) (Z — T4) + (21 — 2s) (T4 — Tro) + (Ts — To) (Ze — Tio) 
+ (To — t) (Zs — Ts) = 


5 


D Tor (Lor-1 — Lar) = 2 (N +iA) 
X1 


' where N and A are the norm and area, respectively, of the decagon. The 
Lagrange resolvents considered are. 
Vy = L1 F eg F Ps + Patz + To; Uy = De F ely + PTs + eas + etzo 
Vz = T1 + Pas + Ls + et, + Bt; Ue == Da + ay + ete + chs + P19 
Vs = 01 + Pay F ets + tty + To; Us = Ta + Bars + ete + eas + try 
Va = T; -4 E Lg + Pas + ea, + Eto; Us = Tə T etta + Ta + 70g + etio 


where e is a primitive fifth root of unity. 
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The products vii; (i= 1, 2, 3, 4) can be best written in the matrix 
from 


vü, = Tı T3 Ts Tr Ty 
Ta l e é è é 
Ta é 1 ¢€ Ë ê 
Z| é é 1 e e i 
Ts ef ê é Í e 


Noting that the determinant of the matrix is a circulant,” we write symbol- 
ically, 


Vü, = 0 (1 e è et); Vs = 0 (lec ete”); 
Vola == O (1 è et e ê); Vü, = 0 (1 é è èe). 
Writing the function of the vertices zı, %, °° *, ®19 obtained as repre- 


- senting the norm-area of the decagon, in matrix form 


z| 1—1 0 0 0 

īa 0 1—1 0 0 

(I) ze 0 0 1—1 0 
- Zl 0 0 0 1—1 

Zo —1 0 0 0 1 


it is clear that our problem resolves itself into finding multipliers A,, Az, As, 
A, such that the matrix 


Avl + AVio -+ Agdgtls + Agvails 


will be identical with the matrix (I). Equating coefficients leads to only 
four independent equations: 
Ay + A: + As + A=, 
eA, + A, + A; + éd = —1, 
eA, + tA + cdg + F&A, = 0, 
eA, + eA: + tA + ed, = 0; 


* We should expect the products v,#, to be of this form, since, it is well-known 
that if 1, ¢,, ip- +, 4, be the n+ 1 roots of a™t— 1 = 0, then for any set A, A, 
-+-+,A, we have (Spottiswoode, Orelle’s Journal fiir Mathematik, Vol. 51, pp. 209-271) 


A A, Ales A 

A EEL. | (er A, +--+ Ay) 

ee : gi (Hid, HLA, +++ o H iA) 

A, A, Aleks A eeo (AEA, +4,%4,-+---++4,"4,)- 
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whence ‘ 
5Ay = 1 — t, 54, = 1— é, BA = 1— e, 54, —1—e 
Hence . : 
(1/5) [(4 — e*) oti, + (1 — €*) vette + (1 — e*) vais + (1 — ee) ves] 
. == 2(N + id) 
is the desired expression for the norm-area of the decagon in terms of the 
Lagrange resolvents of the two pentagons whose vertices form the decagon. 
Since the resolvents are invariants under translations, we have proved the 
THEOREM. The norm-area of a decagon is unaltered by translating 
either of its component pentagons. l 
' 5. General Case. The 2n-gon. We write the resolvents of each n-gon 


in the compact form 
n-i . 
vj = D on (j= 1, 2,° °°, n—1) 
k=0 


Tj = D OTa) (j =1, 2, +, n— 1) 


x=0 
Now the 2n-gon may be divided into (n — 1) quadeang/e whose vertices 
are given in the rows of 


1 2 3 4 
2n 1 4 5 
2n—1 2n 5 6 
2n — 2 2n— 1 6 Y 


and the areas of which exhaust the area of the 2n-gon. We have 


Tiz — Tels F Lata ES F Ton-1T2n — Tont; == 
n ` 
= Tor (Tok-1 — tan) = 2(N + iA). 
Kel 


In matrix form, this is 





Tı Tz Ts Tr * ° * Long Ton- 
Be 1 —1 0 0 0 0 
Ta 0 1 —1 0 0 0 
(IT) Te 0o -0 1 —1 0 0 
Ts 
Ton-z 0 0 0 0 1 —l 


i) 
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The products v:ŭ; we write, symbolically, as 


vü == O(Lee+ + - 1) 
. Veta = O(1 eet + + enD) 


nating = O(1 el mD. «+ (wD Url) . 


Again our problem is to find multipliers 4, (t—1, 2,-°°,2—1) s0 
that the matrix ` 


n-1 n 


X, Awit 
41 
will be identical with the matrix (II). 
We note that e being a primitive root of x” — 1 = 0 corresponding ele- 
ments of corresponding rows of the matrices vii; are 


1, 6 È, etilie:s el 
in some order. The desired multipliers A; are determined by the n—1 


linear, non-homogeneous equations; 


c4, -++ eda + eds + a + 14, =—] 
ehi telipi t am 


eiA, + em) A, + enD 4, + e.’ eD D Ana == 0. 


These equations possess a unique solution, for the determinant of the 
coefficients may be shown to be different from zero (indeed, evaluated) in the 
following manner.* 


€ e Ps © oe el 
2 4 B n a: e2(n-L) 
€ (3 € € 
O a d COT a) 
eml eM- ... em DnD 


the symbol on the right hand side being Sylvester’s notation for a continued 
product of the differences (e— e) (e—e*®)-: +. The function partakes of 
. the nature of a square root, having two values corresponding to various per- 
mutations of e, «7,° ++, 1. 
Since 
eet ett e etl ae etn“ D/2 a 





* American Mathematical Monthly, Vol. 32 (1925), p. 522. 
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we have the determinant of the coefficients equal to the zeta-ic function. 
- The square of this function being the discriminant of the equation 


(1) grit gr?@t-.+-toti=0 
we have 
So Sy Sg *? t Sne 
Si Se Ss sc 8 Sna 
é (6, 2, cay e1) = S2 S3 S °t Sn 
Sn-2 Sn- Sn °° * Sa¢n-2) 


where s, == sum of the ith powers of the roots of (1). 
Since e, e?,: © +, «1 are roots of (1) 


‘se n—1, $y = s = Sp = — 1, Sr =ne 1, Sar = — 1,°* 
Hence 
n—i pne h =T ..> me G — 1 
a i e e a 
EREE E 
2. a nml) — 
é (se, a1) =s l l es ee | 
—1 —i1i n—l +--+: -1 —1 


“This determinant can be evaluated readily, yielding 
: t(s et e1) = (— 1) (n-1) (n-2)/2yn-2 | 


We proceed to solve the set of n— 1 equations in the A’s. 

Evidently, the product of A; by ¢% (e, €, - +, e+) is equal to the ori- 
ginal determinant where the elements of the ith column have been replaced 
by — 1, 0, 0, > - +, 0, or, after some reductions 


n-1 
Ay = (1—e")/T (1— é). 
41 
But, since e is a primitive root of s” — 1 == 0, we have 
i (£ — e) (1 — è) (c—e) + + + (1 — e1) =g -p gh? p Hae 
Letting z == 1, we obtain 


(1—6) (1— e): -  (1— et) =n. 
Hence 


Ai = (1/n) (1 — e) EE CEE E 
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are the solutions of the sets of equations, and therefore are the multipliers we 
set out to find. Whence the 


THEOREM. The norm-area of a 2n-gon expressed in terms of the Da- 
grange resolvents of the two component n-gons is given by 


(1/n) 3 (1 — ei) viti. 


Since the resolvents are invariant under translations it follows imme- 
diately that 


THEOREM. The norm-area of a 2n-gon is unaltered by translating either 
of the component n-gons. 


Part Two. Strokes. 


6. In the previous sections a 2n-gon was considered as being composed 
of two n-gons, and expressions were found giving the norm-area in terms of 
the Lagrange resolvents of each n-gon. 

In this part, the 2n-gon is thought of as being composed of n 2-gons 
(i.e. n strokes), and we are concerned in ascertaining whether or not the 
norm-area of the 2n-gon can be expressed in terms of the n strokes and their 
conjugates. As before, this is the problem of determining if the norm-area 
of a 2n-gon is invariant under a translation of one of its component strokes. 

We have already seen in § 1 that the norm-area of a quadrangle is ex- 
pressible in terms of its diagonal strokes. We take up the case of the hexagon. 

We have from § 3 
(1) Lye — Bet, + Wel, — Tals + LsTe — Vets = 2(N + id). 

Let , 
Uy = Tı — T4; Up = Tz — Ts; Ug = T3 — Te 
Ui = z, 4 t4; Uz = t2 + Ts; Us = T3 + Te 
whence 
Tı = 3(U + U1), T= (uz + U2), Ts = $ (us + Us) 
ta = $ (U, — wa), ts =} (Uz — uz), Se= $(Us — Us) 


and substitution in (1) yields * 


(Uz — Us + U: — U3) (te +a, — Te + Ü) 
+ (u2 + ta + U2 — U1) (ds — t: + 2 — Ue) 
—2(N + i4). 


* Note that though none of U Uy U; is invariant under translations, the com- 
binations U, — U, U,— U, ete. in which they enter the equation are invariant. 
Hence, of course, N and A are unchanged by translating or rotating the entire hexagon. 
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The terms containing U1, U2, Us will not vanish upon expanding the left- 
` hand side of the last equation and hence we have the following 


Tarorem. The norm-area of a hexagon is not expressible in terms of tts 
three diagonal strokes. 


» 
COROLLARY. The norm-area of a hexagon is not invariant under a trans- 
lation of one'of its diagonal strokes. 


Consider next the case of the octagon. Letting 


Uy = Tı — Ts, Uz = Ta — He, Ug == Va — Tr, Uy = We — Ve 
1 = T, F Ts, U2=%2-+ Te, Us = £3 + tn, Us = 24 F Bs 
we get 
sı =34(um +U), T= $(u + 02), ts = $ (u: + Us) 
t, = $ (u + Ua), 2s = (U1 — 1a), Ts = $ (U2 — Uz) 
tı = (Us — us); Le = $ (U4 — t4). 


Substituting these values in 
(21 — 3) (Za — Za) + (21 — Ts) (Zi— Es) + (2s — t) (Go — Fe) =2(N + tA) 
we obtain 
(U1 — Us) (Üz — Oa) + (Ur — Us) (üz — ty) + nrt, = 4(N + iA). 


As in the case of the hexagon, the terms in U,, Uz, Us, U4 are present 
and hence the norm-area of the octagon is not invariant under a translation 
of a single diagonal stroke. . 

Note, however, that if the same translations are applied to the two strokes 
Lı — T; and x; — Tz, the rest of the figure being left unaltered, the norm- 
area of the octagon is invariant (since the difference U, — Us is invariant). 
The same statement may be made with regard to the strokes r.— a, and 
Ta — Lye ; 

For the zase of the 2n-gon, we give the formula 


>» (tox + Tox) [ (tora + Ur) — (torn + Vor) ] == 2(N +74) 


where Uns =— Us; Onis = U; (i= 1, 2,- > +, n) and all subscripts are first 
to be reduced (mod 2n), and hence conclude that only in the case of the 
quadrangle is the norm-area expressible in terms of the diagonal strokes 
alone. 
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% The mn-gon. We give the general formula for the area of the 


mn-gon. / 
n-i l l : ` 
n (8, 04, jija — 8i, jTi, Vija) = midA (j= 1, 2, "+, m) 
where im = è (i= 1, 2,°°-, n— 1); %8; =1 (Jm) and ° 
Vij = Tj F cfm F CP tomag POV Enim 


and conclude that only in the case of the 2n-gon is the area expressible in 
terms of the Lagrange resolvents of the m n-gons. Hence, the area of an 
mn-gon is not invariant under a translation on one of its componen n-gons 
for m = 2. 

8. We have seen that 


(1) (1/n) > (1 — e+) vyiiy = 2(N -+ i4) 


is an invariant under translations and rotations of the two polygons with 
vertices Lı, Tsy °° *, Vena aNd To, Lay * * *, Lon. It is easily seen that (I) is 
also invariant under the substitutions (135+ - -2n—1)- (246° - -2n) ap- 
` plied simultaneously to each polygon. 
Moreover, the combination v:ŭ; is the only invariant combination of the 
Lagrange resolvents of the polygon that is unaltered by the above substitu- 
tions for 


vitj = (a, + etta + tay es p Dito) (Fy p IDT ++ + ++ Fan). 
Apply the substitution and denote by ViU/; the transformed vrū;. 
` We have 


Viti; e= (23 + êr -H eta, ee + Dtg) (Zs + ime, +--+ + Ze) 
== Dt (m, + elgg + tts ++ +t eD iton) +i (Ta + Amma, +++ + eli 
== ty yt; 


and thus we see that only for j =i is the combination absolutely invariant. 
Another invariant of the two polygons, independent of (I) is 


Tı T3 Ts 1t Ton-ı 
at Te n—1 —1 —1 >+- il 
i=l Ta —1i n—1 —1 +++ —1 


Zan ioe, eee, ae, re year | 


The Ovals of the Plane Sextic Curve. - 
By J. H. McDonazp. 


The maximum number of ovals that a plane sextic can have is 
eleven. The statement was made without proof by Hilbert that the ovals 
cannot be external to each other. The proof of this theorem by Wright 
(American Journal of Mathematics, Vol. 29, 1907, p. 305) is complicated by 
the introduction of considerations which are unnecessary; in particular the 
discussions relating to the shrinkage of an oval and to the approach of the 
variable sextic and cubic may be omitted or replaced by a simpler treatment. 
There is a lack of rigor throughout; the existence of the limit curve with. 
eleven acnodes on.which the conclusion depends is not clearly demonstrated. 

-It seems desirable to complete the proof of this theorem which is of some 
interest not only in itself but on account of more general questions which 
it suggests. An example of this is given at the end of this communication 
in the form of a theorem regarding the situation of the intersections of two 
nodal cubics. 

It may be taken as proved that if a sextic with eleven ovals external to 
each other exists, an infinite number of sextics may be found having ten 

‘ acnodes and an oval. Let these sextics have equations Sn = 0 and let them 
be designated by Sn. From each Sn a curve n -+ «C,"C,"—= 0 is formed as 
follows. Let A”, B” be two of the acnodes of Sn and C1”, C” be cubics 
through all the acnodes except B”, An respectively. The signs are taken so 
that C,"C." > 0 for points on the oval of Sn. Then for small ‘positive values 

of K, Sn + «01"0.% = 0 is a sextic having eight acnodes, two small ovals . 

' near A” and B” lying in the part of the plane where C,"C." < 0, and an 

‘oval lying within the oval of Sn. The process of reduction starts again with 
this curve and leads to Sn 1, and for sufficiently small values of k the ten 
acnodes of Sny, are the original eight and two others lying within the ovals 
arising from A” and B”. The last oval is containually diminished and it may 
first be proved that as n increases the cubics C,”, C2", cannot approach this 
oval. The cubics C,"*1, C,"*1 pass through the nine points of intersection of 
Cı”, Ca” since they belong to the pencil of cubics through the eight fixed 
acnodes of the sextic and they also pass through the points A™*!, Br! to 
which the ovals derived from A”, B” have shrunk. But these lie in the region 
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where 0,70,” < 0 so that if 0,71 = AC,” + pC.” then A and p have the same 
sign and the entire course of C,"*1—0 is where C,"C2” < 0 and the argu- 
ment may be repeated for C."*1—0. Since the ovals of Sn, Sna lie in the 
region where C,”"C,” > 0 the shortest distance from 0,”*t or C,*! to the ovals 
is greater than the shortest distance from C,”, Ca” to the ovals. : 

. The possibility must be considered that in the course of the reduction 
there may be a confluence of the acnodes of S, = 0. Suppose first that the 
two variable acnodes converge to a point which is not one of the fixed acnodes. 
This can only occur if they are accessible to each other without crossing C1", 
C”. This convergence can be avoided as follows. Denote the variable ac- 
nodes by A and B and the fixed acnodes by 12...8, and determine two cubics 
by the points 12...7AB and 12...7A8, and a second pair of cubics by the 
points 12. ..7AB and 12.. .7B8, the pairs having a cubic in common. Then 
if the ovals arising from B and 8 by the use of the first pair of cubics are 
accessible to each other without crossing the cubics, those arising from A and 
8 when the second pair is used are inaccessible to each other without crossing 
the pair of cubics used. This will certainly be true if the points A, B are 
sufficiently close which may be assumed since they are supposed to converge. 
This arrangement being adopted the convergence of A and B can henceforth, 
if it occurs, only be to one of the fixed acnodes. Suppose it to occur and 
denote the fixed acnode by 9. Then a cubic through six of the seven acnodes 
which are remote from the convergent set and through A9B cannot have a 
double point at A, 9 or B, for that cubic would intersect the sextic in twenty 
points and so must constitute a part of it. This is impossible since the sextic 
consists of ten acnodes and an oval. The three convergent acnodes converge 
in such a way that the cubics through the acnodes 12...7% and through any 
two of A, 9, B must in these points make angles with each other approaching 
zero. A pair of these can always be taken so that the ovals arising from the 
points omitted in the determination and called A” and B” originally lie on 
opposite sides of the cubics. 

To complete the proof it is necessary to arrive at a sextic having eleven 
acnodes. Let Sn, Ci", C2” be normalized so that the sum of the squares of 
the coefficients of each curve equals unity. Then for any curve Sn +- «0,"0." 
=0 there is a range of positive values of k such that the further reduction 
may be made. Let kn be the upper limit of the values of k for which further 
reduction is possible, or if & has no upper limit let kn denote a fixed positive 
number. ‘With the increase of n the quantity kn may approach zero. This 
might be the consequence of fulfilling any of the three following conditions: 
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first the double points which remain fixed must not cease to be acnodes, 
second the ovals resulting from A and B must not coalesce, third the last oval 
must not shrink to a point. In case, of failure to fulfill any of these condi- 
tions the process of reduction cannot be continued. Taking the conditions in 
order; if an acnode became a crunode for values of k» which tend to zero 
there must be a limiting form of the sextic with ten acnodes and an oyal 
such that when the axes are properly placed the equation becomes ay’+ ( )s 
++ -= 0 where the terms not written are of the order indicated. The line 
y= meets the curve at the origin in three points unless the group ( )s 
vanishes with y. But since the curve has no odd branch there must be an 
even number of real intersections distinct from the origin, hence the group 
( )s contains y as a factof. But a unicursal curve of the form y*+y( )2 
-++ + -= 0 has two real branches passing through the origin, as may be seen 
from consideration of the parametric representation of the curve; hence the 
limiting curve of the form supposed is impossible, and therefore the value 
of ka cannot tend to zero unless the second or third condition is unfulfilled. 
If the second condition is fulfilled but the value of Xn» tends to zero the points 
A”, B” must approach and by the rearrangement of points described above 
this may be prevented. If the first and second conditions are fulfilled and kn 
tends to zero on account of the third condition then the limit form of the 
curve has eleven acnodes. If all three conditions can be fulfilled it follows 
that kn >g>0. But the assumptions that x, > g > 0 and that the last 
oval is not reduced are contradictory. For letting S be a limit curve of the 
set Sn the curve § will have an oval within the ovals of S, and arbitrarily - 
close to them for n sufficiently great, and the curve Sn +- «C,"C,” can be made l 
to pass through a point within the oval of S withotu requiring k > g; hence 
the limit curve 8 cannot have an oval. Therefore all three conditions cannot 
continue to be ful,lled; and since the first two can be it follows that the 
limit of kn == 0 and S the limit curve has eleven acnodes, which was to be 
proved. 

It might happen that the reduction was prevented by the disappearance 
of the last oval before those due to A” and B”. Supposing this to occur let 
the remaining oval be regarded as the last one in place of the one previously 
so considered. Then there will be a limit curve with an oval whose greatest 
chord is less than that of any other. But this is impossible.since the process 
always replaces the last oval by one of smaller greatest chord. Hence no 
sextic with eleven ovals external to each other can exist. 

Throughout this discussion the existence cf limit curves is assumed. 
There must be at least one limit curve, since if the coefficients of Sn are 


On Isometric Systems of Curves and Surfaces. 


By ©. E. WEATHERBURN. 


In the first part of this paper some new theorems are proved concerning 
isometric orthogonal systems of curves drawn on any surface. The differen- 
tial invariants employed in this connection are the two-parametric invariants 
introduced and discussed by the author in a recent paper entitled “ On Differ- 
ential Invariants in Geometry of Surfaces, with some Applications to Mathe- 
matical Physics.” * In the second part some analogous properties of iso- 
metric systems of surfaces are examined, and an isometric congruence of 
curves is defined. The differential invariants in this portion of the paper are 
the ordinary invariants frequently used in applied mathematics. 


. Isometric Orthogonal Systems of Curves. 


1. Consider first an isometric orthogonal system of curves on a given 
surface. These may be taken as parametric curves u == const., v = const. 
Let r be the position vector of the current point on the surface, and let suf- 
fixes 1, 2 denote partial differentiation with respect to u, v respectively. Then, 

‘with the usual notation, 


E = (6r/du)? =r"; G = (0r/0v)? = rè. 
Now the necessary and sufficient condition that the parametric curves may be 
isometric is . 
(1) , - @/ðuðv log E/G =0. 
We may write this as ; ' 
0/0u(H./E) — 0/0v(G1/G) =0 


from: which it follows that A 
Eor. 1 Gyr. 2 
a (Fae — GEG) ) 
and therefore, if a, b are the unit tangents to the parametric curves, 


(2) div (a div b— b div a) = 0. 


* Quarterly Journal of Pure and Applied Mathematics, Vol. 50, pp. 230-269, 
(Cambridge, 1925). 
7 Loe. cit, § 4. 
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This equation may be transformed in different ways. First it may be 
expressed. 
(3) a. V divb—b.-.V diva=0. 


Now — div b is the geodesic curvature * of the curve v = const., and div a 
is that of the curve u == const. Also the above analysis is reversible; so that 
if (8) is satisfied the parametric curves form an isometric system. Hence 
the theorem : 


A necessary and sufficient condition that an orthogonal system of curves 
on a surface may be isometric is that, at any point, the sum of the derivatives 
of the geodesic curvatures of the curves, each in its own direction, be zero. 


Again, the equation (2) may also be expressed 
div {(adiva+ b div b) X n} =0 
where n is the unit normal to the surface. Writing 
h = — (a div a + b div b) 
and remembering that curl n = 0, we deduce that 
(4) n-curlh = 0. 


Now we have shown elsewhere | that h is the tangential component of the 
vector curvature of the orthogonal system of parametric curves, and that its 
divergence is equal to the second (or specific) curvature, K, of the surface. 
Since h is itself tangential to the surface, and by (4) also curl h, it follows 
that h is the gradient of some scalar f function of ¢. ` Thus 


h = Ve 
and consequently 
(5) K = div h = V ’¢. 


Again the above analysis is reversible, sò that if (4) is satisfied the parametric 
curves constitute an isometric system. Hence the theorem: 


A necessary and sufficient condition that an orthogonal system of curves 
on a surface may be isometric is that the tangential component of the vector 


* Tbid., § 8. 

+ “Some New Theorems in Geometry of a Surface,” § 5. The Mathematical Gazette 
(London), Vol. 13 (1926), pp. 1-6. 

$ Quarterly Journal, loc. cit., p. 258. 
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curvature of the system be the gradient of some scalar point-function, p, on 
the surface. The second curvature of the surface is then equal to V°¢. 


The value of this function, ¢, when the condition (1) is satisfied, may be 
found as follows. The vector h is given by 


Ld și 
Gir, Ero ° 


—h= gaat 3G ° 





Now, with the usua notation, # and G may be expressed * 
E=\U, G@=2dV 


where J is a function of u only, and V a function of v only. Consequently, 
- on differentiation we have 


| EJE = G,/G— V2/V. 
Thus the above expression for — h is equivalent to 


—h=3}3(V log G— V log V) 


; = 4V loga 
Thus ; : ° 
(6) p==—tlogr 
and the second curvature of the surface is given by 
(7) = — $V’ log à 


Cor. For any isometric orthogonal system on a developable surface, 
V? logà = 0. 


2. Consider next an orthogonal system of curves cutting an isometric 
system at a constant angle. We have shown t that the vector curvatures of 
these two systems are the same. Hence the condition of isometry is satisfied 
by the new system also; so that: 


Any orthogonal system of curves on a surface, cutting an isometric sys- 
tem at a constant angle, is also isometric. 


A still more general theorem may be proved as follows. We have shown 
elsewhere { that the vector curvatures of two orthogonal systems, cutting at a 


* See the author’s Differential Geometry, § 39 (Cambridge University Press, 1926). 
f The Mathematical Gazette, loc. cit., § 6. 
$ Ibid., p. 6. 
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variable angle @, differ by the tangential vector curl ôn or VO X n. If then 
the condition of isometry is satisfied by one of the systems, it will also be 
satisfied by the other provided VO X n is the gradient of some scalar func- 
tion. This will be the case provided * ` 


i n.curl (V0 X n) =0 i 
that is 
n. {n.V V0— V9. Vn ++ (V8) divn—n V70} = 0. 
The first three terms vanish identically, showing that the required condition is 


v? = 0. 
Hence the theorem: 


An orthogonal system of curves, cutting an isometric orthogonal system 
at a variable angle 0, will itself be isometric provided V70 = 0. 


The preceding theorem is a particular case of this. 


3. Another form may be found for the condition of isometry of an 
orthogonal system. ` If such a system be taken for parametric curves, with a 
and b as unit tangents, it may be verified that 

1 i 0? E 
where L, M, N are the second order magnitudes for the surface, and J is the 
first curvature, commonly called the mean curvature: Now M /(£G)% has 
the value a . curl a, being equal to the geodesic torsion of the parametric curve - 
v = const. Hence the above equation shows that the orthogonal system will 
‘be isometric provided 
b.V’at+Ja-curla=0. 


Since b = n X a we may state the theorem: 


A necessary and sufficient condition, that a family of curves with unit 
tangent t may form with their orthogonal trajectories an isometric system on 
the surface, is that n Xt-V*t+Jt-curlt vanish identically. 


Now the second term of this expression is zero when the curves are lines 
of curvature on the surface. Therefore: 


If a, b are unit vectors in the principal directions, a necessary and sufi- 
cient condition that the lines of curvature may form an isometric system of 
curves is that b. Va vanish identically. 


* Quarterly Journal, loc. cit., § 13. 
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When the lines of curvature form an isometric system, the surface is 
sometimes said to be isothermic. The equation b. Y?a = 0 may therefore be 
regarded as the differential equation satisfied by an isothermic surface. 
Isometric Families of Surfaces. 
4, Consider a triply orthogonal system of surfaces . 
u(a,'y,2) = const., (x,y,z) = const, w(x, Y, Z) = const. 


‘Then, in the space occupied by the system, the position vector r of a point is a 
function of the variables u, v, w. Let differentiation with respect to these 
three parameters be denoted by the suffixes 1, 2, 3 respectively, and let 


a=r,’, b = r?, e= Tr. 


We may take as our starting point the known property that the family of 
surfaces w = const, will be isometric provided V?w/(Vw)? is a function of 
w alone, the differential invariants eS three-parametric. Now ` 


1 ab 
Ve E ia =)" 
and 
so that’ i ae 


wera (i oa £ to (2 $ 
(vw)? T \ œ ôw \ c } dw o8 =) 


Thus the necessary and sufficient conditions thai the family of surfaces w = 
const. may be isometric are 
ia ab 0 ab 

c 


dudw log ae = 0, dvdw 


(1) 


We shall express these conditions in terms of differential invariants of the 
unit vector n normal to the surface of the family through the point considered. 
This unit normal is equal to r;/(c)%, so that 


1 
curl n = e(ab) E (cari = CT2) 
and therefore 


nx curln— 4 (SE os.) 44 (=). 


div n = (ab) å 


Also 


TEY is 





` 
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and therefore 


curl (n diy n + n X curl n) 


at N a 
~ 2(abc)* (1 Gof 1S “eT Ray OS A 


which vanishes if the family of surfaces is isometric. Conversely, if this vec- 
tor *vanishes identically, the family of surfaces is isometric. Hence the 
theorem : 


A necessary and sufficient condition that a family of surfaces with unit 
normal n be isometric is 


(2) curl (n diy n 4- n X curl n) = 0 


or curl (n diy n— n. Vn) = 0. 


If this condition is satisfied, the vector n div n + n X curl n is the gra- 
dient of some scalar function ¢. Denoting the vector by H, we may write 
H = Vo. Also we have shown elsewhere * that the second curvature K of a 
surface of the family is given by 


2K = div (n diy n + n X curl n). 
Therefore, when the family is isometric, it follows that 
(8) 2K = div H = V*¢ 


so that K is half the Laplacian of ¢. 
The value of the function ¢, when the conditions (1) are satisfied, may 
be found as follows. The vector H may-be expressed 


a E+E )nt a ant # ») 


$ 
a ab 
=} Vloge +} z log Pa 


Now @ log (ab/c)/ðw is a function of w alone. Denote it by f(w), and put 
Sf(w)dw = log y(w) 


* See §2 of a paper by the author “ On Families of Curves and Surfaces,” recently 
communicated to the Messenger of Mathematics. 
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so that 
y(w) = effwrdw, 
Then 
H=4V logc +4 V log 4 
(4) = 4 V log (cp) 
and therefore 
6. K = 4 V? log (of). i 


5. Two consequences of the above theory may be noticed in passing. 
We have shown elsewhere * that, for a family of parallel surfaces, curl n van- 
ishes identically. Hence, if a family of parallel surfaces is also isometric, the 
equation (2) shows that n X YJ ==0. From this it follows that VJ is par- 
allel to n, so that J is constant over any one surface. Hence the theorem: 


If a family of parallel surfaces is also isometric, the first curvature is 
constant over each surface of the family. 


Next consider a triply. orthogonal system of surfaces, and suppose that 
the families v = const. and w == const. are both isometric. Then we have the 
necessary relations 


i ac . ĝe ac 
mi 8 p ao T Ep =O 
(6) and 
: i 8? ab 32 ab 
hip ee a ae ae 
‘From the second and fourth of these it follows that as 
: i 32 b 
7 (7) dodw log a= 0, dvdw log ry =Q. 


Now, on a surface u == const., v and w are the current parameters; and the 
second equation (7) shows that the parametric curves on this surface, which 
are also lines of curvature by Dupin’s theorem, form an isometric system. 
Hence the theorem: 


If two families of a triply orthogonal system of surfaces are isometric, 
the lines of curvature on any surface of the other family constitute an iso- 
metric system of curves. l 


6. Congruence of Curves. We may define an isometric congruence of 
curves as a congruence which cuts orthogonally an isometric system of sur- 


* Ibid., § 3. 


534 WEATHERBURN: On Isometric Systems of Curves and Surfaces. 


faces. It is therefore first of all a normal congruence, so that the unit tangent 
t to the congruence satisfies the equation 


t. curl t = 0. 


Then, since £ is the unit normal to the isometric family of surfaces, it also 
satisfies the further condition 5 


curl (tdivt—t. V t) =0. 


These are the equations satisfied by the unit tangent to an isometric con- 
gruence. - l i 

The vector (div t— t. Y t) plays an important part for any congru- 
ence of curves. We have elsewhere * defined the limit surface of any con- 
gruence, by analogy with that of a rectilinear congruence, and have found its 
equation in terms of oblique curvilinear coordinates. We here announce 
(without proof) for the first time the following theorem giving the equation 
of this surface in terms of differential invariants of the unit tangent: 


For a congruence of curves with unit tangent t the equation of the limit 
surface may be expressed 


div (t div t— t. Vt) =0 


or div (t div t + t X curl t) = 0. 


Thus, in the case of a normal congruence of curves, the limit surface is 
the locus of the points at which the second curvature of the family of surfaces 
orthogonal to the congruence is zero. The surface of striction of the con- 
gruence is the locus of points at which the first curvature of the family is 
zero; for this surface is given by div t= 0. 


CHRISTCHURCH, N. Z., 
‘July, 1926. 





* “On Congruences of Curves,” § 4, recently communicated to the Téhoku Mathe- 
matical Journal; also a paper “On Triple Surfaces, ete”, Proceedings of the Royal 
Society of Edinburgh, Vol. 46 (1926), pp. 194-205. 


A Characteristic Property of Certain Sets of 
Trigonometric Functions. 


By M. H. STONE. . 


` We shall discuss in this paper the nature of a set of functions {w} 
characterised by certain conditions of orthogonality shared by well-known 
trigonometric sets, with the aim of showing that the functions u; are neces- 
sarily trigonometric. Before writing down these conditions we state the 
conventions which we shall follow with regard to the notation for integrals. 
It is convenient to denote by f f the integral in the Lebesgue sense of a 
function f(x) over the interval (0,1); and only in cases where integrals over 
other ranges are considered will the limits be indicated explicitly. The func- 
“tions w, (i=1, 2,° ++), are then restricted to satisfy the following con- 

ditions: i ' ; 
(1) the set {us} is a closed normal orthogonal set of real functions of the 
real variable v on the interval (0,1); 


(2) the set {vi}, where v: = uj’, is a set of orthogonal functions on the 
interval (0,1); 
(3) the functions w” are summable with summable square; 


(4) the iunctions u; satisfy one of the five sets of boundary conditions 


(a) w(0) =u(1) =0, 
(b) v:(0) = v: (1) = 0, 
(e) (0) —v(1) =0, w(0)—u(1)=0, 
_ (a) (0) +o:(1) =0, w(0) + u(1) =0, 
(e) awi (0) — Biwi (1) = 0, azu (0) — Bau: (1) = 0, 
a — By? £0. 


Our work is based on the following two lemmas. 
535 
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Lemma I. The set of positive constants p; defined by the equation 
fo? = pi? has + 0 as tts only limit point. 

Suppose that a sequence of values of i can be found such that p: — p, 
OSp<+, fv:?—p. Then, by Schwarz’s inequality, 


fea) my) |= Lf” 1S eal ST e 


<(|e—y| foe)*# <M |a—y | 


for values of i in this sequence. Consequently, the set of functions u; con- 
stitutes a uniformly bounded equicontinuous family. From this family it is 
possible to select a subsequence converging uniformly to a continuous function 
(x) on (0,1). For fixed v we find 


g g g 
Í, u> f 6, f wi > 0 
0 o 0 


for functions in this subsequence, the last limit being a consequence of Bessel’s 


inequality : 
a ao g 
MEESI EDE 
o 1 9 


It follows that fz 6-0 whence 6==0. This leads at once to a contradiction 
by virtue.of the orthogonality of the set {wi}. We let i be a value in the 
sequence {i} under consideration; then 


fu? =1, fur—>fPr=o. 


LEMMA II. The functions 
oi(asf)— f sinpc(a—y) f(y) dy, 


p (sf) = f cos px(e—y) f(y) dy, 


where f(x) is summable on (0,1), converge uniformly to zero with 1/4. 


We give the proof for the function ¢;, that for y, being similar. Since 


| $e(2) —9e(y) | = 1 J sinps(o—y) Fy)dy| S| f" | Flay| << 


if |a—y| < 8, where 8 depends only on f and e, the family of functions {¢:} 
is equicontinuous. For each value of x on (0,1) we have 
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g g 
gimsin pie {cos puy f(y)dy—cos pie f sin pey f(y) dy = 0(1) 
0 


by the fact that when p; becomes infinite the two integrals in the middle term 
are o(1). Becanse of the equicontinuity of the family {¢:} it follows that 
pals) == 0(1) uniformly on (0,1). > l 

Lemma I shows that with a suitable renumbering of the set {ui} the 
inequalities 0S p&p; ++ may be supposed valid. In our further rea- 
soning such a renumbering will be assumed. 

We can now prove the 


THEOREM. The. set {ui} satisfying conditions (1)—(4) is one of the 
closed normal orthogonal sets of trigonometric functions defined by a self- 
adjoint differential system of the form 


ul + pu 0, au? (0) + pu% (1) = 0, 
gud (0) + Bu% (1) =0, 12k, =k =0, 


with linearly independent boundary conditions, and conversely. 


It should be noticed that the differential system does not define a unique 
normal orthogonal set because of the fact that in any normal orthogonal set 
any of the functions may be replaced by its negative. Indeed, in the case 
corresponding to the boundary conditions (4c) and (4d) the situation is even 
more complicated. 

We have 


pr? f Ui, = Í wu = Wi (1) ue’ (1) — wi (0y (0) — f Uitg” 
whence 


(A) S (un + prPux) ui = ui (1) un’ (1) — u (0)w (0) = die 


This equation is fundamental in our succeeding work. 

When the boundary conditions satisfied by the set {u:} are of types (4a), 
(4b), (4c), (4d), the constants aix in (A) all vanish. The closure of the 
set {w;} then requires that ux” + px?ux—=0 almost everywhere on (0,1) for 
k—1,2,-+-+. Thus the set {w:} must be one of the normal orthogonal sets 
determined by the differential equation w” + pu = 0 with the boundary con- 
ditions (4a), (4b), (4c), or (4d). For special choices of kı, ka, a1, Bı, the 
system written down in the theorem is equivalent to one or another of these 


» 
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systems. With (4a) we have u—-+ 2% sin riz; with (4b), Uy = oh! 
Wi = + 2% cosa(t—1)a; with (4c), 


Weel, 
Uzr = At COS rle + p sin Pale, 
° Uzt = pr COS 2rla— M Sin rls, M? + wi? = 2; 
with (4d), 
Uzt-1 = À cos (22 — 1)re + misin (2l — 1)rg, 
Ut = pm cos (RI —1)ra—Az sin (21 —1) ax, M? +m? =R; 
When the set {u:} satisfies conditions (4e) the discussion is more diff 
cult. We divide it into three subeases. 


Case J. f£,==0. We may assume that uz’ (1) is different oe zero fo 
k == æ; otherwise we fall back on the case in which the set {w:} satisfies th 
conditions (4b). From (8) and (A) we conclude that 


S$ ui2(1) = Ð aie?/tte’ (1) 
i=1 a=1 


is a convergent series. The theorem of Riesz-Fischer proves the existence o 
a function f summable with summable square such that ffu: == u:(1); an 
the closure of the set {ui} enables us to write 


ux!’ + pi? Us = us! (1) f 


almost everywhere on (0,1). The general solution of this enon is well 
known. The function uw, is found to be 

Up = Oy COS ppt -Hbr sin prt 4- we’ (1) pre (£; f)/pr 

Ug! = — peta, BID prt + pubs, cos put + w (1) Ye (2; f), 
where az, br are constants depending upon k, and ox, Yx are the functions o: 
Lemma II. The condition uz’ (0) = 0 yields prb = 0. Since only one of th 


functions u; can reduce to a constant, we must have pz > 0, k >.2, and by, == 0 
k= 2. Then from Lemma II 


uy’ (1) = — rpk sin pr + w’ (1) o(1) 
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f so that 


un’ (1) = — inpr sin pa (1 + 0(1)) 
and 


Ux = ay (cos pæ -+ 0(1)). 
When this value of ux is substituted in the equation f ux? == 1, we find , 
1== ax? f (cos pe + 0(1))* = a? (f cos? pe + 0(1)) 
= an? [$ + (sin 2px) /4px + 0(1)] = w (3 + 0(1)). 
Hence o,?==2 + 0(1), ar = +2% + 0(1), and 
Un = = 2% (cos pew + 0(1)), 
Un! = + 2% pp (— sin pe + 0(1)). 


The condition that }u?.(1) be convergent shows that cos p= 0(1). We 
now consider the boundary condition au,(0) + Boux(1) =0. On Papiere 
Ux(0), us(1) by their asymptotic forms this condition becomes 


ch 2% a + a2 0(1) + B20(1) = 0 


so that «a= 0. Thus the boundary conditions (4e) must take the form 
w’,(0) = 0, uw, (1) = 0. In consequence the-constants ay, vanish identically, 
with the result that 


ay” + pr? ur = 0 


- almost everywhere. The remainder of the reasoning is analogous to that of 
` the first paragraph in the proof of the theorem. It should be noted that the 
functions vy satisfy the self-adjoint differential system 


v” + pr? vr = 0, 
ve(0) = v (1) = 0, 


and therefore constitute an orthogonal set. 


Case II. o,==0. By the transformation 2’ == 1 — v this case becomes 
Case I. 


Case III. «ps0. We may assume that ux’ (0) is different from zero 
for k == a, since otherwise we should fall back on Case I. Since 


Ata’ (0) + Bitte’ (1) =0 
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we have 


lia = [Bru (0) + artti (1) ] ta’ (0) /Ba 
-so that 


oo oo 

D [biru (0) + aru (1)]?/b = $ Qia?/ua? (0) converges. 

4=1 i=l . . 
Hefice there exists a function f summable with summable square such that 


S fui = [Bius(0) + au (1)]/B: - 


As a result 
Un!” + prun = un’ (0) f, 
and 
Ur = An COS pp F br Sin pet + Ux’ (0) pe(T; f)/pxs 


Un! == — pile SİN pr + brpr COS pre + ux’ (0) we (25 f): 
From these equations we find ux’ (0) = pxbz, and 


Ux = Ar COS prt + by (sin præ + 0(1)), 
Uk == pk [— ax sin. pr + bx (cos pre -+ o(1))] . 


The equation f us? = 1 shows that 
1 = ay? ($+ 0(1)) + asbro(1) + b? (4+ 0(1)). 


Thus az, br, which are real quantities in view of the fact that ar == (0), 
by = Ux’ (0) /px, must specify a point on the real trace of the conic Cx: 


a (4 + 0(1)) + ey o(1) +4 (4 +004)) =1. 


For large values of & this is an ellipse lying in the ‘neighborhood of the circle 
x’ + y? =2. Consequently | a| and | brp | are bounded, and 


(B) Gn? + be = 2 + 0(1). 

By the convergence of the series $, (B1uz(0) + a1ux(1))? we have 
Bytn(0) + aytie(1) = 0(1). 

The boundary condition of (4e) involving the first derivatives is 


an (0) + Br (1) = 0. 


+ 
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In these equations we substitute the asymptotic values of the functions us and 
ux’, and, on dividing the second by pz, obtain the relations 


(C) Bak + Oy (ax COS pk F by sin pe) =o(1), ! 
(D) abe + Br (— ax sin px + bg cos px) = 0(1). 


We regard these as equations for a, and by. In view of (B) their determinant 
must be-o(1), since otherwise we would conclude that a, = o(1), br = 0(1). 
Hence we find 

— Ra B1 — (1° + fx”) cos px = 0(1), 


(E) COS pp = — 208i / (%1? + Br”) + 0 (1). 
From the boundary condition a u,(0) + Bzux(1) = 0 we derive the equation 
(F) Cotte + Bo (ax cos pr + by sin px) =o(1). 


Taking (C) and (F) as simultaneous equations for a, and br, we notice that 
the determinant of the system must be o(1) by virtue of (B). This deter- 
minant is 

sin pr (%12 — BiB2). 
If sin pp=o0(1), then cosp,—-1-+ 0(1) or cos pr =—1+0(1). In the 
first case (E) yields 20:8:/(a.’ + 82) =— 1, &ı =— ßı; in the second, 
2%,8,/ (as? + 8,7) = 1, «ı = 8 These possibilities are excluded by the in- 
equality a,” — 8,?5£0. Consequently sin py is not 0(1) ; and a,¢,— B,Bo== 0. 
We may take a= 81, B2 = @ without loss of generality. Under these con- 
ditions the constants ai in (A) all vanish, so that 


uk” + pur = 0, aw (0) + Byun’ (1) = 0, 
Bitte (0) + ou (1) = 0. 


The determination of the set {ui} is complete. Since it is od that the func- 
tions vz satisfy the self-adjoint differential system 


On” + pr?g==0, Badu’ (0) + aw (1) = 0, 
awr (0) + Biv. (1) = 0, 


they constitute an orthogonal set. 


COROLLARY. Under conditions (1)—(4), the set {vi/pi} is a closed nor- 
mat orthogonal set except in the cases (4b) and (4c). 
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It is evident that, if the boundary conditions (4) be relinquished, we can 
still obtain some information concerning the asymptotic character of the func- 
tions ui, v: and the constants p; when 4 becomes infinite. In fact, by the con- 
sideration of proper subcases, we can use the equation (A) to obtain asymp- 
totic forms under all circumstances. The principal result may be stated 
roughly by asserting that the set u; and a properly chosen subset ŭ, of one of 


_ the normal orthogonal sets described in the theorem above have the relation 


u: — i; —o0(1). The fact that we have been unable to apply the properties 
of the set {w:} in such a manner as to obtain more exact information makes it 
seem useless to give any account of these rather tedious investigations. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 


The Normal Probability Function and General 
. Frequency Functions. 
By M. H. STONE. 


x 


Many years ago Pearson investigated the problem of representing a given 
frequency function as the sum of a number of normal probability functions 
or Gaussian frequency functions. The problem was suggested to him by 
Weldon, who had seen the possibility of resolving a frequency distribution 
encountered in certain biological researches into the sum of two normal dis- 
tributions. Pearson gives a method for obtaining a “best” approximation 
to a given frequency function by a linear combination of n normal probability 
functions, but does not consider the convergence.of the approximating sums 
when n becomes infinite. In the specific problem raised by Weldon Pearson 
shows that his method yields curves fitting the given frequency curves in a 
highly satisfactory manner.* 

The object of the present paper is to discuss the approximation of an 
arbitrary function f(x) on the interval (— œ, + co) by linear combinations 
of functions of the form e~(*-*, where A and p are constants, A> 0. We 
obtain three theorems concerning the representation of an arbitrary function 
in terms of a given set of functions of this type. This set may be so chosen 
as to include the functions determined by Pearson’s process for’a given fre- 
quency function f(s), when those functions are normal probability functions. 
We do not obtain any information about the convergence of Pearson’s sums, 
however. 

In the following pages all functions considered are real functions of the 
real variable x defined on the infinite interval (— oo, + co) and measurable’ 
in the sense of Lebesgue on that range. ~All integrals are taken in the sense of 
Lebesgue; and it should be particularly noted that a function is integrable 
in the sense of Lebesgue if and only if it is absolutely integrable in the sense 
of Lebesgue. 

Our work is based on the Riesz-Fischer theorem for a set of functions 








; * Karl Pearson, Philosophical Transactions of the Royal Society, Vol. 185 A 
(1894), Part I, pp. 71-111. g 
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normal and orthogonal on the infinite interval — % < s < + œ," and on 
certain theorems concerning the representation of an arbitrary function f (£) 


by the integral 
+00 i 
Wpf a) = (v/a)* fO HO) er dy. 


wheh y becomes infinite. 
We begin by establishing four lemmas. The first deals with the integral 


W, defined above, and may be stated as follows: 


Lemma I. If f(x) is an arbitrary function for which the integral 
W,(f; x) exists for every pair of values (v, £), v = N > 0,— œ< gs <+ %, 
then : i 
lims» Wy (f; £) = f (2) 


almost everywhere. 
Lebesgue has shown that if f(e) is integrable on (— œ, -+ œ) then 
limpo We(f; 2) = f(a) 


at every point at which f(x) is the derivative of its indefinite integral ; that is, 


almost everywhere. The convergence is uniform on any closed interval com- 


pletely interior to any range on which f(z) is continuous..| The hypothesis 
that f(z) is summable on the infinite interval is unnecessary. We let f(s) 
be a function for which the integral W, exists, as stated in the lemma. For 
instance a sufficient condition for the existence of this integral is that 


| f(a) | = O (ell), a < 2, K <0. 


We choose any value of « for which f(s) is the derivative of its indefinite 
integral; for it is clear that on any finite interval f(y) is summable, being 
the product of the summable function f(y)e"%* and the continuous func- 
tion ew", We choose also a fixed positive number o and a value.» greater 
than either of the numbers N and 1/4c*. Then for v = v, and for each 


. value of y outside the interval (*—o, s + o) the function (v/a) #e"w-#" ig 


a monotonely decreasing function of v, as is readily seen by computing its 
derivative with respect to v. Thus, by choosing a negative quantity A and 


* Plancherel, Rendiconti del Circolo Matematico di Palermo, Vol. 30 (1910), pp. 
290-297. f : 

tH. Lebesgue, Annales de la Faculté des Sciences de Toulouse, ser. 3, Vol. 1 
(1909), pp. 90-91. 


and General Frequency Functions. 545 


a positive quantity B, both sufficiently large in absclute value, we can write 
the inequalities 


[o/m)# f py)eromtay |S (v/a) fF) eeey 


< (vaye) [| f(y) | orsrtay 


; < ¢/4, 
and, similarly, 


ongs S p (y)eraody | < e/4 


where ¢ is a preassigned positive number. Then by Lebesgue’s results. 
B 
| 0/)* f Po) dy— jle) | <2 
for v sufficiently large. On adding the three inequalities we see that 


| W(fs 2) —f(2) | <€ 


if v is sufficiently great. The lemma is therefore true. 

We let 0< Ax, Ao, * - +, indicate the numbers of a monotonely increasing 
sequence with limit point + co, and su, me, * ` *, the numbers of a countable 
set everywhere dense in the open continuum — o < <+ œ. We employ 
henceforth the notations l 

dix = ge^ (o-pn)® Wir a (x ane Br) eM (e-ur)? 
It is then possible to prove 


Lemma II. No finite set of the functions pix or of the functions yir is 
linearly dependent. . 


We are to prove that the identities 


5 Cinpix = 0, X, diryir = 0, —o <r<+ o, 


in which the sums are finite sums, imply that the constant coefficients c and d 
all vanish. 

` Let > cpi = 0 be a finite sum in which none of the coefficients van- 
ishes. We single out the least value of A; occurring in this sum and denote . 
it by à» Among the functions ¢ containing A, there is one containing a 
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greatest value of px; we denote this function by ¢o, its constant coefficient by 
co, and the value of yx which it involves by wo. Then we have 


1+ E cinhin/copo = 0, Cy 5 0, 
the sum being extended over all the functions except o appearing in the given 


identity. Now it is easily seen that the ratio ¢iz/¢5 has the limit zero when æ% 
becomes positively infinite; for, either 


pir/ do = eTM (E-H)? +A le-o) y 0; M > Ao» 
or 
pir/ bo = eM Mien) @ yl? Ma") > (), Brk < po 


As a result, we can obtain a contradiction by letting « become positively infi- 
nite in the second form of the identity. This proves the first part of the 
lemma. ` 


Because of the fact that ¢'is = — 2dAmix, an identity of the form 
S di implies an identity Scuda==C, where C is a constant and 
Cin = — din/2dAi. On letting x become infinite we see that C must vanish, 


since each of the functions approaches zero with. 1/s. From the first part of 
the lemma it follows that the constants c, and therefore the constants d, must 
vanish. 


+00 
Lemma III. If f(x) is a function for which the integrals f f pady, 
. -0 
i, k = 1,2, +: , exist, then the integral W, exists, v Z M, — œ < x < o, and 
+09 

conversely. If f(x) is a function for which f f pady = 0, i, k = 1, 2,°°°, 
-00 

then f(x) = 0 almost everywhere. 

To prove the existence of W, we use the fact that if two functions fı, fe 
satisfy the inequality | fı | = | f2 | and if fa is summable on (— œ, + œ) 
then fı is summable on the same infinite range. For any given value of z 
we can choose p and pm so that pr < & < pm. Then it is easily verified that 
for v È M 

0< g-t (y-0)? S ehun < Ken ueo? — o <y <0, 
0< errr? = eA y-o)? < Kereta), ox y< +o. 


The principle by which the third inequality in each line is obtained may be 
stated in graphical terms as follows: the curve representing a function of y 
is monotonely decreasing and asymptotic to the axis of y; if the curve is 
translated to the left it lies wholly below its original position. It follows that 
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RO exists. Thus the existence of W, is established. The 
-00 , 
converse is trivial. 
+00 
Suppose that f f dindy = 0, i, k = 1, 2,” <+. We choose œ as any 
-00 


value for which W,(f;2) — f(x), since this integral exists and has a limit 
almost everywhere; we choose pz and pm so that pı < £ < pm; and we déter- 
mine a sequence of values px lying on the range pı < p < pm and approaching 
x as a limit. Then the functions ¢i, corresponding to these values of px 
_ satisfy the inequalities 


0< diz < pin —O LYS un 0S pir < pim Pm Zy cto. 


We now choose a and b so that 
va +00 a +00 i : 

| fi teat f tena |< fT ltl budy + [UIF bondy < 4/3, 
-00 b ~00 b 


n 
| — fi tomona [Tiense | <3, 
e ~00 


where e is an arbitrary preassigned positive number. We notice that f(z) is 
summable on (a,b); by reasoning like that used in a similar situation in 
Lemma I. Because e™ -4° converges uniformly to e™-*)* on (a,b) when 
px approaches x we can take 


| f f(y) bin (y) dy — Í : f(y) enin- dy 


by choosing py near enough to x. Adding the three inequalities we obtain 


+00 +00 
sf f dindy — f f(y) eoo dy 
-00 -00 


whence, by our hypothesis, 





: < ef 








<6 





[Siroma | <e 


Since e can be chosen arbitrarily small, i and æ being fixed, it follows that for 
each pair of values (Ai, £) the integral Wy,(f;2) vanishes. On allowing A; 
to become infinite we find z mV 


Wa (fs 2) => 0, Wr (f32) > F (2), f(z) = 0. 


Since in choosing v we had merely to avoid the points of a set of measure Zero, 
we conclude that f(s) = 0 almost everywhere. 
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j +00 
Lemma IV. If f(x) is a function for which the integrals f f bundy, 
-0 


i, le = 1, 2, ` ++, exist, then the integral 


If; 2) = (Dyr) S FO) aeiy 


exists, and conversely; and W,(f; z) exists. If f(x) is a function such that 

<- +00 

f f windy = 0, i, k = 1, 2, > +, then f(x) = c, where c is a constant, almost 
-0 

everywhere. 


The proof of the existence of the integral I, is analogous to that of the 
corresponding proof in Lemma III. The existence of W, can then be de- 
duced almost immediately from the inequality 


0< eruo)? < |y—z | evn)? |y— z | >11. 


+00 . 
We now suppose f(x) such that f f indy = 0, îi, k = 1,2, ©. For 
-0 ' . 


an arbitrary value of œ we can show that I,(f;7) = 0, v = M, Ax, * °°, by 
reasoning similar to that of the last part of the proof of Lemma III. We ~ 
next choose a value a for which W,(f;a@) f(a), and an arbitrary value g 
for which W,(f;2) > f(x). If we can show that 


is S Is(f;s)de = W,(f;x) — W,(f324), v= àp àg,’ 
we have the results 
Wr (fs &) — Wri (fia) > 0, Wa. (f; 2) — Wy (f; a) > f(z) — f(a) = 0. 


From the last equation we see that f(x) = f(a) for almost all values of g. 
In order to establish the last part of the lemma we wish to show, there- 
b . eo 
fore, that the integral f I,(f; @) dx may be evaluated by integrating under 
the sign of integration in J,, for fixed v and arbitrary finite limits a and b. 
Now foraSa¢b 


Jy—alerre?  S|y—alerr, me cy Sy, 


ly—alerrr® S |y— b | era, Yoyo. 
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Thus, for as=asd, 
| (ara) F(a) gay + (28/0) PF Flay u — a)ri 
< (y) f IFO) |y—a | rody 


+ (2r) Sa [f(y || y — b Ler dy ° 
S ¢/2(b — a) 


for A negative and B positive and both sufficiently great in absolute value. 
Similarly we have for s = 4 and g =b , 





+00 A | 
(v/a) Fg eremay + O/ay% f FO | < e/t 


if A and B are properly chosen. It is well known that 
: b pB d 
ènt) f S Fy) ya) dy de 
Q 


; 
T fo fy) (ore — errmyay, 
A 
the integration under the ‘integral sign being permissible. Thus we have 


| S 1(f30)de— W,(f; b) — Wolfs.) | 


| earme f? (fit f° Joea 


— emf m S ) f(y) (Grae as ordy | < 


(2y°/2/n%) f I( f “t+ Í f ) Hu) uarota | de + (0/2) 
te 


' The desired equality follows at once, since e may be taken arbitrarily small. 
We next prove 


Tueorem I. If f(x) is summable on every finite interval, then on any 
finite interval (a,b) a sequence. of linear combinations of functions of the 
_ type ee? can be determined converging almost everywhere to f(x), the 
convergence being uniform on any closed interval completely interior to a 
range on which f(a) is continuous. 
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We choose an interval (A,B) including an arbitrary preassigned interval 
(a,b) in its interior. We let f, be identical with f on (A,B) and identically 
- zero elsewhere. Then W,(j1;2) converges to f(x) almost everywhere on 
(a,b), the convergence being uniform on any closed interval completely 
interior to an interval on which f(s) is continuous.* 
We divide the interval (A,B) into n equal intervals A,, - ++, An. tn 
each interval we choose a point s = p; Then for y in A; and v in (a,b) 


| EP- ___ grla)? l = 2y | pi —T + o(y — pi) | g” g- wt 8 Cy-Ha) )? | y — mi | 
l < max | 2Xe-*"| y4 (B—A)/n 
< (Cv*/n), o< 


by the law of the mean. Hence we can write 


Wr fis x) = > (v/T) % 1 f(y) dy » giok)? 


2 2 o/m" S ere 2 __grv(a-ms)*) dy, 


n 
The first term is of the form >} C;%™ e-¥‘*-4)*) ; the second is in absolute value 
11 


B 
less than Cy J: |f| dy/nr. Hence if v= nt, æ < 1, the last term ap- 


proaches zero on (a,b). In short 


3 OO, ern (a-n4)4 eae „alfi; x) -H O (net) 


i=l 
uniformly for aS s =b. The theorem results immediately. 


THEOREM, II. If f(x) is a function whose square is summable on the 
infinite interval (— œ, + œ), then f(x) can be represented by a sequence 
of sums of the form > cizdix converging essentially uniformly to f(x) on 


(= 0, + æ). 


By Lemma IT the set of functions ġix can be normalized and orthogonal- 
ized by Schmidt’s process * on the interval (— œ, + 0). The functions 4; 
so defined are linear combinations of the functions ¢ and conversely. In 
view of this fact and of Lemma III the functions ; constitute a normal 





* Lebesgue, loc. cit. , 
7 E, Schmidt, Mathematische Annalen, Vol. 63 (1907), pp. 442-444. 
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orthogonal set closed with respect to the class of functions f for which the 


tH 
integrals f f®idy exist, this class being the same, as that for which the 
‘OO . 


+00 
integrals f fomdy exist. Any function f whose square is summable on 
“00 


(+ œ, -+ œ) can be represented by a sequence of sums selected from the set 


n : +00 
> cB, ti = f fõidy, 
i=l -00 


this sequence converging essentially uniformly to f(x) on (— œ, + œ), in 
accordance with the theorem of Riesz-Fischer in the form given to it by Weyl — 
and Plancherel.+ This establishes the theorem, since ®; is a linear combina- 
tion of functions ¢. i 

For the proof of the third theorem we employ a continuous function 
with the following properties l 


p(x) > 0, 
rup(z)>6>0, s+ o, a, > 4, 
xp (%) >c: > 0, t—>— o, & > 4. 


Then p? is summable on (— œ, + œ), and its integral over that range may 
be taken equal to unity. We denote by g(#) any function expressible in the 


form 
a a b +00 
g(t) = f pf dy— A f pdy, A= f pf dy; 
-00 -%0 “CO 
that is, in the form 


' where f and f, are functions whose squares are summable on (— œ, + wo). 
If g(s) is an indefinite integral, such that g and g’ satisfy the conditions 


g(x) 30, |a|— oo, ; 
g(s) =0(), s>to,, athi, 
g' (€) = O(| «| *), T —> — %9, Oy -+ B2 < — 1 


then fı = g’/p is a function whose square is summable, and such that 


g(z) = S. pfıdy = f su. 


We can-now prove 





~ * Plancherel, loc. cit. 
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TuxoreM II. Any function g(x) can be represented by a sequence of 
sums of the form > capir converging uniformly on the infinite range 
—a<cercto. | 


From Lemma II and the fact that y/p is summable with summable 
square on (— 0, -+ œ) we can form from the set of functions yiz/p a nor- 
mal orthogonal set ¥i/p. The functions ¥ are expressible as linear combina- 
tions of the functions y and conversely. Consequently the set of functions f` 


+00 
for which the integrals f (f ¥i/p) dy exist is identical with the set for 
which the integrals fo (f Wix/p)dy exist. Since the set of equations 


fr (f &:/p) dy = 0 implies the set fi (f dauid = 0, it implies also that 


f(x) reduces almost everywhere to a constant multiple of p(x), by Lemma IV. 
The set of normal orthogonal functions composed of p and the functions ¥;/p 
is closed with respect to the class of all functions f for which the integrals 


+00 ` p+ 
f f p dy, f (f ¥i/p)dy exist. We now employ the theorem of Riesz- 
-00 ~00 


Fischer to show that, if f, is a function with summable square for which 


See fi dy = 0, 
so 1— $ cit:/p)°dy = 0, 

where c; = Shee pdy. Thus, by Schwarz’s inequality, 

| S plfr— 5 ci(Wi/p) dy | s (fi pdy T. [f — > $ ewp) 
a =( S i aota) <. 


for n sufficiently large. In other terms, the sequence 
cia 2 kå z 
Xi f (p-Wi/p)dy = Sor f Y; dy = X cindin 
_ 1 -00 i=l -%0 ‘ 


converges uniformly to g(a) = f - pfidy on the range —a < g << ow. 
-œ 
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On (3,3) and Higher Point Correspondences.” 


By Tempre Rick HOLLCROFT. 


y 
e 


1.. Purpose and general definitions. The classification of (2, 2) point 
correspondences between two planes was made in 1917 by F. R. Sharpe and 
Virgil Snyder.t Since then (2,3) point correspondences have been classified 
by the same methods.{ ‘There are also some earlier papers that discuss cer- 
tain correspondences but make no attempt at classification. References to 
these are given in the papers on (2,3) point correspondences. 

Point correspondences are said to be classified when all the algebraic 
curve systems defining‘ such correspondences are found that are not reducible 
to each other by birational transformations. 

In the present paper it is proposed to classify (3,3), (2,4), (8,4) and - 
(4,4) algebraic ‘point correspondences and give the principal features of each. 
The (8,3) correspondences will be treated in some detail, but only the essen- 

' tially different features of the others will be discussed. 

Point correspondences between two planes, both multiple, may be either 
involutorial or not involutorial. The latter are called general correspondences, 
the former, compound involutions. In a general (3,3) point correspondence, 
to any point P’ of the plane (s) correspond three points P,, Pa, Ps of the 
plane (x). The image of P, is P’ and two other points P,’ and P,” ; that of 
P, consists of P’, Py, P,” and that of Ps: P’, Ps’, P”, all distinct points. ' 
Going back to (x), to P,’ correspond P,, Ps, Ps; to P,” correspond Pu, Pe, Po 
ete. The.correspondence does not close up, that is, starting with an arbitrary 
point in either plane, any numberof points in either plane can be obtained by 
repeating the transformation. In the case of a (3,3) compound involution, 
however, the correspondence closes up after the second application. To a 
point P’ of (æ) correspond three points P}, P2, Ps of (x) to each of which 


* Presented to the American Mathematical Society, February 26, 1927. 

+ F. R. Sharpe and V. Snyder, “Types of (2,2) Point Correspondences Between 
Two Planes,” Transactions of the American Mathematical Society, Vol. 18 (1917), pp. 
409-414. 

4T. R Holleroft, “A Classification of General (2,3) Point Correspondences 
Between Two Planes,” American Journal of Mathematics, Vol. 41 (1919), pp. 5-24; 
“On (2,3) Compound Involutions,” American Journal of Mathematics, Vol. 48 (1921), 
pp. 199-212, : 
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correspond the original point P’ and two other points P,’, Ps’, and the images 
of either P’, P.’ or Py are the three points P,, Pa, Ps of (x). In this case, 
one point of either plane determines only three points of each plane. 


2. Properties of the general correspondence. In the general (3,8) 
point correspondence, a type is distinguished and defined by two equatiohs, 
each containing the coordinates of both planes. Independent types- are those 
whose defining equations can not be reduced to those of another by any bira- 
tional transformation. There are fifteen independent types of general (3,3) 
point correspondences. 

The defining equations of a general point correspondence between two 
planes (x) and (x’) may be written as two algebraic equations of the form 


D u(x) ux (x) = 0 
X v(x) v (x) = 0. 


For any set of values of the 2,’ [x:] these equations represent two curves of 
(x) [(2’)] intersecting in three non-basic points which are the images of 
the point defined by the original set of values of x,’ [2]. In addition to 
the point correspondence, the defining equations establish a transformation 
betwéen the two planes such that to a line O,’ of (2’) [C, of (x)] corresponds 
a curve Cn(v) [Ona (2) ] of order n and genus p through the basis points of 
(2) [(2)]* 

In any (3,3) point correspondence, the general features of both planes 
are the same, differing only because the defining equations of the two planes 
differ. In the remainder of this section, the general properties will be given 
for only one plane, but they will apply equally well to the other. 

To a point P’ of (x’) correspond three points of (s) which describe the 
image curve C,(%) as P’ describes the line C,’. To the point of inter- 
section of two lines of (x) correspond in (x) three non-basic intersections of 
the two curves which are the images of these lines. These three image points 
always lie at the intersections of the two curves of (x) given by the defining 
equations for the set of values of a;’ determined by the point P’ of (2’). 

' The images are distinct points except for points on certain fixed curves. 

If two of the three-image points of (m) coincide, the point P’ lies on the 
branch-point curve of (2’) which ‘will be denoted by L’. The locus of the . 
corresponding coincidences is the coincidence curve of (s) denoted by K. 
The locus of the third image point in (s) is the residual curve denoted by G. 
Both K and G are in (1,1) correspondence with L^. When all three image 


* For an explanation of basis points see Holleroft, loc. cit., (first paper), page 7. 
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points coincide, K and G have a common tangent at the coincidence and P’ 
is a cusp on L’. The image of L’ is K?G. Aside from basis points, the only 
singularities of £’ are cusps. K and G each have the same genus as I’, but, 
aside from basis points, their singularities are not further restricted. 
The following relation exists among the intersections of the coincidence 
and residual curves with the respective branch-point curves of the two planes. 
The contacts of K and L increased by the intersections of G and E equal the 
` contacts of K’ and L’ increased by the intersections of G” and I’. 

If a line C, meets K and G in i and j points respectively, its image 

Cx’ (z) has i contacts and j intersections with L’. The image of C,’/(x) is Cz 

_ counted three times and a residual curve that cuts O, in 2d +i points cor- 
responding to the d non-basic double points of C,’ and the i contacts of I’ | 
and 0z’. 

3. Types. The fifteen independent types of general (3,3) point cor- 
respondences will now be enumerated. Each type is established by a set of 
defining equations as described above. Special cases may be common to two 
or more types. In the following table, the types are denoted by Roman nu- 
merals and opposite each is given the description of the curves constituting the 
defining equations belonging to that type. The symbol Ön; jP; represents a 
curve of order n which has j basis points each of multiplicity i. 


Type ux (x) un! (a) v4(2) of (2’) 
I OA Cı Cs O; 

II O 4 Os Cs GA 

In C, On; Pas GA 01; Pa 
IV GA Oa; Piv Cs Cz; Pa 
vV. 0 Cs; 6P: Cs Cs; 6P, 
VI C Co; 8Ps O3 C3; 8Px 
VII 0 C2; 2P: C3 C3; Pi, Po 
VIII. a3 Pi 04; Pa Cn; Pas Cn’; Puls 
IX Qı; Pi Cs; 6P, On; Pas Cs; 6P, 
X CP: C33 8P: Cn; Pas Cy; 8Ps 
XI Ca; Pi C2; Pi C2; Px C2; Pi 
XII -© Oa;P Os; 6P, Co; Pa C3; 6P: 
XIII « Cs; 6P: C33 6Py Cs36P:1 -~ Cs; 6Pi 
XIV = On; 6Py C2; 8P: C23 6P,, Co; 8P; 
XV C3; 8P, C3; 8P, C5; 8P; Cy; 8P; 


The methods by which the characteristic curves of each type are obtained 
are similar to those used in the paper on general (2,3) point correspondences 
cited in section 1. í 
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4. Completeness of the classification. In order to show that the classi- 
fication is-complete, it must be proved that the defining equations of any gen- 
- eral (8,3) point correspondence are birationally equivalent to the defining 
equations of some one of these fifteen types. To establish a general (3, 3) 
point correspondence, it is necessary and sufficient that in both planes the two 
curyes given by the defining equations intersect in three and only three non- 
basic points, provided that in neither plane both the curves given by the 
defining equations belong to nets or pencils. The six curve systems employed 
in the above fifteen types are as follows: line and cubics; line pencil and 
curves of order n with a point of multiplicity n — 3 at the vertex of the pencil; 
conics with one basis point; cubics with six basis points; cubics with a double 
and a simple basis ‘point through both of which pass conics; cubics with eight 
basis points and curves of order nine with triple points at each of them. 

` From these six curve systems can be obtained forty-two sets of defining 
equations of which twenty-seven are either reducible to the remaining fifteen 
or else do not define a general (3,3) point correspondence. The latter is true 
of all those for which in either plane both the defining curves form nets or 
pencils since in these cases the correspondence is a compound involution. 
Also when the fact that one of the components of a defining equation forces the 
other component to be also a pencil, the correspondence established is usually 
a special case of some type. For examples of this and of sets reducible to other 
‘sets by means of birational transformations, see the paper on general (2, 3) 
point correspondences cited in section 1. 

It now remains to be shown that any curve system that has three non- 
basic intersections is birationally equivalent to some combination in the 
above six systems. The proof for this is essentially the same as that for 
(1,2) and (1,3) plane involutions and was first used by Bertini * in reducing 
(1, 2) involutions to three types. 


5. Compound involutions. Every (8,3) compound involution can be 
expressed as a combination of two (1,3) involutions and one birational trans- 
formation. t ' 

Assume that a (1,3) involution has been established between two planes 
(y) ‘and (x). Then to a point P of (y) correspond three points Pa; Ps, Ps 
of (z) and to each of these points of (x) corresponds the point P of (y). 


* E. Bertini, “ Ricerche sulle trasformazioni univoche involutorie nel piano,” Annali 
di Matematica, Ser. 2, Vol. 8 (1877), pp. 244-286. 

+R. Baldus, “Zur Theorie den gegenzeitig mehrdeutigen algebraischen Ebenen- 
transformationen,” Mathematische Annalen, Vol. 72 (1912), p. 33. 
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Also to lines of (x) through P, Pa, or P, correspond rational curves of (y) 
forming a net and all passing through P. Assume further that a (1,3) invo- 
lution has been established between the planes (y’) and («’) such that to a 
point P” of (y’) correspond the points P,’, Ps’, Ps’ of (x). o 

. The planes (y) and (y’) contain nets of rational image curves through 
the points P and P’ respectively. Since any two rational curves are biya- 
tionally equivalent, a (1,1) correspondence exists between (y’) and (y) such 
that P corresponds to P’ and P’ to P and such that all curves in (y’) that are 
images of rational curves of (x’) and all curves ‘in (y’) that are images of 
rational curves of (2’) are transformed reciprocally one into the other. 

Then to each of the three points P,’, P.’, P;’ of (#’) corresponds P’ of 
(y’) to which corresponds P of (y) to which correspond Pı, Pz, Ps of (2). 
Reciprocally P,, Ps, Pa ~ P ~ P~ Py’, PX, Ps’. Between the planes (x) 
and (2’) there is thus established a (3,3) compound involution. 

The curves of either plane are transformed into curves of the other by 
three transformations, two rational and one irrational. Since the two planes 
(y) and (y’), are birationally equivalent, they may be considered the same 
plane in which the two systems are rationally separable. Then the image in 
(x°) of a curve of (x) is obtained by applying to its image in (y) considered 
as being also in (y’) and as retaining its basis points as fixed points of (y’) 
the transformation from (y’) to (#’). A similar series of transformations 
relates (x’) to (a). 

If two of the three images of a haa P’ of (2’) coincide, P’ is on L’, 
the branchpoint curve of (#’). The locus of the corresponding, coincidences 
in (æ) is the coincidence curve K and the locus of the third image point is 
the residual curve G. K is the Jacobian of the net of curves in (e) that are 
images of the lines of (y). The image of L’ is K counted six times and G 
counted three times. The complete image of either K or G is I’. The 
curves L’, K and G are not in (1,1) correspondence as in the case of general 
(3,3) point correspondences. The non-basic intersections of K and G are 
all contacts to each of which correspond three cusps of L^. The three images 
of each of these three cusps coincide at the point of contact o K and G. 
The same general relations hold for L, K’ and @. 

The non-basic intersections of L and K, of L and G, of L’ and K’ and 
of L’ and @ are all equal in number and are all contacts. To each contact 
of L and K correspond a contact of L’ and K’ and a contact of L’ and @’. 
To the associated contact of L and G corresponds the same contacts of L’ and 
K’ and of I/ and G’ and the image of each of these is the original pair of 
contacts of L and K and of L and G. © 
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6. Types. There are five independent types of (1,3) point corre- 
spondences.* These types are defined as follows: 


Type I. Lines and cubics of a net. 
Type II. Line pencil, vertex P and Cy, with (n— 3)-fold point P. 
Type ITI. Two nets of conics with one basis point. 
° Type IV. Two nets of cubics with six basis points. 
Type V. Pencil of cubics and net of Cy with 8P; at basis points of 
pencil. 


Fifteen types of (3,3) compound involutions are obtained by combining 
the types of (1,3) imvolutions in all possible ways. In the following table, 
` the Roman numerals refer to the types of (1,3) involutions, and the Arabic 
numerals to the types of (8,3) compound involutions. Any type of (3,3) 
compound izivolutions is established by combining the (1,3) involutions in 
its row and ‘column. The (1,8) involutions in the row are those relating the 
planes (2) and (y’) and those in the column relate (x) and (y). 


I II III IV Vv 

I 1 2 3 4 5 
II 6 Y 8 9 
III 10 11 12 
IV 13 14 
y 15 


The proof that these are all the possible independent types of (3,3) 
compound involutions follows immediately from the fact that every (3,3) 
compound involution can be established by two (1,3) involutions and that 
there are but five independent types of (1,3) involutions. 

The characteristic curves of each type can be readily found by the general 
method outlined in the preceding section. 


Y. Pencil cases. The theorems proved for (2,2) and (2,3) compound 
involutions hold for all compound involutions and may be stated as follows: 


I. The necessary and sufficient condition that a multiple point corre- 
spondence be a compound involution is that the image curves in either plane 
form a net. 


II. A sufficient condition that a multiple point correspondence be a com- 


* A. M. Howe, “A Classification of Plane Involutions of Order Three,” American 
Journal of Mathematics, Vol. 41 (1919), pp. 25-40. 
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pound involution is that in either plane both components of the curve system’ 
defining the image points form pencils. 


In accordance with Theorem II, the fifteen types of general (3, 3) point 
correspondences become compound involutions when the defining equations 
each have but two homogeneous parameters. In the following tabulation, the: 
pencil form of each general: (3,3) point correspondence type (Roman , nu- 
meral) is a special case of the (3,3) compound involution type (Arabic 
numeral) given with it. 


I, IL, III, IV, VII, VIII, XI. 6 
` V, IX, XI 8 
VI, X jin toe SG le a Bf aaa ce O 
XI <b, a ee ee he S 
REV. Soe oie atl eee. fae A od He SS 
BEV Sook GOB) Ae ee we Ee Se D 


8 Cyclic cases. In Types II, IV and a special case of Type V of (1,3) 
involutions, the three image points form a cyclic projectivity of period three.* 
Those (8,3) compound involutions formed from: these types retain this prop- 
erty of the image points in one or both planes, depending on whether the 
compound involution is established by one or two (1,3) involutions of this 
kind. In a (1,3) involution there is but one set of three points determined 
by two lines ‘of the triple plane and forming a cyclic projectivity, but in a 
compound involution two lines of one plane determine several triads of points 
in the other plane, each triad forming a eyclic projectivity of period three. 
The following table shows the number of triads in each plane for a given type 
of (3,3) compound involutions. Types involving Type V of (1,3) involu- 
tions are not the most general (3,3) compound involutions of those types. 
In other cases the types are entirely general. 


Types Number of triads in 
(x) plane (x) plane 
2, 4, D, 11, IB Ge he 16 l 
6 2n’ +1 ` 2n +1 
y S E EE E 
8 36 Qn+1 
9 63 Qn +1 
13 36 36 
14 68 36 
15 63 63 


* A. M. Howe, loc, cit., pp. 39-49. 
7 ; 


‘560 Houtcrorr: On (8,8) and Higher Point Correspondences, 


9. (2,4) Point Correspondences. For the general correspondence, the 
defining. equations are of the same form as those of section 2 except that now 
the curve system of (x) defines four and that of (s) two non-basic points. 
The essential difference between any two general point correspondences con- 

` cerns the branch-point curve and its images, so these will be the only features 
discussed. : l 
* Given a pair of equations defining a general (2,4) point correspondence 
between the two planes (v) and (x) such that to a point of (æ) correspond 
four points of (x) and to a point of (x) correspond two points of (#’). The 
curve L is the locus of points of (x) whose two images in (#’) coincide, and 
the complete image of L is the coincidence locus K’ counted twice. The curve 
F’ is the locus of points two of whose. images in (x) coincide. The complete 
image of L’ is K?G@, where K is the locus of the two coincident points and G 
is the locus of the two residual non-coincident points. The complete image 
of K is L’ and the complete image of G is I. , 

When three images of a point P’ coincide, P’ is a cusp of L’ and the triple 
coincidence lies at a contact of K and G. When a pair of coincidences cor- 
responds to P’, P’ is a node of L’ and the two coincidences lie at two inter- 
sections of K and G such that the line joining them is tangent to G at both 
points of intersection. All four image points can not in general coincide 
since the curves of the system defining the four points can not in general have 
four point contact. 

The intersections of, L with K and G are all contacts and those of L’ and 
K’ are as many contacts as the contacts of L and K and as many intersections 
as the contacts of L and G. 

A (2,4) compound involution is equivalent to the involution product 
(2,1) (1,1) (1,4). The discussion of these is similar to that previously given. 
In the classification of (1,4) involutions, nine independent types were fourid* 
and these may be combined with the three types of (1,2) involutions in 
twenty-seven ways, so there are twenty-seven independent types of (2,4) com- 
pound involutions. i 


10. (3,4) Point Correspondences. When the defining equations deter- 
mine four non-basic points of (x) and three of («’) a general (3,4) point 


* T. R. Holleroft, “Plane Involutions of Order Four,” American Journal of Mathe- 
matics, Vol. 44 (1922), pp. 163-171. Professor F. R. Sharpe has called my attention 
to the fact that in the (æ) plane, the net of image curves of Type 9 of (1,4) involu- 
tions is reducible to the net of image curves of Type 8 by quadric inversion. Type 9 
should therefore be omitted and there remain nine independent types of (1,4) plane 
involutions obtained by the method of this paper. 
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correspondence is established. The curve L’ is now the locus of points two 
of whose images coincide on K and whose third image lies on G. The curve 
L is the locus of points which have two coincident images on K’ and two 
distinct images on G’. Both nodes and cusps occur on L but I’ has only 
cusps. Certain types have triads of points in (#’) forming cyclic involutions . 
of period three similar to those discussed in section 8. oe 

A (8,4) compound involution is equivalent to the involution product 
(3,1) (4, 1) (1,4). Since there are five types of (1,3) and nine types of 
(1, 4) involutions, there are forty-five independent types of (3,4) compound 
involutions. . 


11. (4,4) Point Correspondences. When the defining equations deter- 
mine four non-basic points in each plane, a general (4,4) point correspond- 
ence is established. Both L and I/ now have properties similar to L of the 
two preceding sections and both K and K’, G and G’ now have properties 
similar to those of K’ and G’ of the two preceding sections. 

A (4,4) compound involution is equivalent.to the involution product 
(4,1) (1,1) (1,4). The nine birationally distinct types of (1,4) involutions, 
when combined each with itself and with each of the others, give forty-five 
independent types of (4,4) compound involutions. 


12. Types of general (2,4), (8,4) and (4,4) point correspondences. 
There are, respectively, 30, 65 and 78 independent types of general (2, 4), 
(3,4) and (4,4) algebraic point correspondences. These are exhibited in the 
following table. l 


in the uppermost row of the table are given the eleven birationally inde- 
pendent types of algebraic curve systems of the (x) plane that define four 
points. In the column at the left, the first three curve systems are three bi- 
rationally independent curve systems of the (x) plane that define two points. 
(The Bertini curve system Os, 8P1; Os, 8P2, when combined with any curve 
system always defines an involutorial transformation. The system of two 
conics with two basis points is not an independent (1, 2) involution type when 
combined with two lines, but, in general, it forms independent types when 
combined with curve systems defining two or more points.) 

The independent types of general point correspondences are defined by 
equations of the form given in section 2 in which the uz; vx are the curve 
systems given in the row and us’; vx’ the curve systems given in the column. 
Each number denotes a type whose curve systems are given in the row and 
column in which the number is found. If the number has no subscript, the 
two curve systems occur in the defining equations in the order given, that is, 
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the first parts of each curve system form the first defining equation and the 
second parts of each curve system, the second defining equation. For ex- 
ample, Type 1 of general (2,4) point correspondences is established by two 
defining equations, the first formed by Ci(%) and C(x’) and the second by 
C(x) and C,(2’). If the type number has the subscript r, the equations are 
formed by reversing the order of either set. For example, Type 2 of (2,4) 
point correspondences (denoted by 2,) is established by equations, the first 
formed by C,(x) and C(x) and the second by Ci(a’) and C,(2). The 
combination corresponding to a space in which no number is given is bira- ' 
tionally equivalent to some combination for which a number is given. Al! for 
which numbers are given are birationally independent of all others for which 
different numbers are given. 

After the first three rows, the next six [last eleven] in the column at the 
left, contain the six [eleven] birationally independent algebraic curve systems 
that define three [four] -points, and in the six [eleven] rows opposite these are 
found the type numbers corresponding to combinations of curve systems that 
define independent types of general (3,4) [(4,4)] point correspondences. 
The last curve system C2, 2P1; Ca Ps, Pı defining four points combines only 
with curve systems defining more than one point to form independent types of 
point correspondences. 
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(x) | C1; Ca Cn, Pn C3, 5Py Ce; Ca Cs,8Pi; Ce, 8Pa; Ca, Pai Ca Pi; Ca 2Pi; Cs, Pi; Ca 2P13 



















z’) Cı, Pa; C3, 5P3; Cys, 8Pg Cu, 8P1 Cay Pe C3, 2P,  Cs,2Pq Cy,P2,6P1 Ca PaPa 
wea 1,2, - 3 4 5,6, 7,8, 9,10, 11,12, 28, 29, 
pe, |1 14 16 16 17 18, 19, 20, 


25 26 ~~ av 
10, 11, 12, 18, 14, 13, 60, 61, 


30 











Co Pi; 
On, Pas 16, 17 418 19 20 21, 22, 23, 
ae 24 25 26 27 28 29 80 62 
cer (31 82 38 ' 384 85 86 38% 388 39 40 63 
a aa 41, 42 48 44 45 46, 47, 48, 
Ca, Psi 49 50 51 52, 53e 54, 55, 56, 5%, 58, 59, 64, 65, 
Ca, Pa, Pa 

eae 3 4 5 6r Y, 8,9, 10,11, 12,18, 14,15, 65, 66, 


16 17 18 19 l 20, 21, 22, 


27 


Cs, 8P1; 
Ca 8P1 


Ca Pi; 


45, 46, 47, 48, 49, 50, 51, 52.69, 70, 








Ca, 2P1; 


CaP 53, 54, 55, 56, BT, 58, 71, Y2» 





Ca, 2Pi5 
Cs, 2P 


Cs, 7P13 
Cs, Pa, 6P3 


59, 60, 61, 62, 78, Y4, 





63, 64, 75, 76, 
YY, 18, 





Co, 2Pi3 
Cy, Pa, Ps 
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18. Correspondences of multiplicity higher than four. The chief dis- 
tinguishing features of general (m,n) point correspondences lie in the sin- 
gularities and the relations of the images of the branch-point curve, that is, 
are concerned with the various ways in which image points may coincide. 
Two general curves of a defining equation can not have more than three con- 
secutive points in common nor more than two simple contacts. This is trite 
because each pair of curves defining a set of points is determined by two inde- 
pendent parameters, the coordinates of the point of the other plane to which 
this set of points corresponds. These coincidences of image points occur when 

“either m or n is four, so that for m or n greater than four, no new features 
of this kind are introduced. 

Also, since no new features occur in (1,n) involutions for n > 4, a 
(4,4) compound involution has all the characteristic features of an (m, n) 
compound involution for all values of m and n. 

_ Jt has always been assumed that the curves of the defining equations of 
both general (m,n) point correspondences and (1,”) involutions are the 
most general curves possible. In any of these, special curves can be chosen 
for the defining equations that will allow the coincidence of more image points. 
For example, in the (1,4) involution determined by lines and a net of quar- 
tics, quartics that possess undulations may be chosen to define the four image 
points, in which case all four image points may coincide. 

The number of independent types of (m,n) point correspondences in- 
creases very rapidly as the multiplicity of one plane or each of the two planes 
increases. There is no further relation between the multiplicity and the 
number of types. 


WELLS COLLEGE, 


Contributions to the Theory of Soniukate i Nets. 
By Ernest P. LANE. 


1. Introduction. The projective differential geometry of a conjugate 
net on a curved surface was studied by G. M. Green in two memoirs which 
appeared in the American Journal of Mathematics in-1915 and 19162 In 
these Green took the conjugate net under discussion as the parametric net. 

The recent researches of Fubini and others heve shown the power of the 
methods of the absolute calculus in projective differential geometry. In the 
present paper we follow Green in taking a conjugate net as parametric, and 
obtain a new canonical form for Green’s equations. This we are able to write 
with covariant derivatives, using the methods of the absolute calculus. Our 
canonical form is invariant under all transformations of conjugate nets on 
the surface. 

The differential equations of a surface referred to its projective lines of 
curvature are obtained, as well as the equations of a surface referred to cer- 
tain other covariantly defined conjugate nets. The invariants of such a net 
are really invariants of the surface, and we are enabled thus to define pro- 
jectively certain classes of surfaces which seem to be of considerable interest. 

Several integrals geometrically connected with a conjugate net are set up, 
and some methods of investigation indicated. The unsolved problem of inter- 
preting these integrals geometrically is formulated. 

Wilczynski discovered the two directrices associated with each point of a 
surface (now called by Italian geometers the lines of Wilczynski) when he was 
investigating the congruence of intersection of the osculating linear complexes 
of the two asymptotic curves through a surface point. In our concluding sec- 
tion we have carried out a similar investigation for the osculating linear com- 
plexes of the two curves of a conjugate net through a point of a surface. 


2. A Canonical Form of Green's Differential Equations. Let the homo- 
geneous coordinates y™,-- -,y of a general point on a non-degenerate non- 
‚ruled surface be given as analytic functions of two independent variables u, v. 
If the parametric net is conjugate, the four functions y are solutions of a sys- 
tem of differential equations of the form * 


(1) Yuu = Yow + bYyu + CY» + dy, 
Yus = b'Yu + Yv + d'y, 


* Green, “ Projective Differential Geometry of One-Parameter Families of Space 
Curves, etc,” American Journal of Mathematics, Vol. 37 (1915). 
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whose coefficients satisfy certain integrability conditions, of which the only one 
that we shall use is 


(2) (b + 2c’)y = (2b’ — c/a — dy/a) u. 
- Besides the invariant coefficient a, we shall have occasion to use also the 
aaa invariants : 
=Y HV — ba - K = X + be —c'r, 
(3) yo = 2y + (C/A) u, WO = 2b’, — by, 
= (1/8a) (4ab’ + 2c — w), @ = (1/84) (4ac’ — 2ab + az), 
ae +E, D=ad/+abd?—c?%?+ d’c+ be’ + abo — Ceu 


These invariants are absolutely unchanged by the transformation 
(4) y=, 


which transforms the coefficients of system (1) according to the formulas 


a=a, b=b—2(du/d), `= 0 + 2a(A/d), 
d = (1/A) (— Auu + Adv + bàn + Cry + dA), 
(5) V =b h/h, =e —M/A, 
Ë = (1/A) (— w + bu + Mw + ad). 


The integrability condition (2) shows that there exists a function q such 
that l 


(6) qu=b + 2c’ + %an/a— 2Ru/R, qo= W — c/a + a/a — 2R /B; 


‘and equations (5) show that the effect of the transformation (4) on these 
deriatives of q is given by 


Gu = Qu-—4du/A, Gu = qo — V/A. 


Therefore, if we choose 
# A= eha, 


we shall have ĝu = ĝo = 0. In this way we obtain a canonical form for sys- 
tem (1), whose coefficients, denoted by capital letters, may be calculated by 
means of equations (5) and (6). These coefficients are expressed in terms of 
the invariants of system (1) by the following formulas: 


A=a, B=—2W — Whatua + Ru/R, C= a(28’ + Yar/a—R./R), 
(7) B’ = B + R/R, O = 0 — Yau /a + R./R, 
D =D — AB” +. 0 — AB's + C'a — B/C — BO’, 
D = H— BO’ + B'a =K — BC’ + O'n 
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This canonical form is characterized by the conditions 

(8) B+A2C’ + %Au/A—2Ru/R=0, 2B’/—C/A+ %A,/A — R/R =0. 
"The transformation Í i 

(9) d=$(u), T=y¥(0) 

leaves the parametric net invariant, but changes the coefficients of system {1)° 

according to the formulas 


d= (Yo"/$u?)a, b= (1/bu) (b — bun/$u) . 
(10) © o G= (Yo/$u?) (e + apw/po), d= (1/pè)d, 
E= (1/yo)b’, E= (1p), Ë — (1/pupo) t, 


and changes the relative invariants (3) according to the formulas 
(11) B= (1) BW, C= (1/9) 0, B= (1/g?)R, D= (1/Supo)D, 


-the invariants H, K, W“, W™ being cogredient with D. Since equations 
(8) are invariant under this transformation, it follows that our canonical form 
is undisturbed thereby. In fact the most general transformation of the group 


y=j, ü=¢(u), T=y(v) 


which leaves our canonical form invariant is obtained by placing \ = const. 
The quadratic form 
(12) ‘ (RJA) (Adu? + dv?) 


is absolutely invariant, under the transformations (4) and’ (9) and vanishes 
“for the asymptotic net. Calculating the Christoffel symbols of the second kind 

for this form, we find that the second covariant derivatives of a scalar y. with 

respect thereto are given by the formulas ; 


Ys. = Yun — Yoyu(0/du) log R + (4/2) yo(8/00) log R, 
(13) Yaz = Yw — Voyu (0/00) log R— Yyv(9/Ou) log (R/A), 
Yoo = You + (1/2A) yu (0/0u) log R/A — Yoyn(9/0v) log (R/A). 


Therefore, when written with these covariant derivatives, our canonical form 


becomes i 
Yu = AYos — 20/4, + 2AB’Yys F Dy, 
(14) Y = Vy + Cy + D'y. . 


It is not difficult to show that the canonical form (14) is invariant under 
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all transformations of curvilinear coordinates which leave a conjugate net 
parametric. In fact, the most general transformation of this kind is 


ü= (u,v), T= y(u, v), 
subject to the condition 


° hupu + Apoyo = 0. 
Carrying out this transformation, we find that system (14) becomes 
Y11 = Aon + BY + vie + òy, 
Yiz = BG: + yY + Y 


wherein dashes indicate derivatives with respect to @ and ọ, and the coeffi- 
cients are given by the following formulas: 


gua = pA, Ad == D (pr? — Adv?) + 44D’dudo, 

AB = 2[C’bu(— gu? + 84s") + AB’Gr(3h.? — Ayr”) l; 

Apuy = 2A [C pipo (Bou? — Api) + Bute (Gu? — 84g") ], 
(15) AB’ = C'pupo(3pu — Adv’) + Bhu? (Gu? — BAe"), 

Ay = © gu( gu? — 3Agv*) + AB’Go(— 3p + Agr’), 

Apod = — Dou*dv + D’pu( gu? — Api), A= (pu? + Api)’. 


It is now easy to verify that 


(16) B+2y=0, y—2ap’—=0, , 


and these conditions are characteristic of the canonical form (14). 


3. The Projective Lines of Curvature and thew Reciprocals. The cubic 
form 


(17) (B/A) (AC du — 848’ du2dv — 3C/dudv? + B’dv*) 


is absolutely invariant, just as is the quadratic form (12), and vanishes * for 
the curves of Darboux. It is evident that 8’ —0 if, and only if, the curves 
u == const. are curves of Darboux, and ©’=0 if, and only if, the curves 
v == const. are curves of Darboux. 

The forms (12) and (17) are the forms ¢2 and ¢; of Fubini, as may be 
verified by calculating the ratio ł of the discriminant of (17) to the cube of 


* Lane, “ Bundles and Pencils of Nets on a Surface,” Transactions of the American 
Mathematical Society, Vol. 28 (1926), p. 163. 
f Fubini and Čech, Geometria proiettiva differenziale, Zanichelli (1926), pp. 84-87. 


Lanz: Contributions to the Theory of Conjugate Nets. 569 


the discriminant of (12). This ratio is a constant. Therefore the choice of 
proportionality factor which leads to the canonical form (14) is precisely that 
which yields Fubini’s normal coordinates. It follows that the second differ- 
ential parameter Asy, given by 


Ay = (1/2) (411 + Ayer), 


represents a point on the projective normal n through the point Ys while the 
first differential parameter Ay, given by 


“Avy = (1/R) (yr? + Aye”), 


represents the points where the reciprocal n’ of the projective normal with 
respect to the quadric of Lie crosses the asymptotic tangents. Therefore the 
points yu and yy arẹ the points where n’ crosses the parametric tangents. 

Those curves on a surface in which the developables of the congruence of 
projective normals intersect the surface are called by Fubini the projective 
lines of curvature. The differential equation of these curves may be deter- 
mined by the following method. The point ¢ defined by 


$ = You + (1/4) (C’ — 20) yu + (28 — B’ + Y%Av/A) yo + ay 


is any point (except Py) on the projective normal n. As Py varies along a 
curve C on the surface, the point ¢ describes a curve, and the point dọ is on 
the tangent of the latter. If O corresponds to a developable of the projective 
normal congruence and if Py is the corresponding focal point of n, then the 
point dẹ lies on n, so that dọ is a linear combination of y and ¢. So we 
obtain two equations containing X and dv/du, and when we eliminate A there- 
from we obtain the differential equation of the projective lines of curvature 


(18) ALdw? — Mdudv — Ldv? = 0, 
where 


L=p + C, + B'a + 2 B + 2B’ paa 48’C’, 


(19) M= D 4 A(4B'B — 48? + 28,) + 4.8’ — 40°C’ 
+ 46? — 20/u + © (Au/A). 


Therefore the parametric conjugate net is the projective lines of curvature in 
case L==0, M0. And the associate conjugate net of the paramere net is 
the projective lines of curvature in case M = 0, L 40. 

We shall now determine the developables of the reciprocal of the projective 
normal congruence. The point y defined by 


Y = Yu F bye 
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. is any point on the reciprocal n/ of the projective normal (except the point Yo). 
As Py moves along a curve, the point y also describes a curve, and the point 
dy is on the tangent of the latter. Continuing the argument, which is the 
same as that used in the case of the projective normal congruence, we find 
that the differential equation of the curves corresponding to the developables 
of the reciprocal of the projective normal congruence, which we shall call the 
reciprocal projective lines of curvature, is 


(20) AD’du? — Ddudv — D’dv? = 0. 
Moreover, if m and ps are the roots of the equation 
(21) Dy? -+ Dp— AD’ = 0, 


- then the corresponding points yı, We are the focal points of n’. : 
The geometrical significance of the invariants D and D’ now becomes 
evident. The reciprocal projective lines of curvature are parametric in case 
D’ = 0, D40.. Then the foci of n’ are the points yu and yz, the focus yu 
corresponding to the curve u == const. And the reciprocal projective lines of 
curvature are the associate net of the parametric net in case D ==0, D’ 5&0. 
If D = D’ = 0, the reciprocal projective lines of curvature are indeterminate 
and the lines n’ all lie ‘in a fixed plane. The class of surfaces for which this 
happens seems worthy of a more detailed-study than we can make here. 
‘The geometrical significance of the invariants B’ and C” is easy. to dis- 
cover. The ray of Py with respect to the parametric net crosses the para- 
metric tangents at the points p, o given by 


p=Yu-— Oy, e= Yo — BY. 


The points p and yx coincide if, and only if, O’ 0; similarly the points o 
and y» coincide in case B’==0. The ray of the parametric net and the line 
n’ reciprocal to the projective normal coincide in case B’ = C’ = 0. 

In case B’ = 0’ = D’ = 0, D ~0, the surface is such that the ray of the 
reciprocal projective lines of curvature coincides with the reciprocal of the 
projective normal. Then we have yuw==0,H—K-=0. The ray-points p 
all lie on one curve, and the points e on another. The developables of the 
reciprocal of the projective normal congruence consist of cones each having 
its vertex on one of these curves and passing through the other. Many special 
cases arise concerning these curves, but we shall not discuss them here. 

If the associate of the parametric net is the reciprocal projective lines of 
‘curvature, and if the ray of the parametric net is the reciprocal of the pro- 
jective normal, then B’ = C = D=0, D’ 0. Therefore we have H = K 
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== 0, as we should expect, since the ray curves of the parametric net form a 
conjugate system. Moreover, we have D = 0, so that the parametric net is’ 
harmonic. 

All of the preceding considerations may be dualized. 


* 4. Invariant Integrals. . The projective differential theory of a surface 
referred to its asymptotics has been enriched by the study of certain integrals 
geometrically connected with the surface. It is the purpose of this section 
to show how in a similar way to set up some integrals invariantly connected 
with a conjugate net and its sustaining pu and to initiate an investiga- 
tion thereof. 

Let © be any one of the invariants 


(Ho’)*, (Ko), (Wou) A, (Wow), (D’v’)%, (D)%, (R)%, ©, Bo, 


where v’ = dv/du. Then du is an absolutely invariant differential, and the 
integral f du is an invariant integral which has a projective geometric rela- 
tion to the paramteric conjugate net and its sustaining surface. 
In particular let ¢ == (Hv’)*. Then BHuler’s.equation for the externals 
of the integral f ¢du is l ‘ 


(22) 2 0” = (H/E — (Hy/H)v”. 


These externals contain the parametric | net. They contain the asymptotic net 
if, and only if, 
[H/(A)*]u==0, [H/(A)*]o—= 
We propose to find the envelope of.the osculating planes at Py of all the 

. curves (22) which pass through Py. Using the local tetrahedron with ver- 

tices at the points y, yu, Yv, 2, Where, in the notation of system (1), we haye 

placed 

2 = Yom + CY» + dy, 

we find that the equation of the osculating plane of any curve on the surface 

through Py is ’ 

(23) (1/a) (a + v”) (vza — t) 

l -+ (20v — bv’ — (e/a)v? — 3b”? + 0”), = 0. 
Therefore the coordinates of the osculating plane of a curve (22) are given by 


(24) Uy = 0, u= (v/a) (a+ 07), us =—(1/a) (a+ 0), 


Us = vP — vQ, 
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where 


(25) ‘P= 2c’ —b+ H,/H, Q = c/a + 2b’ + H,/H. 
And the equations of the required envelope in plane coordinates are 
(26) Uy = 0, Us (Ue? + aug?) — a( Pugs? a Queus) = 0. ‘ 


Thi8 is a cone of the third class touching the tangent plane along the asymp- 
totic tangents and having three cusp-planes which intersect in the line joining 
Py to the point whose coordinates are (0, — P, — aQ, 4). The directions in 
which the three cusp-planes meet the tangent plane are given by 


Pug? — 3aQ 273 — 34P Ugtts? + a? Qu = 0. 


These coincide with the directions of Segre, which are the conjugates of the 
- directions of Darboux given by (17), in case P: Q =Q : YW, and coincide 
with the directions of Darboux themselves in case P : aQ ==— 8’: C. 

It is easy to determine the developables and focal surfaces of the con- 
gruence of cusp-axes of the cones (26) by the methods employed in section 3. 
And dual considerations lead immediately to a curve of order three in the 
tangent plane, which is the locus of the ray-points of the extremals (22). 
This curve has a double point at Py, and a flex-ray. The congruence of flex- 
rays might be studied. 

Finally, it would be desirable to have a geometric interpretation of each 
of our invariant integrals. It would be equally desirable to have a geometric 
interpretation for each of the forms du similar to the interpretation given * 
by Wilczynski for the metric of Fubini, or the interpretations given by Bom- 
piani and Gech for the linear projective element. 


5. Osculating Linear Complexes. The osculating linear complex at a 
point P of a space curve is the limit of the linear complex determined by the 
tangent at P and four neighboring tangents, as each of the four tangents inde- 
pendently approaches the tangent at P. We shall now obtain the equations in: 
line coordinates of the two linear complexes which osculate at a point Py of 
our surface the two curves of the parametric conjugate net through Py- 

The coordinates of a point v near Py and on the curve Cy, or v = const., 
through Py are given by an expansion of the form 


(27) E= Y F yyAu + yus +--+, 


of which we shall need the first six terms. By means of the operations of 


* Fubini and Cech, Geometria proiettiva differenziale, p. 138. 
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differentiation and elimination it is possible to express every derivative of. y 
as a linear combination of Yw, Yu, Yv, y by an equation of the form 


ghtk. 
Fike = AG yyy BUM Yy yh yy y, 
Placing k = 0, h = 2, we may calculate the successive coefficients of (27) by 


means of the recursion formulas ° 


aO came Gy AL) Loy (140) (452) 1 gp, 
(28) BEO = By FH 4 gL RD 4 HBGLO 1 pyt) 1. $10) , 
yo = Yu F102) 4 pD 1 cy (h-1,0) | 


O m PE 0) + gib A 2) + dpe 9) + d'y -1,0) | 


Using the points Y, Yus Yor You AS vertices of a local tetrahedron of refer- 
ence, with suitably chosen unit point, we find that the local coordinates of Ps 
are represented by expansions of the form 


n=l HdA -pyh s%Aut Less, 


(29) . T = Au +b Au? + % BO) Avi p, 
Tg == | W c Au? + % yE Au + Si 
Ta = Yea dw? + Y o@ Au? e 


The corresponding expansions for the coordinates of a point z, other than Pz, 
on the tangent of Ou at Ps, are obtained by differentiating each of the series 
(29) with respect to Au. The Plickerian coordinates wi; of the tangent of 
On at Pz, are defined by the usual formulas, 


Oik == Tife — Ui; 
- and are represented by the following expansions: 


vz = l-4, 
wis = CAU+ yO Aw? + Uy Aus 

Meg (ye? 4 dy — 268%) Aut +--+, 
ou =a Aut Yea? Au? + Yat Aus l 

+ Wa (a0 + 2da — 208) Aut meee, 

(30) oza = Yoo Au? + yO Auk +b Yoa (ByO Shy OH) — 2VeBOr ) Aut -t 

O42 = — a Au? — Yaa Aus 

— Wa (8a? + 26a — 248) Aut +--+, 


ws = Ya (c a — ay) Aut Les +, 
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in which we have written as many terms as we shall need. Writing the equa- 
tion of a linear complex in the form > aixwi,—0, we determine the coeffi- 
cients so that this equation may be satisfied by the series (80) idéntically in 
Au as far as the terms in Aut. In this way we find ` 


Qs = 0, Qi = 44A?, ay, = — 4cA?, $ 
(31) azs = 2A (2A —@B’), tye = RA (RAY — cB’), 

gg = 2A [O + 2A (d + BO?) 4 By G6 

(iian gy (3,0) )— DB’ 3B”, 

where 

A =K 4+ W”), 
(32) B’ = Au + A(b + 20’), : 

O = By + IBA (tu + ay”) a4 — aay. 


The coefficients (31) are not all invariants because the vertices of the 
tetrahedron of reference are not all covariant. If we choose a new tetra- 
hedron of reference with vertices at the points y, p, e, 7 for which 


p= Yu — CY, e = Yo — Dy, 
T = Yov + cyo— (HD + e? + Pua — bo — d)y, 


then the points p, ø are the ray points of Py with respect to the parametric net, 
and the point + is the harmonic conjugate of Py with respect to the foci of 
the axis of Py. Referred to this tetrahedron, the equation of the osculating 
linear complex of the curve Cy is 


(33) 4a A%a13 — aA Iwz + 4A% 052 

+ a[2AIn + 16AI (C — 3ga,/a) — 81? +- 2A?D]uss = 0, 
where f : ' 
(34) I = Au + 4A (C — a/a). 


Similarly, it can be shown that the equation of the osculating linear com- 
plex of the curve Cy, referred to the same tetrahedron ypor, is 


(35) ~ 4B’”ws + 8B 023 — 4a B3034 
—[2aBly + 16aBJ (W + Ya,./a)— BaJ? — IBD] ose = 0, 
where 
B = (1/4) (H + W”), 
(86) , J = By, + 4B(B’ + a/a). 
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We shall refer to the complexes (83) and (85) as the first and second com- 
plexes respectively. 

Some properties of these complexes may now be deduced. If the curve 
_ Cy is a plane curve, then A = 0 and the first complex is indeterminate. The 
invariant of the first complex 1644". Therefore if Cy is not a plane curve, 
the first complex is not special. Since the coefficients a12 and ay, of the fjrst 
complex are. zero, it follows that this complex contains all the lines of the 
pencil with center at Py and lying in the osculating plane of Cu. In fact, Py 
corresponds to the osculating plane of Cy in the null system of the first com- 
plex. Moreover, the point p. corresponds to the plane 


ale, + 2A*x, = 0. 


This plane coincides with the tangent plane of the surface if, and only if, 
I=0. In cese I = 0, to P, corresponds the plane 


RTI s Da, —— 0, 


sare, 


and to P, corresponds the plane 
Ax, — ada, = 0. 


If [= D = 0, to P, corresponds the plane por, and to P,' corresponds the 
osculating plane of Cy. Finally, the ray po belongs to the first complex in 
case [= 0. Similar statements are true regarding the second complex. 

In order to obtain the equations of the directrices of the linear congru- 
ence of intersection of the first and second complexes, it is sufficient to write 
down the conditions that the plane corresponding to a variable point in the 
null system of a special complex of the pencil determined by the two com- 
plexes may be indeterminate. Denoting the coefficients of the first and second 
complexes by ai and bix respectively, we obtain for the equations of the 
directrices z 
(37) Biot, + Asdists = 0, 


Dots + (Aides Se bes) Ta + (assà -+ bar) Xs = 0, 
where A; (i = 1, 2) are the roots of the quadratic 
(38) Ay gland? + (araba + 4012) AÀ + biba = 0 


. which determines the special complexes of the pencil. 


8 


576 Lane: Contributions to the Theory of Conjugate Nets. 


The directrices do not lie in the osculating plane of Cy, or of Ce, but do 
intersect the axis yr in the points 


(dazdi + Bao, 0, 0, — Dra), - (t= 1,2), 
If I = J = 0, the directrices’meet the ray po at the points ; 
° (0, x42, — BY, 0), 
where A; are the roots of the equation 


245A? + A2B?D) — 2B* = 0. 


In this case the simultaneous invariant of the two complexes vanishes if, and 
only if, D—=0, so that the two complexes are in involfition if, and only if, 
the parametric net is harmonic. 
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A Certain General Type of Neumann Expansions 
. and Expansions in Confluent Hypergeometric 
Functions. : 


By R. F. GRAESSER. 





INTRODUCTION: 


1. Statement of the Problem. The purpose of this paper is to obtain 
two expansion theories analogous to the one developed by Neumann and Ge- 
genbauer for Bessel functions.* In the first division we deal with a certain 
general sequence of analytic functions of a complex variable z. Wach element 
of this sequence is defined by a power series and all such series are assumed to 
converge in a single circle of finite radius. With one additional hypothesis, 
which will be found in § 2, it is possible to obtain an expansion of an analytic 
function f(z) which will converge uniformly with respect to z in some finite 
region (Theorem II). An expansion of f(z) is developed in terms of a se- 
quence of palynomials in 1/z which are associated with the original sequence 
of analytic functions. An analogue to Laurent’s expansion is obtained. The 
relation of these expansions to the ordinary Taylor and Laurent expansions of 
f(z) is showa. Some properties of the elements of the sequence and of their 
associated polynomials in 1/z are found. Generalizations are made to func- 
tions of n complex variables. 

In the second division a certain confluent hypergeometric equation is sub- 
jected to a transformation. Expansions in terms of a solution of the trans- 
formed equation are first discussed as a special case of the theory developed in 
division I. The results are then extended by further investigation. 

The expansion theory, which is developed in. detail in the present paper, 
revolves about our Theorems II and III. The latter are related to certain 
theorems of great generality due to G. D. Birkhoff.t The methods of the 


* See Watson, Theory of Bessel Functions (London, 1922), Chapters IX and XVI, 
where an excellent summary of these results is given as well as copious references. 

+ Sur une généralisation de la. Séries de Taylor,’ Comptes Rendu des Séances de 
VAcadémie des Sciences, Vol. 164 (1917), pp. 942-945. 
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present paper are different, however, from those used by Birkhoff. Compari- 
son of these theorems should also be made with certain results obtained in a. 
paper by J. L. Walsh.* 


I. A CERTAIN GENERAL TYPE oF NEUMANN EXPANSIONS. ° 
z : 


2. The Sequence of Functions and the Hypotheses. We take the gen- 
eral sequence of analytic functions obtained by allowing m to range over zero 
and the positive integers in the following definition of Fm(z), 


œ 
(1) Fm (2) == È Cms", Cmo = 1. 
8=' 


The power series defining each function of the above sequence is assumed to be _ 
convergent within some circle of radius R described about the origin as a 
center where R is independent of m. We have a well-known theorem which 
Says: 


“Tf F(z) = co + oaz + coz*-+-++ ++ Is a power series convergent in a 
circle described about the origin with radius R and if N < R then the greatest 
value which | F(z) | takes on, on the circle of radius N described about the 
origin is at least as great as | cy | ’.” 


Designate the greatest value which | Fm(2) | takes on on the circle of 
radius V < R described about the origin by My(m) ; then 


. (2) My(m) = | cms | N™S. 


We will now make the further hypothesis that a constant My exists such 
that. for all values of m we have 


My = My(m)N-, 


3. Expansion of z”. Proceeding formally to compute the coefficients. 
ynm, Mm = 0, 1, 2, © + >, of the expansion 


z” = 2 ynmbim (2) 


we insert in the right member the expansion of Fm(z) and equate coefficients 
of like powers of z We then find that the y’s satisfy the recurrence relation 


* Transactions of the American Mathematical Society, Vol. 26 (1924), pp. 155-170. 
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(3) YnvCoy + Yni61,y-1 F Yn2Cop-2 H °° + Yn,y-1 Cy-1,1 + Yoav = 1, r=n; 
È = 0, ysn; 
from which we have yay = 0, v = 0, 1, 2, > +, (n—1); ym = 1 and 


(4) Ynni = 
Cn,1 1 0 0 ->.> Q 0 e 
Cn,2 Cn+1,1 1 0 * - 2 0 0 
ae Bee in atte! oe att 
Cry-2 Cnsajy-3 Cniaya © 7 7 7 7 tO 0 > v> 0. 
Cnyy-1 Cnst,p-2 Cnsap-3 ° °° 7O 7 t Cnep-2,1 1 
Cn,v n+1,p-1 Ĉn+2,y-2 Cnis,p-3 ° ° ° Cnap-2,2 Ĉnẹp-1,1 


We may then starf the summation with n obtaining 
s i foe] 
(5) a= > Yn,nev Fray(Z}. 
v=0 


We shall show that the series in the right member is absolutely and uniformly 
convergent within and upon the circle | z | = f,, where R, < N/ (My +1), 
and that it is a valid expansion of z” in the closed region bounded by this 
circle. To do this we need dominating expressions for | Fni,(z) | and 


l Yn,ney |. f 
Replacing My(m) in (2) by its dominant we get 


(6) : | Cms | = MyN-*. 


Writing n + v for m we have from the expansion for F'm(z) the relation 


E . 
(1) [Proa |S] 2 |? My 3 (la |/= MaN |2 | — |2|) 
provided | z| < N. 
When we omit the vanishing terms from (3) that recurrence relation 
becomes $ 
Ynnln,y-n + Ya n+1Cns1,y—n-1 + MOEG + Yn,v-1 Cy-1,1 + Yu = 1, v= n; 


=0, >n 


By giving v the values n, n-++1,--- and employing the inequality (6) we 
have successively the following relations: 
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| Yun | T 1 
| Yn,n+ı | = N“ My, 
| Yn, n+2 l s N”My(My + 1), 
| Ynna | S N°Mx (Mx + 1), ° 


| Yaniv | S N” My (My + 1)”. 


Hence 
(8) > | ymn | 5 N? (My + 1)”. 
Making use of these two dominants we have n 


MyN | z |" ARAT. 


| Ynn | | Fass (2) | S N> [z] 


The right member is the vth term of a convergent series if | z | < N/(Mx+1) 
so that the series in (5) is absolutely convergent. If |z| < R, <_N/(My+1) 
we may choose R such that Rı < Ra < N/(Myx + 1); then we na the 
relation 


r (My Ee 1) R27” 
an aa aa T A 
| Yn nev l | Fus»(2) | N—R, [ N ] d 


The right member is the th term of a convergent series of positive constants. 
The absolute and uniform convergence of (5) follows from the test of Weier- 
strass provided that | z| SR, < N/(My +1). 

By another theorem due to Weierstrass (cf. Osgood, Lehrbuch der Funk- 
tionentheorie, Vol. I, 4th Ed., Leipzig, 1923, p. 343) we may substitute for 
Fuiy(2) from (1) in (5) and write the result in ascending powers of z. When 
this is done it is easily seen by the aid of the recurrence relations (3) on the 
ys that the sum of the series in (5) is z”. 


4, Expansion of 1/(t— z). We have the expansion 
00 
1/(t— z) = X 27/1 


if |z] < |ż]. -` We substitute for z” its expansion from (5). Then we have 


(9) P m = > È ynny Fuy (2) L 
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Proceeding fcrmally we arrange the result according to ascending values of the 
subscripts of the F’s and obtain the relation 


(10) 1/(t—2) = X Valt) Falz), where Va(t) = X yrn/t. 
: n=0 r=0 


To justify this rearrangement it is sufficient to prove the absolute convergence 
of the series in (9). (Cf. Hobson, Theory of Functions of a Real Variable 
ist Ed., Cambridge, 1907 , p. 465). Making use of (7) and (8) we have ' 


| yns || Fawl) | < MyN la|" [aa 
[ej W= jepi N 


for each value of y and 


35 PEO <$ 5 MyN |z|” [EAN 


n=0 »=0 n=0 y=0 (NW — | 2 |) | t hadi 
The double series in the right member is convergent if |z| < N/ (Mx +1), 


and |z|<|t|. Consequently the double series in (9) is paludi con- . 
vergent> in the open regions defined by the inequalities 


|2| <N/(Mr +1), |#|<|#|s 


and (10) is valid in the same regions. 

Suppose |2 | < Rı < N/(My + 1) and |t| = R, where Ry < Re We 
can choose Rz and Re such that Rẹ < N/ (My + 1) and 2, < Re < Ra < Ra 
The series in (9), and therefore the double series obtained from the: first 
equation in (10) by substitution for V,(¢) its value in (10), is dominated z 
the convergent series of positive constants 


© L . MNR” fateh v 
n=0 v=0 (N — R2) Rg"! N | 


Hence by the theorem of Weierstrass the double series is absolutely and uni- 
` formly convergent with respect to both z and ¢ in the regions indicated. We 
may state the following theorem: 


THEOREM I. Letz and t be two complex variables such that 


| 2 | S Rı < N/(My +1) and |t| = R, where Rı < R4; then the expansion 


1/(t—2) = S Valt)Fa(e), where Vali) = S yait, 
’ n=0 . i r=0 
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is valid. If tis a variable point upon or outside the circle | z | = R, and z 
is within or upon the circle | z | = R, then the expansion converges uniformly 
with respect to t and z. 


In the remainder of the paper we shall use the symbols Rı, Ro, Rs, Rs 
in a generic sense, the numbers denoted by them varying from section to see- 
tion? In all cases we shall suppose that R, < R < R < Ry. Moreover we 
shall employ the symbol C; to denote the circle | z | = R; for i = 1, 2, 8, 4. 


5. Expansion of f(z) in Terms of Fa(z). By means of theorem I and 
Cauchy’s integral formula we are able to expand any function f(z), analytic 
and single-valued within and upon a circle O4, the equation of C4 being | z |= 
R,; thus, 


He) = (mi) f PO a 
= (1/2ni) f > Va (t) Fn (2) f(t) dt. 


The expansion in the second member is uniformly convergent with respect to 
t and z under the conditions of theorem I and may therefore be integrated 
term by term. Hence 


f(2) = Sana (2), where an — (1/2ri) Í Va (t) f(t) dt. 
n=0 % 


This expansion is valid and converges uniformly with respect to z if 
|2| SR, < RB, and Rı < N/(My +1). Summarizing we have the follow- 
ing theorem: 


"THEOREM II. If f(z) be a single-valued, analytic function of z within 
and upon Ca, the equation of C, being |z| = Ea, then the expansion, 


f(z) = È aP, (2), where an = (1/2ri) J, Vn(t)f (t) dé, 


as valid and converges uniformly with respect to z if z is within or upon the 
circle | z | = R, where Rı < N/(My +1) and Rı < Ra 


6. Expansion of f(z) in Terms of Va(z). We shall prove the following 
theorem: 


THEOREM III. If f(z) be a single-valued, analytic function of z upon 
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and outside of a circle Oa, the equation of C, being |z | — Ra, then the ez- 
pansion 


if fos) 
f(s) =È cinVa(2), where an = (1/2mi) | Pa (DFE) di, 
n=0 Cy 
is valid and converges uniformly with respect to z if z is upon or outside the 


circle | z | = R, where Ry < N/(My + 1) and Ra < Ry 
From theorem I we have 


œ 
1/(t—z) =— 2 Fa (t) Va (2); 
this series converges uniformly with respect to z and ¢ if 


|t| SB. < N/(My +1) and |z| = BR, where Ry < Ra 


By an argument analogous to that of the preceding section, we have 


HQ) = (ani) f È PaVa 


where the integration is in the clockwise direction, If we take it in the coun- 
terclockwise direction we have 


oo 
fle) = (Uri) f È FV Edt 
Cı n=0 i 
Integrating term by term as is permissible we have 
f(z) = > aixVu(2) Where an = (3/2) S, Fa(t)f(t)dt, 
from which tke theorem follows. 

7. Analogue of the Laurent Expansions. Let C1, C2, Cs, O4 be, respect- 
ively, the circles |2 | = Ra, |2 | = Ra, |2| = Rs, |z |= R, where R, < R: 
< B; < R, and Rs < N/(My-+1). Let f(z) be a single-valued, analytic 
function of z within and upon the boundary of the ring bounded by 0,04. If z 


is a point within or upon the boundary of the ring bounded by C2C we have by 
means of Cauchy’s integral formula 


HO = (peri) [FOR a+ ai) JS. LO a 
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where both integrations are performed in the counterclockwise direction. With 
the aid of theorem I we obtain 


f(a) = (2i) S LÈOR EIE + (1/2) 


. a x f LÈ Fa(t) Va (a) Jf (4) dt. 
C, n= ; 


We may integrate term by term so that 
? œ œ 
f(z) = È tFn (2) + D an’Vn(2); 
n=0 n=0 


where ar = (1/2ri) f Va(é)f(t)dt and a,’ = (1/2ai) Ẹ Fu(t) f(t) dé. 


This expansion is valid and converges uniformly with respect to z if z is within 
or upon the boundary of the ring C203. s 


Tuzorrm IV. Let C1, C2, Cs, Ca be, respectively, the circles | z | = R,, 
| 2 | = Ra, | z | = Rs, | z | = Ra where R< R< Rs <P, and Rg<N/(My+1). 


If f(z) is a single-valued, analytic function of z within and upon the boundary 
of the ring C,C4, then the expansion 


(= > anFn(2) + > an’ Va(2), 


where an = (1/2ni) 1 Valt)f(t)dt and ay’ = (1/2nt) f o POOH, 


is valid and converges uniformly with respect to z when z is within or upon 
the boundary of the ring C203. 


8. Relations to the Taylor and Laurent Expansions. If f(z) is analytic 
in the neighborhood of the origin let its Taylor expansion be 


f(z) = Ebe. 
8=0 


We substitute this expansion in the expression for the coefficients of the expan- 
sion in theorem II and also replace Va(t) by its value. We have 


dn = (1/2ri) J. BACO 
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| : S 
= (1/2) f (È v/e) (È batat 
Cs r=0 s=0 
n oO 
= (1/eni) | È X yeabsir rat 
C: 


r=0 8=0 


Hence, by performing the integration, 


Ga 
ln = 5 Daysn- 
s=0 


If f(z) is analytic in the neighborhood of infinity its Taylor expansion 
takes the form : 


©. ` fð =$ Ber. 


We substitute in the expression for the coefficients in theorem IIT thus, 
an = (1/2zi) f Pa(Ðf (Edt 
“7 O 


= (1%) f (È out) (3 per) 


œo œ 


= (1/2zt) 5 5 CnsßBrt sdt. 


* Cı 820 r= 


Hence 

[s9] 
En = > CnsBnss+1- 
8=0 
If f(z) has the Laurent expansion 
i co _ œ 
f(z) = X bz! + X ,/a°8 
8=0 8=1 , 


l valid in the ring 0,0, of theorem IV then the coefficients of the expansion of 
that theorem are related to these coefficients thus, 


n 
ün = > Dsysny 
a=0 


co ; 
ay! = = Cnsb’ nose 
s=0 


These relations may be useful in obtaining the expansions of theorems JI, III,, 
IV provided the Taylor.and Laurent expansions are readily obtainable. 
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9. Orthogonality Properties. We shall establish the following: 
i Vf, F,(2)Fm(z)dz=0, (m=n and min), 


where C is any closed contour in the region of analyticity of both F,(z) and 
F'm (2). . 


Í, Va(z)Vm(z)dz =0, (m =n and mn), 


where C is any closed contour in the finite plane not passing through the 
origin. 


Í, Ya(2)Fn(2)dz = 2wik, (C enclosing and not passing through the origin), 
= 0, (C not enclosing nor passing through the origin), 


where C is a closed contour in the region of analyticity òf Fn(z), and k is the 
excess of the number of positive circuits over the number of negative circuits 
made by the contour about the origin. 


Í, Vn(2)Pn(2)de—=0, (mn), 


where C is any closed contour in the region of analyticity of Fn (2) but not 
passing through the origin if m < n. 

The value of the first integral follows at once from Gauchy’s theorem. 
The product Vn(z) Vm(z) is a polynomial in 1/z with (1/z)? as the lowest 
power. We have therefore the value of the second integral. The value of the 
third integral is obtained at once by the residue of the integrand at zero. If 
m > n the product Vn(z) Pm(z) is a power series in z so the value of the 


fourth integral is zero in that case. If m <n we have from (1) and the 
expression for V,(z) in theorem II 


f n l foe] n-m 
f Va(2)Fm(2)dz = f ( Diyen/2**) (E cm2”) dz = Rai D, ymis,nêms. 
c c r=0 3=0 8=0 


Writing m -+ v for n the last summation becomes 


v 


= Ym+s,mspCms- 
8-0 


We then substitute for ymisyme from (4). When the determinant for 


ym,msy is expanded according to the elements of the first column and the result 
compared with the foregoing sum, the latter is seen to vanish. 
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The expansions of theorems’JI, IIL and IV are known to exist in some 
_ small regions under the conditions set forth in the theorems. The integral 
formulae just obtained enable us to readily determine the coefficients of the 
expansions. For example, the expansion of theorem IT exists and converges 
uniformly with respect to z within and upon some small circle described about 
the origin. We may then multiply this expansion by Vm(z) and integrate 
term by term in the right member. The integrations are in the positive direc- 
tion. Also C lies in the circle of existence of the expansion and encloses the 
origin in a single circuit. We obtain 


[oe] 
f Valide =F ay f Vn (2) Fu (2) de. 
Cc, n=0 Cc 
By the last two integral formulae 
f Vn (2) f(2) de = lri an; 
c 
this determines an. 


10. Results in the neighborhood of z =a. By replacing z by (z— a) 
and ¢ by (t— a) in the result stated in theorem I we obtain 


1/[(¢—a) — (s—a)] =$ Va (t— 0) Pa (e—a). 


It is readily seen that this expansion has the same properties in the neighbor- 
hood of a as are possessed by the expansion in theorem I in the neighborhood 
of the origin. By means of this result and Cauchy’s integral formula we are 
able to expand any function f(z), analytic and single-valued within and upon 
the boundary of a closed region bounded by C., the equation of C, ne 
| z—a | = Re We have 


1 TH. 1 f(t) 
o=o oe t—z a= aS, (¢—a) — (z— a) at 
= (1/2ni) f. > Vu(t— a) Pa (2—a)#(t) dt 


= S aF, (3—4), where Gn = (1/277) i Vu(t—a) f(t) dt, 
n=0 a7 C4 


This last expansion is valid and cọnverges uniformly with respect to z if 
j¢—a| SR, < R, and 2, < N/(Mx +1). 
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THeorEm V. If f(z) be a single-valued, analytic function of z within 
and upon C, whose equation is | z—a |= Ra, then the expansion. 


f(z) =D anPa(e—a), whoré än = (1/2ni) S Va(t—a)f(t)dt, 


is valid and converges uniformly with respect to z if z is within or upon the 
cile | z—a | = R, where By < N/ (Myu +1) and Ry < Ra 

It is clear that all the results of § 6 to § 9 inclusive could be established 
for the neighborhood of z = a as well as for the neighborhood of z = 0. 


11. Eepansion of Functions of Several Variables. The expansion theory 
obtained’ in the preceding sections can be easily extended for the expansion of 
functions of several variables in multiple series. As an illustration, an expan- 
sion similar to that of theorem II will be carried through for a function of two 
independent variables. From this special case the generalization to the case 
involving n variables will be readily seen. 

We take two general sequences of functions of z, and Zs, respectively, 


co 
Fy? (Zp) = È Cms Pags, Cmo® =1, m=0, 1,2, -, p=1,2, 
g= 


similar to the sequence defined in § 2 and place upon them similar hypotheses. 
The power series defining each function of the sequence Fm” (zp) is assumed ` 
to be convergent within some circle of radius R® described about the origin 
as a center where R® is independent of m. By the theorem quoted in §2 
there is a greatest value My (m) which | Fm (zp) | takes on on a circle of 
radius V® < R® described about the origin and we have 


MnP (m) = | ene | (NP), 
As before we then make the further assumption that there exists a finite My” 


such that for all values of m we have 


My” = My® (m) (NP), p= 1, 2.. 


The results of §§ 3, 4 follow as before for each sequence Fim? (Zp), m = 
0,1,2, =, p=1,2. 


Let 2, tı and 22, ts be two pairs of complex variables in the z, and 22 
. planes, respectively. Let them be restricted as follows: 


[2 | SRY < NY/(My +1), | A | > Ro, B® < R”; 
| Z2 | S< R < N®/(Mx® +1), | te | ZR, RP < Ry, 


» 
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Also we take 
œ f o% 
W(t oa 21) = Va (41) Ping® (21) 1/ (te = Za) == > Ving? (te) Em,” (22)s 
m=0 ‘ Mgr! 


where Vin, (t1) and Ving (t2) are associated with Fn, (21) and Frm, (22), 
fespectively, in the same manner as Vm(t) is associated with F,(z). Allow 
t, and t, to be variable points outside or upon 0,“ and C,, respectively, 
where C,™ is the circle | z7, | = R,® and 0, the circle | z2 | = Ri”, and 
#, and 2, variable points, respectively, within or upon C,™ defined by | 2, | == 
Ri and Ci defined by | z2 | = Ry. Then the expansions for 1/ (ti — 21) 
‘and 1/(t2— 2) converge uniformly with respect to tı, 2: and tz, Ze, respec- 
tively. Also these expansions converge absolutely, On multiplying them to- 
gether term by tetm we obtain the ies er $ Í 


1/ (t — 41) ° 1/(t— z) = -3 3 >, Ving® (t1) Vma ® (te) Fm, ® (21) Png (22), 
where the double series is absolutely and uniformly convergent. Let f(2:, 22) 
be a function of the two independent, complex variables zı and 22 Let it be 
analytic and single-valued in z, when z, is within or upon the circle C,™ and 
Zə is held fixed within or upon the circle C,. Likewise let it be analytic 
and single-valued in z when 2, is within or upcn CO, and z, is held fixed 
within or upon C,™. By Cauchy’s generalized integral formula we have 


f(t, te ) 
fesz) = gays TS op o2 S a eaaa n 


= 1/ en)? f o J PAG $ Tm? (tr) Ving (te) Em, ™ (21) Fimo (22) J 


R ma=0 


X [F(t te) / (t1 — 21) (tz — 22) ]dtadty. 
Hence l 


œ foe) i 
F(z 22) =È È Amn m” (41) Pm (22), 


m=0 m0 
where dem = 1/(2et)? f da f so FCn ta) Vm ® (ts) Va (te) tad 


This expansion is valid and converges uniformly with respect to 2,5 2 when 
21) Za are, respectively, within or upon the circles | z, | = Ry, | za | = R”. 
Since the extension of this result to any number of variables is obvious, we 
shall state the following theorem for n variables: 
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TreoreM VI. Let f(2, 22° * `, Zn) be a function of the independent, 
complex variables 2, 2, °-°, Zn Designate the cireles |z |= R®, 
| zo | = Re, > +, | en] =R by O,%, O, ---, O, respectively. 
Let f (21, Z2, * * *, Za) be analytic and single-valued in 2, when z, is within or 
upon Cs and Zo, Zs," ` *, 2n are held fixed within or upon 0,®?, CO, > + +, 
C,™, respectively. Let it be similarly analytic and single-valued in zo, Zs 


*, Zn Then the expansion 
f(s, Z2 ©, Zn) 


kse Kes] co 
oo > > sone > Amys... mi m P (41) Pima’ (22) ex Fm, ™ (2n); 


m50 mt , mn=0 
where 


Amma oes My ~ 1/ (27i) 8 ie few Hpo 
ÍS. mM flis te as tn) Vn? (t) Ving (t2) ns Ving (tn) din a dtedt:, 
4 


is valid and converges uniformly with respect to Zi, Zə, * * *, Zn when Zis 22, 
‘+ +5 Zn are, respectively, within or upon the circles | 2, | =Ri, | zo | =R”, 
ney | Zn | == BR, where R, De Ry, Ry < Ry, Sune Rk, < Ryo 
and BP NO /(My®? +1), BO <NO/(My 4-1), 
Ryo < NO /(My™ + 1). ‘ 


12. Further Results for Functions of Several Variables. Results analo- 
gous to those obtained for analytic functions of a single variable in § 6 to § 10 
inclusive can be obtained for functions of two independent variables or, in fact, 
of n independent variables. We shall not attempt to establish these results in 
detail. However, as an example, we shall work out the analogue of the Lau- 
rent expansion for the case of a function of two independent variables. 

Let 21, tı and zz, tə be two pairs of independent, complex variables in the 
zı and Z, planes, respectively. Let C,™, C2, C,;™, C,@ be four circles in 
the z, plane concentric at the origin and with radii, respectively, R,, R.™, 
Ry, Ry where RLP< ROS R9 < RY, Also C1, C2, Os, C4 
be similarly defined in the z, plane. Let f(z:, 22) be analytic and single- 
valued in z, when z, is within or upon the ring C,C,™ and ze is held fixed 
within or upon the ring C,@C,@. Likewise let it be analytic and single- 
valued in zz when z2 is within or upon C,C, and z, is'held fixed within or 
upon (,C,™, Further let the #’s be restricted by the relations 


R® < N®/(My® +1), R? <N@/(My® +1). 
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_ As in § 11 we have the expansions 
A . 

| A (h=) = È Vn (t) Fm (22), 
m= 


co 
| 1/ (te — za) = È Ving (ba) Fm (22); 
; ma=0 e 
which are ‘uniformly convergent with respect to t1, 2, and to, Z2 if tı, tz are 
outside or upon O,, C,, respectively, and 2, 22 are within or upon C;, 
C;\*), respectively. Also we have the expansions 


es) 
“W(a—h) = X Vm (42) Pm (h), 
m=0 


œ 
1/ (22 — ta) = X Ving” (22) Fina (te), 
mÆ 


which are uniformly convergent with respect to t, % and tz 2, if t, tz are 
within or upon 0,%, Cı, respectively, and 2, 2. are outside or upon 0:®, 
C., respectively. These expansions converge absolutely. We treat the re- 
sults of multiplying them together term by term as in §11. Then by Cauchy’s 
generalized integral formula we have (all integrations being in the counter- 
clockwise direction) 


NESA 1 f f (tu 22) 1 f(t, 22) 
f(a, Z2) eas Wert ~ 0, (t — 2; ) medh + Irt o (41 ese tı) dt, 
and ; 
o 1 Fto t2) aoi f(t, ta) 
f(t, 22) Oat a? (tz = za) dt: + nb o? (22 Pes ts) dtz. 


Substituting from the second in the first we have 
Hee) Bae S a Ju Taste 
ae See Sam lita 
+ ear Soe Se mya 


f (41, te) 
Por Tar S a 2 io (22 — te) (4: — tk) CEART 
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Using the expansions just obtained we have 
oo oo 
f (41, 22) == D AM mm P m (21) Fina (22) 
m=0 m0 


+ S S A Pa (21) V ms (22) 


m=0 M0 


+ $ 5 AO oe (21) Ping? ’ (22) 


m0 mg=0 


+ > z AO meV m (21) Ving (22); 


m=0 m0 


B where o 


1 ; 
AP nm = EES gio Syo Van E) Vins (taf lo t) dtd, 





1 -~ ; 

AP mm = a f ie f jo Pam? (ts) Ems (a) (tt) dba, 
1 l ; 

AP mim —= S gio Soo Bm? E) Vn (taf (ts t) ata 

l 1 

as car J a? S oo Him (tr) Hing (ta)f (tas te) diadh. 


: II. Expansions IN CONFLUENT HYPERGEOMETRIC FUNCTIONS. 


: 13. . Certain Confluent Hypergeometric Functions Satisfying the Hypo- 
theses in §2. We define Mim(z) as follows, 


Mum (2) a garni g~2/2 


© (% +m—k)(%-+m—k)---(r—Y%+m—k) z 
K Of2 eae ay a 





where 2m is not a negative integer. Then Mim(z) is an.integral of 


` 72 1 — m? 
(11) Zy + {—-4+ +4" } y = 0. 


z? 





This equation is obtained from the confluent hypergeometric equation 


au du tat) = 
dz? + dz a { o> 


a. z? 
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by means of the transformation u == e*/*y, The series for Mum(z) converges 
for all finite values of 2*. We shall write 


Mana (z) = gerl Mum (2) 


and deal with expansions in terms of Mim(z) allowing m to range over zero 
and the positive integers. 

For the circle of radius R mentioned in § 2 we may take any circle de- 
scribed about the origin. Then, using My(m),N and My in the same senses 
as in § 2 we hare 





My(m) SN” y ; 
00 | W- m—k | |%+m—k|---|r—A+m—k| Nr 
eie age ae 


The rth term in the summation on the right has r factors of the form 


 je—K4t+m—kl\/Qm+a), a=1, 2, e,r 
Now i f 


[a4 tn—k|/(@nta) E (mtat|b—H])/(m+ atm). 
Hence there exists a constant L such that 
(12) L=|a— Y% +m— k|/(2m + a) 


independently of m and æ and for any fixed k. We then have 
My (in) SNH {1 + È (L)*/r} = Nel, 
and My may be taken 
M N == eLN ý 


The sequence of functions Mim(z), m = 0, 1, 2, * > + then satisfies the hypo- 
theses of § 2 and the theorems of the first division apply to it. The expan- 
sions there obtained converge in some small regions. - We now proceed to ex- 
tend those regions by further investigation. i 


14. Espansion of 1/(t—z). Now we have an expansion of the form 


wW — 
g” = D, Cnv Mr,n (z). . i 
v=0 


* See Whittaker and Watson, A Course of Modern Analysis (8d Ed., Cambridge, 
1920), Chapter XVI, for discussion of solutions of (11) and further references. 


r 
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By inserting~in the right member the expansion of “Mam (2) and equating the 
coefficients of like powers of z, we find ast the c’s satisfy the recurrence 
relations 
at (h + m—k)(% + m—k) ++ (r—%—*) 
m= (2m + 1) (2m + 2)---(m-+r) (r— m)! 


Cm + Cr = 1, T= fh, o 


= 0, ; rÆ n; 
from which it follows that 


(n+ %—k) (n+ %— k): (n+v-—-%—k) 
(2n -v)(2n-+v+1)---(Qn+2v—1) v! 


Cn ==1 and niy == (— y 


Making use of (12) we have 
|in (2) | 5 |2 etie, e 
The expansion for 2” is then dominated by the series 


z n S ] (n+ —k)(n+ %—k) +++ (n+ — 14 — k) 
eFlel | 2 | +2 Ga GEV) E a 


| z |r+regLlel A 





By the ratio test it is seen that this series converges for all finite values of z 
and the same is true of the series dominated. It follows that the series for z” 
is absolutely and uniformly convergent in any finite closed region. Therefore 
since the series represents 2" in the neighborhood of zero it represents 2” 
everywhere. Now from the equation 


1/(t—z) = Saye, le|<|#l, 


we have 
(13) 1/ (t — z) — S11 { Min (z) 


Sy (Wt —k) (n+ %—k) + (ntr hk) 
tA A Gab ner i apei Manel) 


This series is dominated by 
wo 
> etll] tet { | 2 |* 
n=0 


Sderot] letur] |rt] 
mt v! (Qn-+)(2n+v-+1)-- ean) 
By an argument similar to that used in establishing (12) we have 
|n+a—W%y—k|/(Qn+2¢—1).SL’, a= 1, 2, +t, 9; 


Jae} 
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and 


0 fos) 0 
(14) > eFlel/| t | | z |” 5 (Z’| z |)*/v! == giLt+L’)|e| > l z |2/] t | +2 
n=0 $ v=0 n=0 


_ which is convergent if |z| <|#| and consequently (13) is absolutely con- 
vergent if |z|<|¢|. By an argument similar to that of §4 we may re- 
arrange (13) obtaining : . 


1/(t—2) =S Vin(t)Man(z), where Tei 
n=0 





Siym EBB) (r+ Ak) o (nhh) 
mi er) a FA (WP I) Eae 
e 1 
We may state the following : 


If z and ¢ be two complex variables such that |z| S Ri and |¢| = RB, 
where R, < R, then the expansion 


. oo _ 
n=0 ; ` 
Seo (EHE AE) o (nhk) 
al Valt) = ("Gal @ tr (etre ly ne 
1 
+ et? n= t 
is valid and converges uniformly with respect to ¢ and z. 


15. The differential Equation Satisfied by Vin(t). By means of the 
- transformation Mi, (z) = e*/*2!Min(z) applied to the differential equation 
(11) we find that Min(z) satisfies the equation 


TE 4 ((k—%h)e—ni}u—0. 


We differentiate both members of the equation (15) with respect to z and mul- 
tiply through by the- corresponding coefficients from the above differential - 
equation. Then using that equation we obtain 


22?/(t—2)* + (2—2*)/(t—2)? + (k—%)/(t—2) 


= È Vint) Hen (2) ne. 





TEA —z 
z qe t C 2?) 
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i, 
Expanding the numerators of the terms of the left member in powers of 
(t— z) and simplifying, we have f 


2H/(t—2)°— (3 + P)/ (6—2)? + [e + A) +16) k 


oo we 
= = Van(t) (a) n° 


Again differentiating both members of the equation (15), this time with re- 
spect to ¢, and making use of the last equation we find a differential equation 


satisfied by Vin(t) to be 


Vawter Peet mit a)y 


(% —k) (3% — k) +++ (n—%—h) 
raat Sa 


16. Bapansions in Terms of Vin(z)-and Min(z). By an argument simi- 
lar to that in §§ 5, 6, 7 we can establish the following theorems: 


Tueorem VII.. If f(z) be a single-valued, analytic function of 2 within 
and upon Os, the equation of O, being |z | = Ra, then the expansion 


f(a) = È ann (2), where ar = (1/2nt) f° Van(#)f (2) at, 
n=0 Os 


is valid and converges uniformly with respect to z if z is within or upon the 
circle | z | = Ra, where By < Ra 


CororLary. Lf f(z) is analytic throughout the finite plane then the 
foregoing expansion for f(z) is valid throughout the finite plane. 


Txrzorem VIII. If f(z) be a single-valued, analytic function of z upon 
and outside C,, the equation of O, being |z | = Ru, then the expansion 


Fle) = È dinVan(2)> where arn = (1/2ni) Í. Hin(t) f(E) dt, . 
n=0 G 


is valid and converges uniformly with respect to zif z is outside or upon the 
circle | z | = Ra where Ry < Ry. . 


Treorem IX. Let Ou Cz, Os, Os be, respectively, the circles | z | = Ra, 
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4 ; 
|z | = f,, | 2 | = Ey | Z. | = ka where Ry < Rz < R; < Ru. If f(z) be a 
single-valued, analytic function of g within and upon the boundary of the 
ring CC, then the expansion 


f(z) = > tunllen (2) + 3 alan Van(2), 


where dn = (1/2) Si Vin(t) f(t) dt and a'mm = (1/2ni) Si Than (#) f(t) dt, 


is valid and converges uniformly with respect ta z when z is within or upon 
the boundary of the ring O03. 

We can establish the relationships between the coefficients of these expan- 
sions and those of the Taylor and Laurent expansions of f(z). Orthogonality - 
properties for Van(2) and Min(2) similar to those in § 9 can also be proven. 
Results may be obtained in the neighborhood of z =a. The theory may be 
extended to the expansions of functions of n variables in multiple series. 


A Modern Presentation of Grassmann’s Tensor 
Analysis. : 
s l By HELEN BARTON. 


s 


1. Introduction. Since Einstein advanced his Theory of Relativity in 
1916, there has been a considerable increase in interest in what is known as 
Tensor Analysis. Mathematicians and physicists alike are realizing the power 
of this method of treatment; especially since it has led to she association of 
physical quantities which hitherto had seemed unrelated. The idea of a 
tensor, however, far antedates Hinstein, it being introduced by Grassmann 
in 1844.* 

In this work of Grassmann’s Die Ausdehnungslehre, the author gives a 
rather exhaustive algebraic treatment of these quantities, which he termed 
“extensive Grösse,” but his ideas were often abstruse and vague, so that the 
work has never been used nor appreciated very much by mathematicians, The 
main part of this paper will be devoted to the development of explicit expres- 
sions for these “extensive Grösse,” and for various combinations of them. 
It is hoped by this more definite treatment of the subject that Grassmann’s 
work will be simplified and thereby become of greater value to the mathe- 
matical world. 

One method of defining a tensor is by means of its components and the 
transformation of these components under a change of coordinates. If we 
form n functions of n ordered numbers in the « space 


p (at, a Aa x"), ¢?(2*, sty x"), aera $" (st, ae x”), 


arbitrary except that the ratios ¢*/z', ¢*/2*,: - -, ¢"/a" are of the same phy- 
sical dimensions, and then form another set of n functions of the correspond- 


ing y’s in the y space, 
POS sr PS el tg P Ae) 
which are defined by the equation 


* H, Grassmann, Die Ausdehnungslehre, Werke, Bd. 1, Leipzig, 1896. 
598 
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\ yr = $t dy" /0a% % 

then these n functions œt, $°, >+, ġ” are the n components of a contra- 
variant tensor of rank one as presented in the v space, and yt, ¥?,- c, y” 
are the n components of the same contravariant tensor as presented in the 
y space. E . 

Similarly, if we start with n functions of the x coordinates, ¢1, ¢2,° 6'3 
gn Which are now subjected to the condition that each product rg” is of the 
same physical dimensions, and then form the corresponding functions of the 
y coordinates Y1, Y2,° * +, Yn where yr = pa Oa%/y" then pi, do, * + *, n are | 
the n components of a covariant tensor of rank one as presented in the s 
space, and ya, W2; °° °, Yn are the n components of the same covariant tensor 
as presented in they space. 

Other tensors of each of these types, as well as combinations of the two, 
but of higher rank are defined in a similar way; but without going into fur- 
ther detail, it is evident that tensors, as viewed from this angle, are composite 
quantities, and their components presented in one space bear a certain definite 
relation to the components in another space. 

’Grassmann had a very different point of view. He was not interested 
in the presentation of these “extensive Grösse ” with reference to any system 
of cordinates, nor in their transformations, but his work dealt with the various 
operations which could be applied to these quantities. To him, an “ extensive 
Grösse” was a quantity built up from simple quantities which have both 
direction and magnitude. These “extensive Grösse,” therefore, are defined 
by their parts or components in certain given directions. It-follows from the 
definition that two “ Grösse” are equal if the corresponding components of 
the two are equal. 

Grassmann made no reference as to whether these “extensive Grosse ” 
were contravariantly or covariantly presented, and the reason for this is clear. 
In Euclidean space, where the coordinates are orthogonal, we have the funda- 
mental relation 

(ds)? = (dat)? + (dæ)? +>- >- (dar)? 
= (dy*)? + (P) ++ +--+ (dy)? 
If linear transformations only are considered, they are of the type v = c."y*, 


¥ = ce" and there is no distinction between the covariant and the contra- 
variant presentation of a tensor. 


*A Greek letter in an expression plays the rôle of an umbral symbol, i. e. it 
indicates that the expression is a summation of terms, each formed by assigning the 
n numerical values in succession to the umbral symbol.” 


Ag 
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2. Outer Product of Tensors. We know from ordinary hector Analysıs 
that two vectors may be combined into a vector or outer product, to give a 
„new. vector of the same type but of rank two, and its components are given 
by a two row determinant. Thus the fır, component of the outer product of 
the vectors a and b is given by 


Poe [ab]™" = 


ai q" 
bri bre 








but this might also be written in the form 


Arse = [ab] = E Tz Jas: b%,* 


Qi Ae 


Ti T2 


1 is known as the generalized Kronecker 
Sı S2 


The symbol here used [ 


symbol. 
The symbol is, as its name indicates, a generalization of the ordinary 


Kronecker symbol and we shall represent it in the form E = i i tm 
1 92 m 


where m is any integer 1, 2,°--, n and Ti, T2 °° +, Tm and Sy; 32° ©, Sm. 
may take independently any of the n integral values. By definition, the 
symbol has but three distinct values: 


ee Tatts ig —0 
8; Se . . @ Sm 
if 71, T2, © ' *, Tm and S1, S2, *' *, Sm are not arrangements of the same set 
of m distinct integers; 
aos, ee 
Sı Sot’ * Sm 


‘according as it takes an even or odd number of interchanges to bring Tis Tos 
* * > Tm into the same arrangement as S1, S23 ° * * Sm 

It should be noted further that this symbol is itself a tensor, mixed in 
type—covariant of rank m and contravariant of rank m.t Furthermore, this 
mixed tensor is non-metric, that is, it holds for all space, in which a point is 
merely a set of n ordered numbers. 

If, however, we modify the symbol by fixing the order of one of the 
1, 2, e,n 


sets of labels, for example, 
Sı Sg °° * Sn 


] » as we do in defining the 


* F. D. Murnaghan, American Mathematical Monthly, Vol. 32 (1925), pp. 233-241. 
7 F. D. Murnaghan, Bulletin of the American Mathematical Society, Vol. 31 (1925), 
pp. 323-329. ; ` 
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complement \; a tensor, it should be noted that it is no longer a mixed tensor 
of rank 2m, but if it is multiplied by + g% it becomes a covariant tensor of 
rank m, where g is a determinant whose elements are the components of a 
covariant tensor of rank 2,—obtained from the metrical form 


i (ds)? = gapua8, 


In normal space, where grs = 0 if r= s and grr = 1, the determinant g 1. 
Hence,ssince Grassmann was dealing, in effect, with points which were ex- 
pressed in normal coordinates, the factor g% does not appear. 

This symbol therefore lends itself to the formation of an outer product 
of any number of these vectors or tensors of rank one, thereby producing a 
tensor of higher rank,—equal to the number of these vectors contained in the 
product. But we°need not restrict ourselves to the outer product of tensors 
of rank one. We may form the outer product of several tensors, each of 
„different rank, and so obtain a tensor of still higher rank. 

-Thus if A is a tensor of rank p and B is a tensor of the same type as A 
and of rank g, and p + gq = n (where n is the dimension of the space), then 
[AB]"™-+ + * +++ 82 may be defined as 


eee Tp bese tae | te Tp S1827 Sa os oe 
cr Tp 81 sq — Ee Pea ee Ba i Au ap Bar Ba, 
This is the explicit expression for the r,--+ 1p S1*'* Sg component of the outer 
product of A and B, and it is readily seen that in this case C is a tensor of 
rank p + q. f 
Furthermore, it should be noted that C, the tensor obtained from the outer 
. product of two or more tensors is alternating. For 


Tio" p81" Sq 


AB |tita +++ 4p 81... 8a — 
[4B] Eee ae 


Pafi’ Tps’? 


[AB] r: + e re si 8a [ 


| Aes ae BeBe, 


Sq [Ate Bits Be 
O1h2°'* Ap B1'** Ba j K 
It is evident that all odd permutations in the first case will be even in the 
second, and vice versa; hence, from the definition of the generalized Kron- 
ecker symbol, 


[AB]. > -re s1. + o 8a = — [AB] "r: tp t+ + sa, 


Furthermore, if A and B are’ each alternating, then many terms in the 
summation become identical and we may remove the numerical factor 1 /plql. 
Since, in this paper, -we shall confine our attention to the case of alternating 
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tensors, we shall write as our explicit expression for the fif2'''Tps1' -| Sa 
component of the outer product of the alternating tensors A and B 


1 pirap aag l 
1 AB] -+> Tp 81.. -88 — — ie A g sea Bek 
(1) [AB] ? plq! Lar- & Bis ** By 


It is evident that this definition has no meaning if p+ q > n, for in that 
casé, the generalized Kronecker symbol vanishes identically. 

With these definitions as a starting point, we shall proceed to,prove a 
few theorems relating to the outer product of tensors. | 

We shall first prove that 


[AB] = (— 1)” [BA] 
where A is a tensor of rank p, B is a tensor of rank r, and°p tron 
By definition 


[AB] bes mr a 1 Iles + lp lp ++ Lar Ae 29 Bern + ae 
p!r! Hho °° * Ap Apia ** Apar 








[BA] e-store 1 ae Meg vanaces [Bose ardora ams, 


p!r! yg °° * Ar Arer’ °° Arap 
In order to compare similar terms, let us rewrite [BA] in a different manner. 
1 Force a cen ered 


[BA]®:--: ae | Bort. +++ Oper Aar.. ap, 


pial Lapa’ Oper 4t ep 


In order to determine the sign, we must rearrange the a’s in the symbol so 
as to make them agree with those in the sign factor of [AB]. To do this, 
a, must be moved over r positions to bring it to the first position, i.e. the 
sign will be (— 1)”; similarly it will take r interchanges to bring a, to the 
second position, etc. Therefore, ‘the final sign, when all p of the a’s have 
reached their proper positions will be (— 1)”?. Hence 


(2) [AB] = (—1)”"[BA]. 


From this it follows that if C is a tensor of rank s, and D is a tensor of 
rank ¢, then 


[ABCD] = (—1)* [ABDC] = (—1)**"* [ADBC] 
ins (— 1) stere+pt [DABC] == (— 1)eEtrpitrerpsipr [DOBA] . 


We shall now prove that 


[bibo* + < bm] = determinant of @’s - [a182 ** am] 
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where b., ba, * - +, bm is a series of simple “ extensive Grösse ” which are line- 
arly dependent upon m other simple “ extensive Grösse ” a:, d2,° ` `, dm; i. @ 
bi = WPa p 3 ba == Pl pa ike bm = C7 AN . 


Any component o, of 6, may be represented as b,” = ap". By defi- 


nition l ° 
Tot 
œ [bb PETI Bm] "2 soe Pines E m aber © + BaF 
rio Om 

rt . T 

= 1 m arans . APA p? Dai Um” Ely pT” 
Ti © Om ; 
71° Tm 

== 1 @ Jamar t yom ap,” ap? Bebe Se ve lpn om 
O1° Om x 


Ti’ ttm Aro’ © tAm 
== (1/m! [ ] i ALPARI O e Gy P AA O2. e s Qy om* 
( / ) TL’ * ‘Om 12---m Ar Ag m pı “pz Pm 


T° . Tm Pit.. pm 
= (1/m!) | D atime EE 
O1’ ` Om 2... m 
Hence 
lesem T1 tm 
(3) [bs esas bm |” ee TM ee D(a) [ | anges PE Umf” 
1.o m Gyo © Om 
== Determinant of @’s [aide * * * dm].t 


So far, we have been concerned only with the outer product of tensors, 
the sum of whose ranks is less than or at most equal to n. But before pro- 
ceeding to the case where this sum is greater than n, we shall define a new 
quantity known as the complement of a tensor. 

If A is a tensor of rank p, then the complement of A is a tensor B of 
rank n— p (represented as | A = B). Any component of the complement 
of A is explicitly defined as 


1 a . . . . 
(4) (QA)a.. snp = Bu... sap = (1/p!) once, (eet 


Before proceeding to the next proof, we shall introduce at this point 
several lemmas, concerning the generalized Kronecker symbol, as they will be 
needed in the following proofs. 


* Formula 2.3 of Professor Murnaghan’s paper, American Mathematical Monthly. 

+ Formula 3.4 of Professor Murnaghan’s paper, American Mathematical Monthly. 

ŁIf A is a contravariant tensor of rank p, the complement of A is covariant of 
rank n— p. The shift of labels from above to below is used to indicate the change of 
type of tensor. i 


on the right. 
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Lemma I. 


pye _ gy e r e l e FT 
œo [> aa A es 
S1 t Sg My" Omg $ S1’ © * So Pi Pa-g m 


From the second factor on the left-hand side, it is evident that in order 
that* the symbol shall not be zero, a,- ` * mg must be some arrangement of 
the quantities pı, o,° **, mg. Any inversion in a particular set of, values 
assigned to «1, @2,° * *, %m-g in the one factor will cause a similar inversion in 
the other factor; hence, their product will have the same sign as if the arrange- 
ments of &1' + ' Am-g and Pı’ * * Pm-g are identical. Since there are (m—g)! 


such arrangements of &ı, %,° * *, Gm-g we must introduce the factor (m — g)! 
‘ e 


Lexma II. . ; 
(6) i . . . . ee. nate . ee = (m—g)! b . "Dg 
Sy° * Sg Q` ` © Omg an © Tm Sy" "8g. 
It is evident that if the E is not to be zero, that Sı, S,° °°, Sg is 
contained in 11, * +, Tm; also b1, * - +, bg is contained in fi, © * ‘, Tm; there- 
fore a, © * *,&m-g may assume only such values of fu, ©- *, Tm as are not 
contained in s,,°* *, Sg Consequently, bı, © © *, bg must contain only those 
values of 7, * +, 1m not assumed by o,° **,@m-g i. e. those contained in 


Sı ° '*, 8g Since there are (m — g) ! such arrangements of %1,°° +, Omg 
the truth of (6) follows. 


Lemma III- 


Tre Tm rodam ai m! e * Tg 
(7) ee : dae `| gl(m—g)! pa . a 


a X m Jda: .. üm 
Ogi’ * * On 


Trsat T 941 ae G...dm — g! PEDEN Tis serm 
EEA gi(m—g) 1 Aten 


Both of these statements follow from the alternating character of these tensors. 
Therefore the truth of (7) follows. 


BARTON: Ú Modern Presentation of Grassmann’s Tensor Analysis. 605 


Lemma IV. 


; Ht Nm AL Gaal ine a. ee Le? Se E 
A re aeS fe 


._ (m4r)! ae a ear ks . . P | Aea: ++ amir BB + Paor, 
° m! O° am Omir” * Se ieee “e Baer : 


From (7) we have >» ` : 


~ 
a -Tmt Àr Jae eme = tr [e À z 
O° * Xm Amar? * Omar mir! Q 


* tAm 


Substituting this iå the left-hand member of (8) we obtain 


(m+r)! ESA P =] 
mir! Gy" © t Om Amer °° 


Omer 


n 
k Ati» ++ amar BB: o. + Bae 
x Le phe . Peed 


= mt! fe: E ale ret a ee + + amir Bha. + - Bar, 
m! My" * Omer * * Omer ee ae 


(by 5) 
It is readily shown that the complement of the complement of a tensor is 
equal to + the original tensor. 


If A is a tensor of rank p, then B = | A is a tensor of rank n— p, and 
C = | B is a tensor of rank p. We shall prove therefore that . 


| 4= A, 
By definition, 
; Q e One 
Ori- +P om Eee "Pe? is | (Biers 
E Pi’ ` Poa’ t Anp |. 
re G= rp! l tos a A ] . 
‘ . . . . . . N 
x Qi” °° On-p pr” * a Je i (by 4) 
— 1) p(n-p) Reet 
oo nn ae (by 6) 
= (— Lya An. 
(9) < || A= (1) A. 
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If A is of order p and B is of order r, and p +r > n, then as we noted | 
above, our former definition of the outer product of two tensors (when 
p+r<n) would have no meaning. Hence, we define the outer product 
of AB, when p+r >n as a tensor of rank p+7r—n and its explicit ex- 
pression is found by taking the outer product of the complements of A and 
of eB, and taking the complement of this outer product i. e. | {| 4°] B] = 
[AB] by definition, when p+r >n. |A isa tensor of rank n— B: | B is 
a tensor of rank n—r; [| A- |B] is a tensor of rank 23n — p—r < n; 
| [| 4; | B] is a tensor of rank p 4- r —n < n. 

To find the explicit expression for this outer product, we proceed directly. 





. =z 1 ~ “O° Bn-p T1? ° Tne 
[A> | Bla... tne p!ri(n— p)! (n—r)! rg eos at 


| b TS - ap BB: - .. &r 
x pi’ ` pap a * * Xp ad Ti’ ° Thor a 


Taking the complement of this, we obtain 
| [ JA- | B]i,. is == (y+ +. Mpzran 
_ 1 
~ pirl(n—p)l(n—r) 1(2n—p—r)! 


i °°! Mpsren pi‘ * Pon-p-r Bact’! Pap Ti’ Tne 
fe ue tae ee 


Pr °° °  pan-p-r 
i. ` ` i | bee ' à gla + ap Bor...» Br 
Ha’ ` ` Pn-p Gy" ° * & “Thar ie 
5 (— 1) (n-p) Catron) Mı’ > * Mpr-n Ti? Ther ] 
plri(n—r)! La + + > t ap 
x m1 a 
rH Ca ard Bes 
(by 5 and 6). 
(10) = (— Lye eR} My" * * Mpyr-n ] 
— ri(n—r)!(p+r—n)! lags: * apra 
cael AN: . ‘ap BB - .. Br 
x bee "" Qp shes al 


By means of this expression, it is readily shown that the silane of: 
the outer product of two tensors is equal to = the outer product of their com- 
plements, i.e., 


| [AB] == [| 4- |B 
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where A is a Kawi of rank p, B is a tensor of rank r 


Case I. p+r<n 
| [AB] is of rank n — p —r. 
[| 4-| B] is of rank 2n — p—r—n=—n—p—r<n. 


| LAB] = [Oh oe f 
~% i 1 1 | 
O4+ + lpr — ap A a Bheh 
pir! Loy: > -api - * Br 


«+ Sn-p-r 


pou: "m= Ds. 


et ga P set, al 
T plrl(p-Pryt Lst -Sepr das > 2 Ape 


Ai . . ° . per 
Ati: ++ % BR... Br 
a een, eee ae 
1 1 


= L SO we gn ae we . ie ver, bs p, At + Gp BB. +» Br 
Pers Sy * * Sniper %1 | `p Bx° Br 
(by 5). 


To find [| A: | B] we must use the expression for the outer product of 
two tensors, the sum of whose ranks is greater than n. 


— (n-p-r) aoe 
[| A: | B] 83> o o Sneper 2 Cpo kk An-p-r ] 


(n— p— r)! (n—r)ir! Lsi- Sn-p-r 


oe ee (Aass ana B) sot | 
Ge FO = r Le ue Jie Aan = 


x Eee ‘Anp y1 Yp Pe. Sas ee Pon A+++ m Boe. 


o (— 1) n -D k C aie tg aiai g Jar eae Bh. 
rip! PEET EEN Yp re 
(by 5, 6, 7) 





n | [4B] = (—1) een [| 4- |B]. 
Case II. p+r>n. 


[| 4: |B] is a tensor of rank 2n—p—r<n. 


| [AB] is a tensor of rank 2n — p — r. 
Me dor o, . 
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| [AB] =| [| 4+ | B] by definition. l 
< | [4B] = || [4 |B] = (1 ) errr] A-| B) (by9) 


(11) = (—1) eof] A- |B]. 
Hence the theorem holds when p+r <n and p+r>n. 3 

* We shall next prove [A els == [ABC] where A, B, C are tensors of 
rank p, r, s respectively. : o 


Case I ptr+ts<n. 


F [A(BC)]4--: Ippraa — 1 A . . e mrs J jaa: av BOJE 


(r+s)!p! Gy" °° Op Biat ` Bree. 


ee 1 [": Dao Tere ll 
(r+s)!piris! O° © Op Bit °° Bras 
% E "E T" Bras ee e 
vat tyr 8. ds 
a 1 lh 3 : 
pirls! Lay: -capy yr di: 
== [ABC] h ++ ers, 


"paras p 40 . ap Byr- s.r Q% 


Hence 
a2) [A(BC)] = [ABC]. 


Case II. ptr+s> 2n. 


Let A’==|A, BY=|B, œ=] C. Then A’ is a tensor of rank n— p; 
B’ is a tensor of rank n— r; O’ is a tensor of rank n—s. [A’B’C’] is a 
tensor of rank 3n — p—-r—s <n and therefore comes under Case I. 
[A’(B’O’)] ty. o o Ign-p-r-s -s [4'B0"] li e e e ign-p-r-a 
| [A’B’O"] nae (— 1) Bea) (ad) (| A’: | B’. | On. But A’ == | A and 
ı |4’=|[4=(— Lewd. 
| [4’B’C’] a (— 1) Gnpaara) (n-1) [ABC] oes (= 1) 8eta-1) [ABO] 
, = [ABC]. 
Similarly | [A4 (B0) ] = (— 1) vert» [| 4: |(B’0")] 
= (— 1) A(BC)] = [A(BC)]. 

Since [A’(B’0’)] = [A’BC'], 
then [A(BC)] = [ABC]. 
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The explicit \xpression for [ABC] when p-+1r-+s> 2n ney be derived as. 
` follows: 


| [A’B’C"] pee [ABC] 81+ e. Speres—an 


pede a 81° °° Spsrea-on Ar’ ** caer 
~ (8n—p—r—s) !(n—r) ee \(n—p) !r ski : w se e ne | 
ge SPR d “¢ bokad g’ : * ns | La . . A Pe rE 4 
© + Agn-p-r-s E1 ° * * €n-p Ay" '* Ap ** One aa) ‘Br 
x fe na : 7 «+ ap Bhi-- Br OM» 
Or" One Y1° ° Ys 
= (—1) (ptr+s-2n) (n-p) >: -t Spyrys-2n ] 
Ga (p+its—?n) (n=) eae tris! Lays ++ Gparss-on 
. . > . . ec e n 
12A). o J 
( ) x Opersa-onst "° * Qpas-n B1°** Br 
xX f KA a] Å. -ap Bh + Br Qe. 
Qprs-n+1 ° -apy Yı” 


We shall further prove that 
- (18) ` [AB AG] = + [4B0]A. 
where A, B, C are tensors of rank p, r, s respectively. 
Case I. ptr+s—n. 
[| 4B: | AC] is a tensor of rank s +r or n — p, 
| [| 4B-| AC] is a tensor of rank p. 


PE AA 
[PERAR = ipta aa d 


Opi *' Qpar Bit 


x i ey ad aly ot ae ” | [4B] -ant [A BUA: > Bois 


sg Fay Frat bes i ad pyr" airs a 


x E ~ t t Oper a Paz ory =e ` Bass z] ÅN- «ypBa-- oor Ati- -Bore 
ya yp n° Patt pp pi’ 


= (— 1)? ra E n a wow fe? ee ”] 
pris! yi" Yp patt’ pp 81° °° Sy pas ps 


x Avi: ++ YpAin--+ dp Bêr.» ôr]. e P 
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aape Mı? Meaney on } 
p! yoi 
1 a -: ct ee 
x piris! E ty . ate ++ MaBr. s e OrQpr. + ps 
(18A) ; = (—1)9” [ABO] Am... mp, ; ' ; 
«Case II. p-+r+s—=2n. , : 


Let A’==| A, B’==|B, C’==|C. Then [A’B’C’] is a tensor ®% rank 


_8n—p—r—s—=n. Hence we can apply the theorem for Case I. 


[A’B’- A'O] = (—1) rd [ABOA 


| [A’B’- A’C") = (—1) 2r an [| A’: | B’. | A’: | iA 
= (— 1) (2n+ptr+s) (n-1) [AB . AC] 
= [4B: AC]. 
Therefore to find the expression for [AB : AC] when p + r -+ s = 2n we shall 
find the complement of [A’B’: A’C’] 


(— 1)e@-)) O°" n-p ] 


= (n—p) P(n) (ns) i Lh + Tap 


x L t Pn-p Or Onr g 
1 soe e e e e l 


[A’B’ y AO’) lis o. Inap 





x A'a aoe anp A’ Pi- -e Pnp B'o, el a Onor Oe <.. o Ens (Case I) 
sa (— ee? a Gy Xn-p 4 
= pPrisi(n—p) Par) as)! Lh lap 


x E sere o;° ` On-r E1 °° * En- Pei eee em OS P =) 
1 se $ ‘np Y1 Yp od: 


. ; -À © n 
x P1’ `? Pn-p Hi’ Z E. | Oner A A - 


a a marc + yp Ati.» Up Bor. +. Or (fr... vs 


“€n-s V1’ 
Taking the complement of this, we obtain 


l [A'R -4'07 = [AB AC]™- <.. mp 


(— jron Ma’ Mp Act: weal 
~~ pPrist(n—p) B(n—r) (m—s) PLE 6 + tt on 
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sy ee ae al kg paa O1’ On-p E al 
s Ài ace An-p ie a é i . . n 
: Yo ee ay Ay vt Be n 
Stee tn | "] e ] 
. Oy" * np Ya" ` Yp Pi’ ** pap Ba’ Bp 


*On-r oe. -òr 


x [ eens 
€,°"" En-g Vy °° ` Ve 
1 


N. 1 i 
penan Mı * a ‘ae . yp . PEN Ea mee S OOE ee A 
-S ply. ple renr ns) | 


1 Lee te ten 
x ee ae ad eee | 
Br" Pn 01 Bnerey °°" Bp Vi" 


"Vs 


X Alar ++ tp Bor. 
(13B) 


ôr On see Vs 
=t 4m.. m [ABC]. 


In order to show that the above expression is equal to [ABC] when 
+r- s = 2n, we shall first find [A’B’C’] whose rank =n 
í 1 A One abeu ese 
I RIII] ne 1 -p í 
ARE] (n—r) !(n—p) I{(n—s)!LI >> -scr n 


7 x ‘Aa, oe. n-p B’s, wae Baer C’ p oe Pnws 
* But the complement of [A’B’C’] is [ABC]; i.e 


| [ABC] = (— 1)”-D]]| A’: | B’- |.07] 


. IRONT 1 SEPEN 2 a 
AEUR a a aea ariel al 


— [ABC] 





n 
Bee le . o 6 @ oe 
i r Gy" ** Qn-p pa? Bp 
d ti ++ tp Bar... Ôr (i.o ve 
x bam tes j j al bas ~ Pn-s Y1” ** Ves "Ja ae 
1 f a we Ag 
eg) ~ (n—r) (n—s) Ir ts! ra t pnr 815° Èr ] 
x C a Ban >- Bp Bò. . ôr Gas + Ps 
~ Pen rau" pp vy" 


3. Inner Product of Tensors. 


In the study of simple vectors, we con- 
sider two varieties of. products,—outer or vector products and inner or scalar 
products. 


So here, we form not only outer products of tensors, but also inner 
products. 


The inner product of two “ extensive Grösse ” A, B, as defined by Grass- 


l 
. 
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mann, is the outer product of A into the complement of B; i e. the inner 
product of A into B equals [A | B]. We note here that if A is of rank p 
and B is of rank r, and p >r, then the rank of [A | B] is equal to p—r; 
but if p< r, then the rank of [A | B] isn-+-p—r. In order to keep the 
two cases more nearly similar, we shall modify the above definition as follows. 


If os r, the inner product of A into B is defined as [A | B]. 
If p <r, the inner product of A into B is defindl as | [A | B]. 


Cad 
The rank in the second case is now r— p. 


We shall now proceed to derive the explicit expressions for the inner 
product of two tensors A and B, in the following cases: 


I. The ranks of the two tensors are equal. é 
II. The rank of A is greater, than rank of B. 
III. The rank of A is less than rank of B. 


Case I. A is a tensor of rank p, B is a tensor of rank r and p =r. 
Then the rank of [A-| B} is zero. 


1 8 . 2 2 + g 
A 81+ +. 8n ea G " 
[ | B] pip I(n—p) { Ay °°" hp vu" * An-p i 


xr den Ba te Be a 


(— 1) pa 
ST tae eae 

m 1 )afn-1) 1 
(14) ms ( = Au -ar Ba... ap 
Similarly 

1 Birt Bp pat?’ Pap 

B A 8 6,82 a E y O E { 
[ | ieo p! p!(n—p)! So o‘ Ail 


Loree ee : Oy. +6 G 

OE ie age | Unc E 
msl (n-1) 
E a 
p! 
Hence [A |B] = [B] 4] when p =r. 

It is evident from (14) that Grassmann’s definition of the inner product 

of two tensors is in accord with the usual method of finding the inner product 
of two tensors, that of multiplying scalarly the contravariant presentation of 


tee Or Bo as 


- one into the covariant presentation of the other. 
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) 
a Case IP p>". 
By definition, the inner product of A into B is [A | B]. It is evident 


phat the sum of the ranks of A and of | B is p + n— r which is greater than 
hn, hence we must use formula 10 in writing the explicit expression for [A | B]. 


Thus | 
[A | Bye mer HUD _ Pm | i 
~% p—r) !(n—r) Prt Læ, >t apr. 
t an Ams + ap B Bi. Bor 
" . i Eee ` p ne aol [l ] 
(15) Z (— 1) (p-r) (n-p) +r (n-1) is tee oF ye r] 
(p—=r)!r! Oy °°? Oper @p-r+41 °° hp 


x An» OR Ba yee 
Case III. p<r. 


By definition, the inner product of A into B in this case is | [A ; | B]. The 
rank of this tensor’ is r— p. 


: A | BJs.: + 8mp- — —__ | Ar er] 
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Taking the complement of this, we obtain 
| [4 | B] =01... lr-p 
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Let us now compare the inner product of A into B with that of B into A, 


I. When p >r. 
eRe a, at ne Mı’ Mp-r . 
[4 | B]™ = (pr) !rE be ess @p-r | 


oe Jiwe 
x io al Br. 
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Now [B | A] will fall under Case IIT, therefore by 16, we may frite at once. 


(—1)9) Pay os coe 
(pry te? Lamy +++ mpr 


í [B | Als aes Moor 


% 
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The two expressions are of different types, but otherwik, they are identical 
except for sign. However, if we multiply [B | A] by (—1)"?, the do are 
equal, since the exponents of (— 1) afe congruent, modulus 2. 


Il. When p <rt, the same relation holds, since in either case, it results 

> a comparison of formulas 15 and 16. Hence the inner product of A. into 

= (— 1)" inner product of B into A, provided we de not distinguish 
cs contravariant and covariant. 


4. Conclusion. In the preceding pages, we have endeavored to give a 
modern presentation of Grassmann’s Die Ausdehnungslehre with special em- 
` phasis on the development of the explicit expressions. for various combinations 
of tensors. 

Having defined, by means of the generalized Kronecker symbol, the outer 
product of tensors, the sum of whose rank `< n, and also the complement of 
a tensor, we have derived the explicit expression for the outer product of ten- 
sors, the sum of whose ranks > n, 

From these expressions as.a basis, various relations between the outer 
products of tensors are readily derived. 

We have also derived expressions for the inner product of two tensors, 
of ranks: p and 4 in the cases where p =r, p- >r and p<r* tS . 


A 





Since writing the above paper, we have.read with interest a paper by ©. L. E. 
Moore, “Grassmannian Geometry in Riemannian Space,” Journal of Mathematics and 
Physics (Massachusetts Institute of Technology), Vol. V, No. 4 (June, 1926), which 
bears directly on this subject. f 


